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Thermodynamic System and First Law 


James Prescott Joule, 1818-1889 


J. P. Joule was the owner of a brewery in England and worked as a self-educated scientist making 
major contributions to the development of thermodynamics. In 1840, he stated the law that bears his 
name on power dissipated by a current passing through a resistance. In 1843, there began a series of 

observations on the heat equivalent pertaining to mechanical work. 


1.1 Historical Introduction 


At the beginning of the nineteenth century, steam engines had been converting heat 
into work for about 150 years. Scientific investigations were under way to establish a 
quantitative equivalence of heat and work. With time, this concept became the law of 
energy conservation, which we will discuss in this chapter. 

In 1839, Mare Séguin, nephew of the famous Mongolfier, published his ‘Study on the 
influence of railways’ [1]. It was clear for him that the condenser of a heat engine played 
a role that was equally important as that of the furnace [2]. Séguin assumed that the steam 
that caused the volume of the cylinder to increase performed work that was equal in 
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Joule’s calorimeter: the fall of the weight at nearly constant velocity (because of the fluid viscosity) drives a stirring 
mechanism in the calorimeter. The change in potential energy of the weight determines the work performed on 
the liquid. The increase in energy of the liquid is deduced from its temperature rise. 


magnitude to the heat lost by the steam in the process. He sought to estimate this heat 
loss by measuring the heat taken from the furnace and returned to the condenser. 

A year later, Julius Robert von Mayer travelled to the tropics as a medical doctor. 
He observed that the colour difference between veinous and arterial blood was more 
pronounced there than at latitudes where the climate is colder. He attributed this difference 
to the heat released by the body. His thoughts on the human body as a heat engine led 
him to the idea of an equivalence between heat and work, which he later tested on inert 
matter. 

In his 1842 treatise [3], he asked the following question: what is the change in 
temperature of a stone when it hits the ground after falling from a given height? James 
Prescott Joule succeeded in doing this measurement, thanks to his development of highly 
sensitive thermometers. Joule also observed that an electrical current dissipates heat, 
an effect that bears his name. In 1845, he published his fundamental work on energy 
conservation [4]. With a calorimeter (Fig. 1.1), he determined the equivalence between 
work (defined by masses going down in the gravitational potential) and heat (corresponding 
to the warming of the liquid stirred by the device). Before Joule established this link, it 
was customary to measure heat in calories. Joule established the conversion to the unit 
that bears his name, the joule [J]: 1 [cal] = 4.1855 [J]. 

These are units of energy. Joule and others observed in various circumstances that 
the heat provided to a system and the work performed on it are equal and opposite 
to each other for every process that brings the system back to its initial state [5]. Von 
Mayer, in his treatise of 1842, expressed the idea that every system is characterised by 
a quantity, energy, that can only be modified by an external action in the form of work 
or heat [6]. Hermann von Helmholtz, in 1847, gives energy conservation the status of a 
physical law [7]. 


1.3 State, Variables and State Functions 


1.2 Thermodynamic System 
EEE 


A thermodynamic system consists of matter contained in a region of space delineated by 
a closed surface, called an enclosure, that separates the system from its environment or 
surroundings. The system is assumed to be large, in the sense that the amount of substance 
it contains is typically counted in moles. A mole corresponds to the Avogadro number 
6.02 - 10” that is used to count the number of elementary constituents of matter. This 
definition can be extended to a thermodynamic system that includes radiation and any 
other kind of physical field. In the first two parts of this book, we will discuss systems 
consisting of matter only. We will introduce electromagnetic fields in the third part. 

We use the following terms to characterise how a system interacts with its environment. 
A system is said to be: 


* open, if its enclosure allows convective matter exchange with the environment 

* closed, if its enclosure does not allow convective matter exchange with the environment 
¢ diathermall, if its enclosure allows conductive heat exchange with the environment 

* adiabatic, if its enclosure does not allow conductive heat exchange with the environment 
* isolated, if its enclosure does not allow any interaction with the environment 


A thermodynamic system can be decomposed in subsystems that can be considered as 
thermodynamic systems themselves. The separation between two subsystems is called a 
wall. The enclosure between a system and its environment consists of one or several walls. 
We use the following terms to characterise a wall. A wall is said to be: 


* fixed, if it cannot move 

¢ movable, if it can move 

« permeable, if it allows convective matter exchange with the environment 

¢ impermeable, if it does not allow convective matter exchange with the environment 
* diathermall, if it allows conductive heat exchange with the environment 

* adiabatic, if it does not allow conductive heat exchange with the environment 


1.3 State, Variables and State Functions 
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The state of a system is characterised by physical properties that are described by a set of 
state variables. The state is entirely specified by the values of these state variables and it 
does not depend on the history of the system. The set of these state variables is written as, 


{X1,X0,X3,X4,X5,....} 


A state function is a physical property that depends only on the state of the system. Thus, 
a state function is expressed as, 


F (X1,X2, X3,X4,X5, aes .) 
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1.3.1 Partial Derivatives of a Function 


Let f(x,y) be a function of two variables x and y. The partial derivatives with respect to 
the variables x and y are defined by, 


Of (x,y) = lim f@+ Ay) = f(y) 


Ox — Ax-50 Ax (1.1) 
Of (xy) _ lim flarvt Ay = fey) 
Oy ~ Ayo Ay 


Thus, in the calculation of a partial derivative with respect to one variable, the other 
variables are kept constant. As an example, let us consider the function f(x,y) = x? + 3xy. 
The partial derivatives of this function are, 
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1.3.2 Differential of a Function 
Let f(x,y) be a function of two variables x and y [8]. The variation of the function f(x, y) 
from point (x,y) to point (x + Ax, y + Ay) is written as, 
Af (xy) =f(x + Axy + Ay) — fy) (1.2) 
It can be recast as, 


Af (x,y) =f (x + Ax,y + Ay) — fy + Ay) + f(y + Ay) -— f@y) 
f(x + Axy + Ay) — fy + Ay) 


— ie Ax (1.3) 
Ay 
The differential df (x,y) is defined as the infinitesimal limit of the variation Af (x,y), 
df(xy) = jim, ed (x,y) (1.4) 
Taking into account the limit 
Jim, (/@ + Axy + dy) — fey + dy) ) =fle+ dey) — Sen») 5) 


in equation (1.3), the differential (1.4) can be written as, 
fiat Ax,y) — f(y) 
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Using the definition (1.1) of the partial derivatives of a function, the differential (1.6) is 
reduced to, 


Of{x Of(x 
df (x,y) = fe) dx + a dy (1.7) 
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1.3.3 Time Derivative of a Function 


Let f(x,y) be a function of two time-dependent variables x and y. The time derivative of 
the function is obtained using the chain rule, 


Hg ») = FY), Pry) . 


f(xy) = oe By (1.8) 
where 
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1.4 Processes and Change of State 
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A thermodynamic system can interact with its environment through processes that change 
the state of the system. We distinguish three types of physical processes: 


* mechanical processes 
* thermal processes 


* chemical processes 


As we will see, thermodynamics allows us to provide a quantitative characterisation 
of the effects that processes have on the state of a system. Mechanical processes 
can lead to mechanical or thermal changes of the state. In the experiment of Joule’s 
calorimeter (Fig. 1.1), work is performed on the system and its temperature changes. Thus, 
a mechanical process can lead to a thermal change of state. Likewise, thermal processes 
can lead to thermal or mechanical changes of the system state. In the experiment illustrated 
in Fig. 1.2, heat is provided to the system by hand contact. The pressure of the gas rises, 
causing a shift of the water levels in the U-shaped tube. Thus, a thermal process can lead 
to a mechanical change of state. 


A vessel contains a fixed amount of gas. The liquid in the tube measures the changes of pressure when the gas is 
heated by the hand. 
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In the context of describing the types of processes that take place between a system and 
its environment, the term “chemical process” refers specifically to matter being exchanged 
between a system and its environment. This is not to be confused with chemical reactions 
among different substances. Such reactions occurring within the system will be explored 
in Chapter 8. The enclosure of the system should be defined so as to encompass the regions 
of space where chemical reactions take place. 


1.5 Extensive and Intensive Quantities 
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A quantity is called extensive when it has the following property: its value for the whole 
system is equal to the sum of its values for every subsystem. The following are extensive 
quantities: 


* mass 

* momentum 

* angular momentum 
* energy 

* volume 


Sometimes we refer to extensive quantities divided by the volume, the mass or the 
number of moles of the system. They are called a volume density, a mass density or a 
molar density. In that case we speak of a specific quantity or a reduced extensive quantity. 
The following are densities: 


* mass density 

* momentum density 

* angular momentum density 
* energy density 


A quantity is called intensive when it is conjugated to an extensive quantity, which 
means that it is defined as the partial derivative of the energy with respect to this extensive 
quantity. The following are intensive quantities: 


* velocity 
* pressure 
* temperature 


To determine if a quantity is extensive or intensive, it is useful to imagine what happens 
to this quantity when the size of the system doubles. If the quantity is extensive, its value 
doubles, but if it is intensive, its value does not change. It is also useful to clarify that 
certain quantities are neither extensive nor intensive. This is the case of the entropy 
production rate, which we will introduce in Chapter 2. 

A system is called homogeneous when all the intensive scalar functions conjugated to 
the extensive scalar state variables do not depend on position. This means that they have the 
same value for every subsystem. A system is called uniform when the intensive vectorial 
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functions conjugated to the extensive vectorial state variables do not depend on position. 
This means that they have the same norm and orientation in every subsystem. 


1.6 First Law of Thermodynamics 
a 


Thermodynamics is based on two fundamental laws. Their justification is based on the 
empirical validity of their implications. In this chapter, we discuss the first law. We will 
present the second law in Chapter 2. 


The first law of thermodynamics states that: 


For every system, there is a scalar extensive state function called energy (E). When 
the system is isolated, the energy is conserved. 


The energy conservation law is mathematically written as, 
E=0 (isolated system) (1.9) 


where E = dE/dt. This conservation is related to time homogeneity [9]. It implies that 
energy is defined up to a constant. 

When the system interacts with its environment, the energy evolution results from 
the power of the processes exerted on the system. We distinguish four types of external 
processes and write [10]: 


E=P™+4Py+Po+Pc  (opensystem) (1.10) 


¢ Pt represents the power associated with the external forces and torques that modify 
the translational kinetic energy of the centre of mass and the rotational kinetic energy 
around the centre of mass. These forces and torques do not modify the shape of the 
system. 

* Py represents the mechanical power associated with the work performed by the 
environment on the system that results in a deformation of the system without any change 
in its state of motion, in particular its kinetic energy. 

* Po represents the thermal power associated with heat exchange with the environment 
through conduction. 

¢ Pc represents the chemical power associated with matter exchange with the environment 
through convection. 


Any physical process performing work is called a mechanical action. Any physical 
process in which heat is exchanged is called a heat transfer. A physical process in which 
matter is exchanged is called a matter transfer or mass transfer. When a heat transfer 
takes place through a matter transfer, it is called a heat transfer by convection. When a 
heat transfer occurs without matter transfer, it is called a heat transfer by conduction. In 
general, a matter transfer leads simultaneously to a mechanical action and to a heat transfer. 
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We have characterised systems according to ways in which they interact with their 
environment. We can now specify such characteristics in terms of the powers of the various 
processes considered here. Hence, a system is called: 


¢ rigid if no work by deformation is possible, i.e. Pw = 0. 

¢ closed if there is no matter transfer, i.e. Pc = 0, and open otherwise. 

* adiabatic if there is no heat transfer, i.e. Pp = 0 and diathermal in the opposite case. 

* isolated if it is rigid, adiabatic and closed in the absence of external forces and torques, 
ioe =fy=Po=—Pe= 0. 


When a system is closed, the energy evolution equation (1.10) reduces to, 
E=P™“+Pyw+Po_ (closed system) (1.11) 


The first law can be expanded on to include two other conservation laws that impose 
additional constraints on the possible states of the system. The first is related to the 
translational state of motion and the second to the rotational state of motion. 


Concerning translations, we have the following conservation law: 


For every system, there is a vectorial extensive state function called momentum (P). 
When the system is isolated, the momentum is conserved. 


The momentum conservation law is mathematically written as, 
P=0 (isolated system) (1.12) 


where P = dP/dt. This conservation law is related to the homogeneity of space [9]. It 
implies that the momentum is defined up to a constant. 

In the case of a system interacting with the environment, the evolution of the momentum 
with respect to an inertial frame of reference is given by the centre-of-mass theorem [11], 


P=F™ (1.13) 


where F“*' is the net external force exerted on the system. If the system undergoes a 
uniform translational motion, the momentum is constant. A net external force causes a 
departure from the state of uniform translation. 


Concerning rotations, we have the following conservation law: 


For every system, there is a vectorial extensive state function called angular 
momentum (L). When the system is isolated, the angular momentum is conserved. 


The angular momentum conservation law is mathematically written as, 
L=0 (isolated system) (1.14) 


where L = dL /dt. This conservation law is related to the isotropy of space. It implies that 
the angular momentum is defined up to a constant. 

In the case of a system interacting with the environment, the evolution of the angular 
momentum with respect to an inertial frame of reference is given by the angular momentum 
theorem [11], 


L=m* (1.15) 
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where M“' is the net external torque exerted on the system. If the system undergoes a 
uniform rotational motion, the angular momentum is constant. A net external torque causes 
a departure from the state of uniform rotation. 


1.7 Thermodynamics and Mechanics 
| 


The first law, expanded with the two mechanical conservation laws, links thermodynamics 
and mechanics. We will now illustrate this link by considering a particular system that is 
homogeneous, deformable, closed, diathermal, electrically neutral and cylindrical in shape. 
The centre of mass of the system is moving with a velocity v that is small compared to the 
speed of light in vacuum. The system rotates with an angular velocity w around its axis of 
symmetry, which is a principal axis of inertia [12]. The motion of the system is such that 
the velocity v is collinear to the angular velocity w. 

We assume further that the deformation of the system is symmetric in the direction of the 
rotational axis and leaves the radius of the cylinder constant. It is a contraction or dilatation 
of the system that does not modify its translational kinetic energy. The deformation does 
not modify the rotational kinetic energy either since the moment of inertia with respect to 
the rotation axis is constant (Fig. 1.3). It modifies the total kinetic energy of the system 
since there is a symmetric motion of matter relative to the centre of mass. However, we 
consider here a deformation that is sufficiently slow for this kinetic energy variation to be 
negligible. 

The translational motion of the system is characterised by its momentum P and the 
rotational motion by its angular momentum L. According to the first law, these quantities 
are extensive state functions that can be chosen as extensive state variables. A state 
variable is a trivial state function for which all other variables are kept constant. The 
state of the system at time ¢ is determined by a set of m + 3 extensive state variables 
{P,L,Xo,X,...,Xn}. 

According to the first law, energy is a state function. Thus, it is a function of all the state 
variables of the system, ie. E = E(P,L,X0,X1,...,X,). The momentum is proportional 
to the velocity v, 


P=My (1.16) 


Anet external force F° and a net external torque M“ are exerted on a homogeneous system that is 
symmetrically deformed. 
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where the mass M is constant, i.e. M = 0. Substituting the expression (1.16) into the centre 
of mass theorem (1.13), we obtain, 


FF“ = Mo (1.17) 
The velocity v is the intensive quantity conjugated to the momentum P, 


OE (P,L,Xo,Xi,.--.Xn) 
v= 


1.18 
aP ) 
The angular momentum L is proportional to the angular velocity w, 

L=Iw (1.19) 


where / is the moment of inertia with respect to the rotational axis. Since the system is 
cylindrical in shape with a constant radius Ro, the moment of inertia J = 5 MR; is constant, 
ic. J = 0. Substituting the expression (1.19) into the angular momentum theorem (1.15), 
we obtain, 


M* =Iw (1.20) 
The angular velocity w is the intensive quantity conjugated to the angular momentum L, 


OE (P,L,Xo0,X1,.--,Xn) 
o— 
OL 


In order to satisfy the definitions, (1.18) and (1.21), taking into account relations (1.16) 
and (1.19), the energy of the system E (P, L, Xo, X1,...,Xn) is given by [13], 


(1.21) 


1 1 
E(P,L,X0,X1,-..,Xn) = 5 ¥ P+ 5 w- Lt U(Xo,Xi,---+Xn) (1.22) 


The first term is the translational kinetic energy of the centre of mass and the second term 
the rotational kinetic energy around a principal axis of inertia. The state function U = 
U(X, X1,---,Xn) is called the internal energy of the system, because it is independent 
of its state of motion. If we wanted to identify the internal energy of a system which is 
more complex than the one examined here, we would have to split it into homogeneous 
subsystems (as in Chapter 3) and apply the present approach to each of the subsystems. 
If the system is too complex, then it has to be described by the continuum approach that 
will be developed in Chapter 10. 

For the simple system treated here, we can determine the time derivative of its energy 
by taking the time derivative of expression (1.22). Applying the mathematical rule (1.8) 
for the time derivative of a function of several variables, and taking into account the 
definitions (1.18) and (1.21), we obtain: 


E(P,L,Xo,X,...,X,) =v P+w-L + U(X, M,...,Xn) (1.23) 


Taking into account relations (1.16) and (1.19), the expression (1.23) of the time derivative 
of the energy becomes, 


E=My-$4+Iw-e+U (1.24) 


1.8 Internal Energy 


Using the laws of dynamics (1.17) and (1.20), the energy evolution equation (1.24) 
becomes, 


E=F*.y4M™.w+U (1.25) 


Thus, we see that the power P™' resulting from the action of the net external force F™' 
and net external torque M“"' is written as, 


P& = F™. y+ Mw (1.26) 
Therefore, the energy evolution equation (1.25) is reduced to, 


E=P™17 (1.27) 


1.8 Internal Energy 
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Comparing the energy evolution equations (1.10) and (1.27) pertaining to the particular 
system described in the previous section, we obtain the evolution equation for the internal 
energy, 


U=Pw+Po+Pc_ (open system) (1.28) 
In the case of a closed system, i.e. Pc = 0, the internal energy evolution equation (1.28) is 
reduced to, 


U=Pyw+Po (closed system) (1.29) 
In the case of an isolated system, i.e. Pg = Py = 0, the internal energy U is constant, 
U=0 (isolated system) (1.30) 


The internal energy evolution equations (1.28)-(1.29) and conservation equation (1.30) 
describe the thermodynamics of a system with respect to a frame of reference where it is 
at rest, i.e. a frame of reference where its kinetic energy is negligible. 

For certain thermodynamic systems, there is no frame of reference where the kinetic 
energy vanishes. The time evolution of such systems is described by the first law (1.11) 
expressed in terms of the total energy £, as for instance in § 3.6.3 and § 3.6.4. 

The terms on both sides of the evolution equation (1.28) can be multiplied by an 
infinitesimal time interval dt: 


Udt = Pydt+Podt+Pcdt (open system) (1.31) 
In the case of a closed system, i.e. Pc = 0, equation (1.31) is reduced to, 
Udt = Pwdt+Podt (closed system) (1.32) 
The infinitesimal energy variation is given by, 


dU = Uat (1.33) 
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The work performed on the system during an infinitesimal process is defined as, 

OW = Pywdt (1.34) 
The heat provided to the system during an infinitesimal process is defined as, 

60 = Podt (1.35) 
where the symbol Q comes from the German word “Quelle” that means source. We call 

6C = Pcdt (1.36) 


the chemical work performed on the system during an infinitesimal process. We use 
the expression chemical work to describe the energy variation resulting from the matter 
transfer between the system and its environment in order to conform to the most common 
terminology used in thermodynamics. However, we should keep in mind that a matter 
transfer can perform (mechanical) work on a system and it can also cause a heat transfer. 
The chemical work could also be called convective chemical heat. 

Using the definitions (1.33)-(1.36) the expression for the infinitesimal internal energy 
variation (1.31) is written as, 


dU=dW+6Q+6C (open system) (1.37) 


In the case of a closed system, i.e. Pc = 0, the infinitesimal internal energy variation (1.37) 
is reduced to, 


dU =dW+60 (closed system) (1.38) 


The internal energy U is a state function, which means that its variation depends only on 
the initial and final states. Thus, it is independent of the process that drives the system from 
the initial state to the final state. Hence, the infinitesimal variation of the internal energy is 
a differential, dU, as defined in (1.7). 

By contrast, the work dW, the energy exchange dC caused by matter transfer and the 
heat transfer 6Q provided by conduction depend on the process that took place during the 
infinitesimal time interval dt to bring the system from one state to another. Therefore, these 
quantities are not differentials. In order to distinguish these infinitesimal quantities from 
differentials, we use the symbol 6. 

In order to obtain an expression for the internal energy variation, we now integrate 
relation (1.38). When integrating dU, we can use the fact that the variation of U depends 
only on the initial and final states of the system. This yields: 


Us 
Au; = | dU = Ur— Uj (1.39) 


U; 


When integrating 6W, we get the work performed on the system, 


f ff 
Wi = / ow | Py dt (1.40) 
i ti 
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W. 
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Processes (1) and (2) bring the system from the initial state / to the final state f. wi? is different from wi), 
Qh”) from Q? and C. 1) from C @) but their sum for a given process yields the same energy change AUjr. 


When integrating 6Q, we get the heat transferred to the system, 


ig f 
oy= f so= | Podt (1.41) 
i G 
And finally, when integrating 6C, we get the chemical work performed on the system, 
f fy 
Cyr = / sc= | Pcdt (1.42) 
i ty 


Using relations (1.39)-(1.42), the integral of the infinitesimal internal energy varia- 
tion (1.37) from an initial state i to a final state fis written as, 


AU yz = Wi + Oi + Cr (open system) (1.43) 
For a closed system, i.e. Pc = 0, the internal energy variation (1.43) is reduced to, 
AUy = Wi+ Qir (closed system) (1.44) 


We illustrate (Fig. 1.4) the distinction between the variation of a state function that 
depends only on the initial and final states, and the integrals Wiz, Oj and Ci that depend on 
the process. Two different processes are drawn, labelled (1) and (2), that bring the system 


from an initial state i to a final state f Since the work is not a state function, ” ) and We ) 


can be different. Similarly, since the heat is not a state function, Oe and (Oh ) can also 


be different. Likewise, since chemical work is not a state function, ce and C ) can be 
different. Since the internal energy is a state function, its variation AU; = U;— U; depends 
only on the initial and final states. Thus, it is independent of the process. 

In order to express the evolution of the internal energy in terms of the state variables, 
we apply the rule (1.8) to the time derivative to the state function internal energy 
U(X, X1,---,Xn)s 


s OU Ais 25M 
UO Mie = om ) 


i=0 


x (1.45) 
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The intensive quantities Y; = Y;(Xo,X,...,Xn), called the conjugates of the extensive 
state variables, are defined as 
, CU AG Mis A) 


VOG. Mia) = a (1.46) 


Thus, the time derivative (1.45) of the internal energy is reduced to, 
Va S- YX; (1.47) 
i=0 


When the system is isolated (1.30), the internal energy is constant. Thus the term on 
the right-hand side of equation (1.47) vanishes but the state variables may still depend on 
time. In that case, the contribution to the internal energy resulting from the variation of 
a state variable X; is compensated by the contribution to the variation resulting from the 
other state variables X;, where i 4 j, in order to maintain constant the internal energy. 

The time evolution of the state of the system is described by the time dependence of 
the state variables. Identifying the evolution equations (1.29) and (1.47), we can relate the 
physical processes to that time evolution in the following way, 


S- Y;X; = Py + Po+Pc (open system) (1.48) 
i=0 
When the system is closed, 1.e. Pc = 0, equation (1.48) is reduced to, 


n 


> Y;X; = Pwt Po (closed system) (1.49) 
i=0 


1.9 Damped Harmonic Oscillator 


In the following example, borrowed from mechanics, we will show that a non-mechanical 
state variable is needed in order to satisfy the first law of thermodynamics. Let us consider 
a point mass M subjected to an elastic force and a viscous friction force in a fluid (Fig. 1.5). 


~OO00E) 


M 


The system consists of a point mass attached to a spring oscillating in a viscous fluid. 


1.9 Damped Harmonic Oscillator 


The system, which is considered as isolated, consists of the damped harmonic oscillator 
and the fluid. The point mass is not isolated since it interacts with the spring and the fluid. 
The system is large enough for the point mass to be negligible with respect to the mass of 
the fluid. This implies that the kinetic energy of the fluid is negligible with respect to the 
kinetic energy of the point mass. It follows therefore that the fluid can be considered at rest 
in the centre-of-mass frame of reference. In mechanics, we consider that the point mass 
position and the momentum are the variables defining the state of the system. With this 
example, we wish to show that in thermodynamics a new state variable has to be added in 
order to define an energy that is a state function. 

The system consisting of the point mass, the spring and the fluid is isolated. Thus, 
according to the first law (1.9), its total energy E is conserved. The total energy E is the 
sum of the kinetic energy and the internal energy U. Hence, the internal energy U has to 
increase to compensate the kinetic energy loss when the mass stops oscillating. Therefore, 
there has to be a non-mechanical contribution to U. 

In order to take into account this non-mechanical contribution, we will introduce a new 
extensive variable Xo that does not depend on the point mass position r and momentum P. 
Then the internal energy U is not only a function of r but of Xo also. The total energy (1.22) 
is the sum of the kinetic energy and the internal energy U(X, r) [14], 


P 
E(P,r, Xo) = mM + U(r, Xo) (1.50) 
The internal energy is the sum of the elastic potential energy ® (r) and an additional term, 
U(r, Xo) = ® (r) + U(0, Xo) (1.51) 


The elastic potential energy ® (r) is defined as, 
1 
® (r) = 5 kr (1.52) 


Since the total energy (1.50) is a state function and a constant of motion and since 
the velocity v is the intensive function conjugated to the momentum P (1.18), the time 
derivative of the energy is written as, 

PayoPs Ohno) 4 ae xy =0 (1.53) 
Using relations (1.51) and (1.52), the partial derivative of the internal energy with respect 
to the position yields, 


OU(r, Xo)  d® (r) 
Or ~ dr 
The velocity v of the point mass is F. In light of definition (1.46), the conjugate to the state 
variable Xo is the intensive state function Yo given by 
_ OU(r, Xo) _ dU(0, Xo) 
OX ~———s«X 
Thus, using the definitions (1.54) and (1.55), the evolution equation (1.53) becomes, 


=kr (1.54) 


% (1.55) 


(P+ kr) phK =O (1.56) 


Thermodynamic System and First Law 


The forces exerted on the point mass are the elastic force F“! and the friction force F*, 
F° = —kr 


1.57 
Fe =—)yp ( ) 


The elastic constant & and the the viscous friction coefficient \ are positive. The centre-of- 
mass theorem (1.13) reads [15], 


P=F°+4F* =—kr— dv (1.58) 


The elastic force F‘' and the friction force F™ are treated as external forces for the 
mechanical system, which consists of the point mass. However, these forces are considered 
internal forces for the thermodynamic system which consists of the point mass, the spring 
and the fluid. 

We now establish an evolution equation for the new state variable Xo by combining the 
centre-of-mass theorem (1.58) and the energy conservation (1.56). We find that, 

_ Aw F*.y 


=-—— 1.59 
Yo Yo (1.59) 


Xo 
Thus, if Yo is positive then Xo is also positive, which means that Xo increases over time. 
The term F* - y corresponds to the power dissipated by viscous friction. Intuitively, we 
know that friction generates heat and leads to an increase in temperature. 
We will see in the next chapter that the intensive state function Yo corresponds to the 
temperature T of the system and that the extensive state variable Xo corresponds to 
the entropy S. Then, the evolution equation (1.59) becomes, 


eo AY Fy 

— TT T 
Thus, if the temperature T is positive then S is also positive, which means that entropy 
increases over time. 


(1.60) 


1.10 Worked Solutions 


1.10.1 Velocity and Angular Velocity 


1. Establish relation (1.18) in which the velocity v is the intensive quantity conjugated to 
the momentum P. 

2. Establish relation (1.21) in which that the angular velocity w is the intensive quantity 
conjugated to the angular momentum L. 


Solution: 


1. Using the momentum definition (1.16), the expression (1.22) for the energy E of the 
system is written as, 


1 
taw-D+ U(X, X1,---,Xn) 


E(P,L,X0,X1,.--,Xn) = 2M 2 
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From it, we derive relation (1.18), i.e. 


_ P _ OE(P,L,Xo,X1,...,Xn) 
am aa aP 


2. Using the angular momentum definition (1.19), the expression (1.22) of the energy E of 
the system is written as, 


2 


1 L 
E(P,L,X0,X1,---,Xn) = 5 ¥- P+ 55 + UKM, -. Xn) 


From it, we derive relation (1.21), i.e. 


L  OE(P,L,X,X1,...,Xn) 
w= — 


I OL 


1.10.2 Manina Boat 


A man moves across the horizontal deck of a boat. The man and the boat are initially at 
rest with respect to the water. Then, the man moves across the deck and eventually stops. 


1. In the absence of friction between the boat and the water, describe the motion of the 
boat when the man stops. 

2. In the presence of friction between the boat and the water, describe the motion of the 
boat when the man stops. 


Solution: 


1. The total momentum P is the sum of the momenta of the boat Pg and of the man with 
respect to the water Py. In the absence of friction, the net force applied to the system 
vanishes and the momentum is conserved. Indeed, the centre-of-mass theorem (1.13) 
implies that, 


P=0 = P=const 


Initially, all the momenta vanish. By conservation, the total momentum is constant. 
Thus, when the man stops, his momentum vanishes, which implies that the momentum 
of the boat vanishes as well. Therefore, the boat is at rest with respect to the water. 

2. While the man is moving on the boat, the boat is moving in the opposite direction. 
The boat is subjected to a viscous friction force F™ opposed to the motion and thus 
directed along with the displacement of the man (Fig. 1.6). According to the centre-of- 
mass theorem (1.13), the action of the friction force modifies the total momentum of the 
system, i.e. 


P=F*Z0 


Thus, when the man stops, the momentum of the total system is in the direction of the 
friction force and thus in the direction of the displacement of the man. But the man is 
at rest with respect to the boat, and the boat moves in the direction of the friction force. 
However, the norm of the momentum diminishes due to the viscous friction force. 


Thermodynamic System and First Law 


A man moves with a momentum Py across the horizontal deck of a boat that moves with a momentum Pz. The 
water exerts a friction force F, which is opposed to the motion of the boat. 


1.10.3 Perfectly Inelastic Collision 


We consider two colliding objects that remain attached after impact. It can be shown that 
this type of collision has the maximum kinetic energy change. We treat the colliding objects 
as two point masses M and M, that constitute an isolated system. The point mass M, has 
an initial momentum P and the point mass Mj is initially at rest. The state variables are the 
momentum and the extensive variable Xp associated to an internal property of the system 
(i.e. the entropy S as we will see in the following chapter). 

Let £; (P, Xo) be the energy and U; (Xo) the internal energy just before the impact. Let 
Ey(P,Xo) be the energy and Uy(Xo) be the internal energy just after the impact. Using 
the conservation laws of energy (1.9) and momentum (1.12), determine the variation of 
internal energy of the system AU = Uy (Xo) — Uj (Xo). 


Solution: 
According to the first law (1.12) for an isolated system, the momentum P is a constant, 
i.e. P = P,. The energy of the system before and after the impact reads, 


P 
E; (P,Xo) = ITA + U; (Xo) 


E,/(P,Xo) = + U;(Xo) 


1 
2 (M, + My) 


According to the first law (1.9) for an isolated system, the energy E(P,Xo) is also a 
constant, i.e. E; (P, Xo) = Ey(P,Xo). This is expressed as, 


Pi Pi 
MM, + U; (Xo) = 2 (M, + Ms) + Uy (Xo) 


Thus, 


i al 1 
AU = U; (Xo) — U; (Xo) = 7" € M, un) o 
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In conclusion, the internal energy of this isolated system increases during the collision in 
order to compensate for the loss of kinetic energy. 


1.10.4 Gas and Piston 


Let us consider an adiabatic closed system consisting of a homogeneous gas and a piston 
that closes the cylinder containing the gas (Fig. 1.7). The piston has a mass M and it is set 
in motion through the action of an external force F™'. The gas exerts a viscous friction 
force F" on the piston. It is assumed that the mass of the gas is negligible. 

The following quantities are chosen as state variables: the momentum of the piston P 
and a variable Xo associated with an internal property of the gas (i.e. the entropy S, as we 
will see in the next chapter). The energy of the system is given by, 


E(P,Xo) = a + U(Xo) 
Applying the first law to the system and the centre-of-mass theorem to the piston, show 
that, 
Fry 
Yo 


he 
which is identical to equation (1.59) obtained for a damped harmonic oscillator. 


Solution: 

According to the first law (1.11), the energy variation of a rigid, adiabatic closed system is 
due to the power of the external forces, i.e. E = P®'. Furthermore, as the energy E (P, Xo) 
is a function of P and Xo, we can write, 


; OE (P,X 
bey = EP 


Using the definitions (1.18), (1.26) and (1.46), we obtain, 


, , OU(Xo) x , 
Pye Ly = pe 
uaa 


py P+ YoX =F -y 
The centre of mass theorem (1.13) applied to the piston is expressed as, 


P=F* 4 Ff 


Feat 


Agas is contained in a cylinder closed by a piston of mass M. An external force F“ is exerted on the piston. 
A viscous friction force F" opposes the motion of the piston which moves at velocity v. 
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Thus, the evolution equation is reduced to, 
v- F™ + ¥)X =0 


The pressure of the gas does not intervene in the application of the centre-of-mass 
theorem, because pressure generates an internal force to the system consisting of the gas 
and the piston. In the following chapter, we will examine an analogous problem in which 
the gas will be the system and its pressure, a state variable (see § 2.9). 


1.10.5 Air and Fan 


Let us consider a system consisting of a fan and the surrounding air in an adiabatic closed 
room (Fig. 1.8). The propeller has a moment of inertia / with respect to the rotational axis. 
It is set in rotation using an external electric engine that exerts an external torque M“™". A 
viscous friction torque M™ is opposed to the rotation of the propeller. We assume that the 
air is homogeneous and its mass is negligible. 

The following quantities are chosen as state variables: the angular momentum of the 
propeller of the fan Z and a variable Xo associated with an internal property of air (i.e. the 
entropy S, as we will see in the next chapter). The energy of the system is given by, 


L 
E(L,Xo) = 5 + U(X) 
21 
Applying the first law to this system and the angular momentum theorem to the fan, show 
that, 
M* Ww 
Yo 


X= 


which is the rotational analog to the equation obtained for the system consisting of gas 
contained by a piston in a cylinder. 


A room filled with air contains a fan where the propeller has a moment of inertia / with respect to its axis of 
rotation. An external torque M °* is exerted on the propeller. A viscous friction torque M" is opposed to the 
rotational motion of the fan propeller that turns with an angular velocity w. 
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Solution: 

According to the first law (1.11), the energy variation of a rigid, adiabatic, closed system 
is due to the power of the external torques, E = P®'. Furthermore, since the energy E is a 
function of L and Xo, we can write, 


£(L,X) — EEX) 


jp OU) 
OL "OX 
Using the definitions (1.21), (1.26) and (1.46), we obtain 


xX =p ext 


web WX, =M*'.w 
The angular momentum theorem (1.15) applied to the fan implies that 
L = Mt +m" 
Thus, the evolution equation is reduced to 


w:-M* + ¥)X) =0 


Exercises 
SSS es] 


1.1 State function: Mathematics 
Consider the function f(x,y) = y exp (ax) +xy+bxlny where a and dare constants. 
(a) (a) 
a) Calculate POY) f(s») and df(x,y) 
Ox Oy 
fou 
b) Calculate OF Y) 
Ox Oy 
12 State Function: Ideal Gas 
An ideal gas is characterised by the relation pV = NRT where p is the pressure of the 
gas, V is the volume, 7 is the temperature, N is the number of moles of gas and R is 
a constant. 


a) Calculate the differential dp (T, V) 


d (Op(T.V) 0 ( Op (T,V) 
b) Calculate =( AV ) ana + ( aT 


13 State Function: Rubber Cord 
A rubber cord of length L, which is a known state function L (7, F’) of the temperature 
T of the cord and of the forces of magnitude F applied at each end to stretch it. Two 
physical properties of the cord are : 


L (aL\' . 
a) the Young modulus, defined as E = A @ , where A is the cord cross 


ae 
Lor 


section area. 


b) the thermal expansion coefficient a = 
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Thermodynamic System and First Law 


A liquid enters into a funnel with a laminar flow of velocity v in a tube of diameter d. The funnel is a cone of 
opening angle cv. The cone axis is vertical. 


1.4 


1.5 


1.6 


1.7 


Determine how much the length of the cord varies if its temperature changes by AT 
and at the same time the force F changes by AF. Assume that AT < Tand AF < F. 
Express AL in terms of E and a. 


State Function: Volume 

A liquid is filling a container that has the form of a cone of angle a around a vertical 
axis (Fig. 1.9). The liquid enters the cone from the apex through a hole of diameter 
d at a velocity v(t) = kt where k is a constant. When the surface of the liquid is 


1 
at height / (t), the volume is V(t) = 37 tan’ af? (t). Initially, at time t = 0, the 


height h(0) = 0. Find an expression for the rate of change of volume V(t) and 
determine h (ft). 


Cyclic Rule for the Ideal Gas 

An ideal gas is characterised by the relation p V = NR Tas in § 1.2 where the pressure 
p(T,V) isa function of 7 and V, the temperature T (p, V) is a function of p and V and 
the volume (7, p) is a function of T and p. Calculate, 


Op (1, V) OT (p, V) OV(T,p) 
OT OV Op 


Evolution of Salt Concentration 

A basin contains N, (t) moles of salt dissolved in N,, (t) moles of water. The basin 
receives fresh water at a constant rate 0". This water is assumed to be thoroughly 
mixed in the basin so that the salt concentration can be considered homogeneous. 
The salty water comes out of the basin at a constant rate Oot" = 0" (4) + NO" (2), 
where 2.0" (t) and 2.°"" (t) are the salt and water outflow rates. Determine the salt 
concentration, 


_ N; (6) 
ol) = TaN 


as a function of time ¢ for the given initial conditions N, (0) and N,, (0). 


Capilarity: Contact Angle 

Capilarity effects are taken into account by considering that the energy of the system 
contains contributions that are proportional to the surface area of the interfaces 
between the different parts of the system. For a drop of wetting liquid on a horizontal 
surface (Fig. 1.10), where the drop is assumed to have a spherical shape, the internal 
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A drop of liquid on a horizontal substrate is assumed to have a spherical shape. The angle 0 is called the contact 
angle. Surface tension is defined for each of the three interfaces: solid—liquid (-y,/), solid—gas (7) and 
liquid—gas (7z,). 


energy is expressed as U(h,R) = (Ye — soe na” + ,A where a = Rsin§ = 
V2Rh — fi? is the radius and A = 27Rh is the surface area of the spherical cap of 
height A at the intersection of the sphere of radius R and the solid substrate. The 
parameters 7,7, Yse> Vg characterise the substances and are independent of the drop 


shape. Show that the contact angle 6 is given by, 


(Yse _ Aes) a Veg cos 6 = 0 


by minimising the internal energy U(h,R) under the condition that the volume 


V (h,R) = $h? (3R — h) = Vo is constant. 


1.8 Energy: Thermodynamics versus Mechanics 


A weight of mass M is hanging from a rope. The force F applied to the rope is such 


that the weight is lowered vertically at a velocity vy, which may vary with time. 


a) Determine the expression for the time evolution of the mechanical energy E’, 


which is the sum of the kinetic and potential energies. 


b) Determine the time evolution of the energy E of the system according to the first 


law (1.11). 


1.9 Damped Harmonic Oscillator 


A one-dimensional harmonic oscillator of mass M and spring constant & is subjected 
to a friction force Fy(t) = — A v(t) where v (f) is the velocity of the point mass and 
A > 0. Using a coordinate axis Ox where the origin O corresponds to the position of 
the point mass when the harmonic oscillator is at rest, the equation of motion reads, 


¥+ 27% +u2x=0 


where wi = k/M and y = \/ (2M). In the weak damping regime, where y < wo, 


the position can be expressed as 
x(t) = Ce~ cos (wot + o) 
where C and ¢ are integration constants. 


a) Express the mechanical energy £ (t) in terms of the coefficients k, C and 4. 


b) Calculate the power P(t) dissipated due to the friction force Fy(t) during one 


oscillation period. 


Entropy and Second Law 


Rudolf Julius Emmanuel Clausius, 1822-1888 


R. J. E. Clausius taught at the universities of Zurich, Wiirzburg and Bonn. During his career, 
he developed the heat engine theory that is now part of most thermodynamics courses. In 1854, 
he extended the calculation of the thermodynamic efficiency that Carnot had established 
for an infinitesimal cycle and derived the well-known formula 1 — T~ /Tt. In 1865, 
he suggested the introduction of a new quantity, entropy, a word he created after the Greek 
word meaning ‘transformation’. 


2.1 Historical Introduction 
OO Ee 


Temperature is a central thermodynamic concept that was developed over centuries. 
Around 250 B.C., thermoscopes appeared, which allowed the detection of a temperature 
difference. These devices did not provide a measurement on a pre-established scale. More 
than 18 centuries later, Galileo built a thermometer that consisted of a water column 
containing balls of slightly different masses with only one that was at equilibrium in the 
middle for a given temperature, the others having sunk to the bottom or floated to the top. 

In the middle of the seventeenth century, a thermometer was created that measured 
alcohol thermal expansion. Thereafter, different models of thermometers with various 
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scales appeared until Daniel Gabriel Fahrenheit invented the scale that bears his name. 
The value of 0°F corresponded to the temperature of a mixture of ice, water and 
ammonium chloride in equal amounts. Fahrenheit imposed 64 divisions between the 
melting point of pure ice and the temperature of the human body. Anders Celsius, 24 years 
later, set a scale that was defined by the fusion point of pure ice at 0°C and the melting 
point of water at 100°C. Willliam Thomson, who became Lord “Kelvin”, invented the 
scale that eventually became widely used and is now the norm in science and technology. 

The concept of temperature was further refined by the introduction of the zeroth law 
of thermodynamics. It is called this because it was introduced about 100 years after the 
first and second laws. This law needs to be introduced in the framework of thermostatics. 
It establishes the notion of equilibrium states and formalises the notion of temperature. 
According to this law, if two systems are at thermal equilibrium with a third, then these 
two systems are at thermal equilibrium with each other [16]. Furthermore, if one system is 
considered as a reference, then all systems at thermal equilibrium with it have a property 
in common, called temperature. In other words, systems at thermal equilibrium with one 
another have the same temperature. 

Pressure, like temperature, is a fundamental concept of thermodynamics that has been 
explored since antiquity. In ancient Greece, Aristotle sought to demonstrate that a vacuum 
could not exist. The idea of a universe filled with matter everywhere remained quite 
widespread during the sixteenth century. Galileo postulated the effect of a ‘force of 
vacuum’, a totally new idea at that time. He introduced this concept in order to solve 
the problem of Florentine gardeners who could not raise water above a height of about 
10.5 m. In contrast, Giovanni Battista Baliani suggested that this effect was due to the 
weight of air. To illustrate his point of view, he took a glass tube, open at one end and 
closed at the other, filled with water and then immersed vertically in a pond. He observed 
that the water remained at a high level within the tube. Later on, Evangelista Torricelli, a 
student of Gailieo, performed the same experiment with mercury. Torricelli postulated that 
the space left free at the top of the mercury column was a vacuum and that the ascension of 
mercury in the tube was due to the weight of the atmosphere acting on the free surface of 
mercury. 

Blaise Pascal repeated this experiment in France, performing it with different kinds 
of liquids. He noticed a relation between the height of the liquid in the tube and its 
specific weight. To show that it is the weight of the atmosphere that raises the liquid in the 
tube, he varied the atmospheric pressure. His brother-in-law, Florian Périer, performed the 
experiment at the top of a mountain, and then at a lower elevation. Blaise Pascal collected 
his findings in a treatise [17] in which he defined pressure. It is in memory of his work that 
the unit of pressure, the pascal [Pa], was named after him. 

At the end of the eighteenth century, there was no agreement as to what heat really 
was. The dominant theory invoked the the notion of ‘caloric’. For Lavoisier, the caloric 
had to be considered as an indestructible substance, conserved in every thermal process. 
Thermodynamicists such as Joule, Rumford, Mayer and Helmholtz realised that something 
was wrong with the idea that heat flowed simply from the furnace to the condenser. One 
had to concede that energy changed in the process, because part of the heat was ‘converted’ 
into work. 
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The final states of a thermodynamic system that can be reached from a given initial state are characterised by an 
increase in entropy through work only. The process can be violent. Here, the cube (state X) gets deformed and 
smashed (state Y). Adapted from [21]. 


Clausius introduced the notion of internal energy as a state function U. Then he realised 
that heat was not a state function and established the formula : dU = 60+ 0W. At the time, 
it was known that the infinitesimal mechanical work performed on a gas was expressed as 
dW = — pdv. Clausius sought to define the infinitesimal heat 6Q in terms of the differential 
of a state function. He realised that the quantity dU + p dV was not equal to the differential 
of a state function, because the integral from the initial state to final state depended on the 
process. In mathematical terms, one would say that dU+p dV is not an ‘exact differential’. 
To the contrary, Clausius found that the integral of T7~' (dU + pdV) was independent of 
the process between the initial and final states. Thus, he was led to postulate the existence 
of a state function S, the differential of which was dS = T—! (dU + pdV). 

In this chapter, we will establish these results based on a formal statement of the second 
law that postulates the existence of a state function S named entropy. It is remarkable 
that the notion of entropy is still currently giving rise to fundamental works in the field 
of thermodynamics [18]. In a hundred-page long theorem published in 1999, Lieb and 
Yngvason deduced the existence of the state function entropy, starting from the axiomatic 
properties of an order relation between thermodynamic states (Fig. 2.1) [19]. 

Gibbs, one of the founding fathers of thermodynamics, stated that in order to make 
thermodynamics clear, the notion of entropy should be introduced from the beginning. 
In a recent textbook, Fuchs noticed that the developments of continuous media physics 
during the twentieth century justified such an approach [20]. He recalled that Gibbs fought 
already against the practices of his day, ‘A method involving the notion of entropy, the very 
existence of which depends upon the second law of thermodynamics, will doubtless seem 
to many far-fetched, and may repel beginners as obscure and difficult of comprehension’. 
The inconvenience of introducing a new physical property is, however, counter-balanced 
by the advantage of ‘a method which makes the second law of thermodynamics so 
prominent, and gives it so clear and elementary an expression’ [21]. 


2.2 Temperature 
ESS SSS SSS aS SaaS 


In everyday life, sensations are labelled as more or less ‘warm’, the full range going from 
‘cold’ to ‘hot’. The temperature is the coordinate that defines the position on this ordered 
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Pressure 


Temperature 


4 0 °C] 


-273.15 


In first approximation, the pressure of all gases is a linear function of temperature. The zero pressure, common to 
all gases, defines the zero of the kelvin temperature scale. 


sequence. Thermometers detect volume changes of liquids according to their temperature 
variation. Liquids, such as mercury or alcohol found in thermometers, change volume 
continuously with temperature over a broad temperature range. It is worth noting the 
empirical nature of this definition of the temperature scale. Notably, not all substances have 
a specific volume that depends monotonously on temperature. For instance, the specific 
volume of water reaches a minimum value at about 4°C. 

The centigrade scale is defined from 0 degree for melting ice and 100 degrees for boiling 
water and an atmospheric pressure of one atmosphere (1.015 kPa). The celsius scale has 
the same definition of zero degree, but the celsius is a unit derived from the international 
system of units, introduced in 1948, according to which 1°C is the 1/273.15 fraction of the 
temperature of the triple point of water, a notion that we will see in Chapter 6. With this 
definition, water boils at 99.975°C when the pressure is one atmosphere. 

The kelvin is the temperature unit of the international system (SJ). It is defined so that a 
variation of | K is equal to 1°C. For diluted gas, experiments show that pressure is a linear 
function of temperature (Fig. 2.2). The straight line extends until the pressure reaches zero 
at the limit temperature of 0 K. The zero of the Kelvin scale is at —273.15°C. 


2.3 Heat and Entropy 


There are many ways to change the energy of a system. If a stone is thrown horizontally, 
its kinetic energy increases. If a sphere is electrically charged, its electrostatic energy 
increases. In the first case, the state of the system changed because the momentum changed, 
in the second case, because the electric charge changed. These two state variables are 
extensive quantities. We need to establish what state variable we need to describe ‘heat’. 


2.3.1 Heat 


Let us begin with our experience of everyday life to illustrates various forms of heat 
transfers. When a stone warms up because it is exposed to the sun, it receives ‘heat’ by 
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a thermal process that occurs in the absence of any macroscopic external force. It is due 
to heat transfer by radiation. When two objects at different temperatures are connected 
to each other, heat transfer takes place by conduction until both objects reach the same 
temperature. A third type of heat transfer takes place through convection. It is due to 
matter transfer from one region of space to another, which is at a different temperature. 
It is clearly distinct from heat transfer by radiation or conduction, since in both of these no 
matter transfer occurs. 


2.3.2 Entropy 


We realise now that temperature cannot be the only thermodynamic variable that charac- 
terises thermal processes. The melting process of an ice cube suggests the need to introduce 
a thermodynamic quantity that is different from temperature. It is indeed clear that an ice 
cube needs heat for it to melt. However, the melting occurs at a fixed temperature. Thus, a 
variable different than temperature needs to be used to characterise this process. 

From this basic experiment, from our analysis of the damped harmonic oscillator 
(c.f. §1.9) and from the exercises of the previous chapter, we see that it is necessary to 
introduce a state variable different from temperature. This quantity is entropy, denoted S. 
This notion will be formalised by the formulation of the 2nd law (c.f. § 2.4). 

Let us consider some numerical values of the entropy S. The unit of entropy is the ratio 
of the units of energy and temperature, as we will see later on in this chapter. In SI units, 
the entropy is given in joule per kelvin (JK~'). Here are some values of entropy changes 
for some thermal processes: 


1. When 1 cm? of ice melts, its entropy changes by AS = 1 JK"! 

2. When 1 cm? of water is brought from room temperature to boiling, its entropy increases 
by AS =1JK! 

3. When | cm? of water at 100°C is evaporated, its entropy changes by AS = 6 JK"! 

4. When | kg of coal is burnt, its entropy increases by AS = 105 JK"! 


The entropy of a system is a state function (notion formalised in §2.4). For instance, we 
can say the following: 


1. The entropy ofa litre of gas in normal conditions of temperature and pressure (i.e. 10° Pa 
and 0° C) is about 10 JK"! 

2. The entropy of a litre of a liquid or a solid at room temperature (i.e. 20° C) is about 
100 JK" 


2.3.3 Internal Entropy Production 


During heat transfer to a system by conduction or during a phase transition between ice and 
water, entropy increases or decreases depending on the direction of the process. However, 
this reversibility is not always possible. 

Simple experiments points to the existence of entropy production, no matter in which 
way the process is carried out. For instance, entropy is produced in a fire or by rubbing 
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hands together. It is also produced by an electric current flowing through a resistance. 
Many historical experiments, such as that of Earl Rumford (hollowing out of canons) or 
that of Humphry Davy (two ice blocks rubbed against each other), led to the conclusion 
that there are processes which cause an entropy production. 

In an isolated system, entropy can increase, but it cannot decrease. All experiments 
lead to this conclusion. For instance, a drill produces heat while it is drilling. Conversely, 
angular momentum can be provided to the drill to generate electricity. In both cases, there 
is entropy production and heat transfer towards the environment. A car left to itself ends up 
stopping, and heat transfer occurs spontaneously from hot to cold. These processes cannot 
be reversed spontaneously; they are irreversible. 

In light of the above considerations, we can now state the second law of thermo- 
dynamics. 


2.4 Second Law of Thermodynamics 
| 


The second law of thermodynamics states that: 


For every system, there is a scalar and extensive state function called entropy (S) 
that satisfies the following two conditions: 


1. Evolution condition: The entropy of an adiabatic system is a monotonously non- 
decreasing function of time. 


S=Tly>0 (adiabatic system) (2.1) 


2. Equilibrium condition: In the distant future, the entropy of an isolated system tends 
to a finite local maximum that is compatible with the constraints imposed on the 
system, such as its internal walls or characteristics of the enclosure. 


The quantity ITs is called the entropy production rate of the system. A process is called 
reversible if Ils = 0 and irreversible if Il; > 0. When a process is irreversible, 1.e. 
IIs > 0, we say that there is dissipation. When a system interacts with its environment, the 
evolution of the entropy is due to two distinct causes: 


* irreversible processes taking place inside the system, described by the entropy produc- 
tion rate IIs, 

* reversible processes taking place at the system enclosure, described by an entropy 
exchange rate Is. 


Thus, the evolution of the entropy is described by, 
S=Ils + Is (2.2) 


Whenever dissipation takes place at the enclosure itself, then the system under study should 
be redefined so that it encompasses this region. This way we avoid any possible confusion. 
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An equation such as (2.2), where the evolution of an extensive variable is expressed in 
terms of an exchange with the environment and an internal rate of production, is called a 
balance equation. 


2.4.1 Time Reversal 


The second law helps us to distinguish two types of physical processes: reversible and 
irreversible. The reversibility of processes is defined in terms of a fundamental physical 
symmetry: time reversal. The time reversal transformation T is a bijective function that 
maps time to its opposite, 


T:t—-t (2.3) 


For example, position is invariant under time reversal. This implies that velocity vy = ¢ 
changes sign and acceleration a = # is invariant under time reversal, 


r—r 
v—-v (2.4) 


a—a 


The evolution of a thermodynamic system undergoing physical processes is reversible 
if the evolution equation that characterises this evolution is invariant under time reversal. 
In the opposite case, it is irreversible. Thus, the evolution condition of the 2nd law implies 
that the evolution of a closed adiabatic system is invariant under time reversal if and only 
ifS = [ls =0 Vi. 

Given that physical processes happening in the universe are in general irreversible, the 
evolution of the universe is not invariant under time reversal. Thus, there is an order 
relation between different events happening at different times. If a 1st event happens at 
time ¢), a 2nd at time ¢ and ann" at time ¢, then 


tl<tbh<...<t, (2.5) 


This order relation is called the time arrow. Time is a scalar parameter that only increases 
from an initial event, called the ‘Big Bang’, which defines the origin of time f) = 0 [22]. 


2.5 Simple System 


A homogeneous system where the state is determined by a single state variable entropy 
S is called simple system. For such a system, entropy is defined globally. We recall 
that a simple system is called homogeneous because it has the same intensive properties 
(i.e. temperature, pressure, etc ... ) at every point. Inhomogeneous systems will be treated 
in Chapters 3 and 10. 

We will now describe the state of a simple system consisting of r different substances. 
We consider mechanical actions and matter transfers that are sufficiently slow so that 
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kinetic energy variations are negligible. Then the system can be described with respect 
to a frame of reference where it is at rest. As entropy S is an extensive state function, 


S=X% (2.6) 


It can also be taken as one of the extensive state variable since a state variable is a trivial 
state function. The second extensive state variable is taken as the volume of the system, 


V=X, (2.7) 
The other extensive state variables describe the amount of substances, 
Na =Xa41 where A=1,...,r (2.8) 


Thus the internal energy U(S,V,N,,...,N,.) becomes a function of entropy S, volume V 
and number of moles Nj,...,,. of the r substances. The mole [mol] is a fundamental unit 
of the international system representing the amount of matter of a system containing as 
many elementary constituents as there are atoms in 12 g of '7C. Thus a mole of substance 
contains 6.022 - 107? elementary constituents, atoms or molecules. This number is called 
the Avogadro number Ny. 

Thermodynamicists compared the predictions of the two laws of thermodynamics 
pertaining to gases. They concluded that the intensive quantity Yo, which is the conjugate 
of the entropy S, is the temperature, commonly denoted T and defined as, 


— OU(S,V,Ni,..-,N,) 
— hy 

In general, the temperature T of a system is not negative. However, there are magnetic 
systems (e.g. spins) or optical systems (e.g. a laser) that may have a negative temperature 
[14]. In this textbook, we will only consider systems that have a positive temperature, 1.e. 
T> 0. 

As we shall see (2.38), the predictions of the two laws of thermodynamics pertaining to 
gases lead to the conclusion that the intensive quantity Y;, which is the conjugate of the 
volume JV, is the pressure, denoted p and defined as, 


OU (S,V,Ni,...,N,) 
OV 
Finally, the intensive quantity Y4,1, which is the conjugate of the number of moles of 
substance A, is the chemical potential, denoted j., and defined as, 


— OU(S,V,M,..-,Ny) 
— ON4 

The notion of chemical potential will be explained in Chapters 3 and 8. In Chapter 1, 
the time derivative of the internal energy (1.47) was written in terms of the non-specific 
extensive state variables Xo, X), X> ... X, and their conjugates Yo, Yj, Yo, ..., Y,. Now that 
we have identified the extensive state variables S, V, N|, ..., N,. in equations (2.6)—(2.8) 
and their conjugates T, — p, j1, ... ju, in equations (2.9)-(2.11), equation (1.47) becomes, 


T(S,V,Ni,...,N,) (2.9) 


D(S,V,M,...,N-) = (2.10) 


U4 (S, V,Ni, oe .,N,) 


where A= Vong? (2.11) 


U=TS—pV+ S— w4Na (2.12) 


A=1 


Entropy and Second Law 


The time evolution equations (1.28) and (2.12) for the internal energy require the powers 
of the physical processes and the evolution of the state variables to satisfy equation, 


TS = pv+>- uugNs=Pw+Po+Pc (open system) (2.13) 
A=l 


For a closed system, i.e. Pc = 0, equation (2.13) reduces to, 


iS = pV + S- p,Na = Pwt Po (closed system) (2.14) 
A=1 
For an adiabatic system, the thermal power vanishes, i.e. Pp = 0. Combining the evolution 
equation (2.1) of the second law with equation (2.13), the entropy production rate is 
expressed as, 


1 " ; ae 

Ily = Fa @ +pV+Pc- S- [ha i) > 0 (adiabatic system) (2.15) 
A=1 

For a reversible process, ic. Ils = 0, equation (2.15) imposes a condition on the 

mechanical action of the environment on the system, 


Pw=-—pV_ (reversible process) (2.16) 
and another condition on the transformations of substances inside the system, 
Po= S- u,N4 (reversible process) (2.17) 
A=1 


We will see in Chapter 3 that the chemical potentials have to be equal on both sides of the 
enclosure in order for the chemical process to be reversible. If dissipation occurs at the 
enclosure because of matter transfer, the hypothesis that the system is simple becomes 
invalid. Therefore, in analysing simple systems, only reversible chemical work can be 
taken into account. 

In light of the entropy production rate (2.15), equation (2.13) can be written as, 

S=Ts+ =e (2.18) 
T 

The time evolution equation (2.18) is applicable to a homogeneous system that is not 
simple; however the system must have the same temperature T everywhere. 

Comparing the balance equations (2.2) and (2.18), we conclude that the thermal power 
Po is proportional to the entropy exchange rate Is with, 


Po =TIs (2.19) 


The state of the system is called stationary if its state variables are time independent. 
Thus, in a stationary state, entropy is constant, 


S=0 (stationary state) (2.20) 
In this case, the entropy balance equation (2.18) is reduced to, 


Po =—TIls <0 (stationary state) (2.21) 
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This means that the thermal power Pg accounts for the heat evacuated out of the system in 
order to compensate for the internal entropy production IIs. 

The thermal power Pg is sometimes called heat current. This denomination can be 
misleading for the following reason. For some systems consisting of distinct subsystems, 
the thermal powers that they exert on one another do not compensate each other whereas 
by definition heat currents would (e.g. § 3.6.4). 

After setting the stage for the thermodynamic analysis of a simple system, we will now 
give several examples of simple systems consisting of a homogeneous gas made of one 
substance. 


2.6 Closed and Rigid Simple System 


Let us consider a simple system that is closed and rigid. This system consists of a 
homogeneous gas, made of a single substance, contained in an enclosure allowing heat 
transfer and subjected to the given thermal power Po (Fig. 2.3). Since it is rigid, Py = 0. 

In order to describe the heat transfer between the system and its environment, we use 
the entropy S as the unique extensive state variable. Thus, the evolution equations (2.12) 
and (2.14) reduce to, 


U(S) = T(S)S = Pg (2.22) 


Taking into account the entropy balance equation (2.18), we find that the entropy 
production rate is zero in this system, 


Ils =0 (2.23) 


This also means that the heat transfer between the system and its environment is a 
reversible process. In Chapter 3, we will see that if a rigid system is inhomogeneous, for 
instance if its temperature depends on position, then heat transfer leads to irreversibility. 


A closed, and rigid simple system consisting of a homogeneous gas subjected to a thermal power Po. 
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According to the definition (1.35) of 6Q and taking into account (2.22), the infinitesimal 
heat provided by the environment during an infinitesimal time interval dt is defined as, 


560 = Podt = T(S) dS (reversible process) (2.24) 


When integrating equation (2.24) from an initial state 7 to a final state {, we obtain the heat 
provided by a reversible process, 


f Sf 
Or = ii 60= | T(S) dS (reversible process) (2.25) 
i Si 


2.7 Adiabatic and Closed Mechanical System 
ee? | 


Let us now examine a simple system that is closed, adiabatic and subjected to a 
mechanical action (Fig. 2.4). The system consists of a homogeneous gas contained in 
a cylinder enclosed between two pistons that together define the enclosure, which is 
assumed to be impermeable and adiabatic, i.e. Pp = 0. We will consider only reversible 
displacements of the pistons where the forces +F° applied to the pistons do not change 
the centre of mass motion of the system. 

Whenever a process occurs without heat transfer, i.e. Po = 0, it is an adiabatic process. 
If this adiabatic process is reversible, i.e. IIs = 0, then the evolution equation (2.18) implies 
that the system entropy is constant, i.e. S=0. 

In order to describe the mechanical action of the environment on the system, the volume 
V is chosen as the unique extensive state variable. Thus, the evolution equations (2.12) 
and (2.14) reduce to, 


U(V) =-—p(V) V= Pw (reversible adiabatic process) (2.26) 


According to equation (1.34) and taking into account (2.26), the infinitesimal work 6W 
performed on the system is defined as, 


OW = Pwdt = —p(V)dadV (reversible adiabatic process) (2.27) 


When integrating equation (2.27) from an initial state i to a final state { we obtain the work 
performed on the system during a reversible adiabatic process, 


f Vy 
Wye= ') iW=— | p(V)dV (reversible adiabatic process) (2.28) 
i Vj 


= Freont 


<j 


An adiabatically closed mechanical system consisting of a homogeneous gas enclosed between two pistons. 
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2.9 Closed Simple System 


Arigid open system consisting of a homogeneous gas subjected to a chemical power Pr. 


Here, we are examining processes on gases; however it is also possible to describe 
mechanical work done in other cases. For instance, a solid body subjected to a longitudinal 
or shear stress. In that case, the state of the system cannot simply be described by its 
volume, because the local deformations also must be specified [23]. 


2.8 Open, Rigid and Adiabatic System 
a aa SSS Se] 


Let us now consider an open simple system consisting of a homogeneous gas. The gas 
enters and leaves the system symmetrically such that the centre of mass remains at rest. 
The enclosure is rigid, i.e. Pw = 0, and heat transfer by conduction is negligible, i.e. 
Po = 0 (Fig. 2.5). 

A heat transfer occurs through convection, i.e. it is due to the matter transfer. It is 
described by the chemical power Pc. Since in a simple system, we must restrict our analysis 
to reversible matter transfers, relation (2.18) implies that entropy is constant. Therefore, we 
only need the number of moles of gas N as a state variable to describe this process. Thus, 
the evolution equations (2.12) and (2.14) reduce to, 


U(N) = (N)N = Pc (2.29) 
According to the definition (1.36) of dC and (2.29), the infinitesimal chemical work 
performed on the system is, 
dC = Pcdt = dN (2.30) 
Integrating equation (2.30) from an initial state i to a final state {/ we obtain the chemical 
work performed on the system during a reversible process, 


Sf Ny 
cy= | som pu (N) dN (2.31) 


2.9 Closed Simple System 
SESS a ae 


Let us consider a closed simple system consisting of a homogeneous gas contained in a 
cylinder closed by two pistons. The cylinder is diathermal, allowing heat transfer between 
the system and its environment (Fig. 2.6). The forces + F°°™ applied on the pistons are 
equal and opposite to each other, and hence, do not change the centre of mass motion. 
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|v" 


—Freont 
= 


A closed simple system consisting of a homogeneous gas enclosed between two pistons and subjected to a 
thermal power Po. 


In order to describe the heat transfer and the mechanical action, the extensive state 
variables entropy S and volume V are chosen as state variables. The processes are 
characterised by the thermal power Pg and the mechanical power Py. Thus, the evolution 
equations (2.12) and (2.14) reduce to, 


U(S, V) = T(S,V)S— p(S,V)V = Pw+Po (2.32) 
and the entropy production (2.15) is given by, 
1 F 
Us = ——~ (P V)V) > 2; 
s TS.) (Pw+p(S,V)V) >0 (2.33) 


The mechanical power Py is due to the forces exerted by the pistons on the gas, 
Pyw=FO"-y (2.34) 


where » is the relative velocity of the left piston relative to the right piston. Actually, the 
left piston has a speed v/2 and the right piston has a speed — v/2 with respect to the centre 
of mass frame of reference. The total external pressure p“' exerted by the pistons on the 


gas and the rate of change of the volume V satisfy the relations, 
Foot — ext 4 

; . (2.35) 

V=-—-A-y 


where A is collinear to the vector F°™ and its norm 4A is the surface area of a piston, i.e. 
A = ||A||. Using equations (2.34) and (2.35), the mechanical power is written as, 


Pyw=—-p™V (2.36) 


Combining the mechanical power (2.36) with the expression (2.33) for the entropy 
production rate, we deduce that, 


say (v(s, Pixs p*) v>0 (2.37) 
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Therefore, if the process is reversible, i.e. IIs = 0, the pressure p (S, V) of the gas is 
equal to the external pressure p “' exerted by the pistons on the gas, 


p(S,V) =p" (reversible process) (2.38) 


It follows that in this case the mechanical power (2.36) can be expressed in terms of the 
pressure p, a state function of the system, 


Pw =—p(S,V)V_ (reversible process) (2.39) 
Furthermore, in the absence of entropy production, the balance equation (2.18) implies: 
Po =T(S,V)S (reversible process) (2.40) 


We conclude that the entropy rate of change S is due to the thermal power Pg only when 
the process is reversible. 

We are now able to find expressions for the work and the heat transfer in reversible 
processes. According to the definition (1.34) of the infinitesimal work 6W performed on 
the system equation (2.39) implies, 


OW = Pwdt = —p(S,V)dV (reversible process) (2.41) 


When integrating equation (2.41) from an initial state i to a final state { we obtain the work 
performed on the system during a reversible process, 


f Vy 
Wy= / OW = — | p(S,V) dV (reversible process) (2.42) 
i Vj 

According to the definition (1.35) of the infinitesimal heat 6Q provided to the system 
and taking into account expression (2.40) we have, 


60 = Podt = T(S,V) dS (reversible process) (2.43) 


When integrating equation (2.43) from an initial state i to a final state {, we obtain the heat 
provided to the system during a reversible process, 


f Sf 
Ov= / 6Q0 = | T(S, V) dS (reversible process) (2.44) 
i S; 


2.10 Open, Rigid and Diathermal System 


Finally, let us consider an open, rigid and diathermal simple system consisting of a 
homogeneous gas. The gas enters and leaves the system symmetrically such that the centre 
of mass remains at rest. The enclosure is rigid, i.e. Py = 0, and allows heat transfer and 
matter transfer (Fig. 2.7). 

In order to describe the heat transfer and the matter transfer, the extensive state variables 
entropy S and number of moles of gas N are chosen as state variables. The processes are 
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An open simple system consisting of a gas subjected to a thermal power Pg and to a chemical power Pr. 


characterised by the thermal power Po and the chemical power Pc. Thus, the evolution 
equations (2.12) and (2.14) reduce to, 


U(S,N) = T(S,N)S + (S,N)N = Po + Pc (2.45) 
and the entropy production (2.15) is given by, 
1 ; 
Ilys = ———~ (Pc - >0 2.46 


The chemical power Pc due to the matter transfer from the environment is written as, 
Po =p™"'N (2.47) 


where 1 °*' is the chemical power of the gas in the environment. Combining the chemical 
power (2.47) with the expression (2.46) for the entropy production rate, we deduce that, 


1 : 
Hs = 7 (n= w(S,N)) NZ 2.48 
S= TM \# u(S,N) | N2> (2.48) 
Therefore, if the process is reversible, i.e. II; = 0, the chemical potential 1 (S, N) of the 
gas in the system is equal to the chemical potential , “' of the gas outside the system, 


u(S,N) = u*' (reversible process) (2.49) 


It follows that in this case the chemical power (2.47) can be expressed in terms of the 
chemical potential ju, a state function of the system, 


Pc = (S,N)N (reversible process) (2.50) 


Furthermore, in the absence of entropy production, the balance equation (2.18) implies: 


Po =T(S,N)S (reversible process) (2.51) 
We conclude that the entropy rate of change S is due to the thermal power Po only when 
the process is reversible. 
We are now able to find expressions for the matter transfer and the heat transfer in 
reversible processes. According to the definition (1.36) of the infinitesimal chemical work 
oC performed on the system equation (2.50) implies, 


dC = Pcdt = w(S,N) dN (reversible process) (2.52) 
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When integrating equation (2.52) from an initial state i to a final state f/ we obtain the 
chemical work performed on the system during a reversible process, 


f ‘Ne 
Cyr = / 6C = / u (S,N) dN (reversible process) (2.53) 
i N; 
According to the definition (1.35) of the infinitesimal heat 6Q provided to the system 
and taking into account expression (2.51) we have, 
560 = Podt = T(S,N) dS (reversible process) (2.54) 


When integrating equation (2.54) from an initial state i to a final state { we obtain the heat 
provided to the system during a reversible process, 


f 5 
Or= / 60 = i: T(S,.N) dS (reversible process) (2.55) 
i S; 


2.11 Worked Solutions 


aaa 
2.11.1 Time Symmetry of the Harmonic Oscillator 


1. Show that the evolution equation of a harmonic oscillator of mass M, subjected to an 
elastic force F“ = — kr and free of friction, is invariant under time reversal. 

2. Demonstrate that the evolution equation of a damped harmonic oscillator of mass M, 
subjected to an elastic force F*! = — kr and a viscous friction force F™ = — bv, is not 
invariant under time reversal. 


Solution: 


1. According to the definition (1.16) of momentum, the equation of motion (1.13) applied 
to the harmonic oscillator is written as, 


—kr=Ma 


According to the transformation laws (2.4) for the position r and acceleration a, the 
equation of motion is invariant under time reversal. Thus, this evolution is reversible. 
2. The equation of motion of the damped harmonic oscillator is written, 


—kr—bv=Ma 


According to the transformation laws (2.4) for the position r, the velocity v and the 
acceleration a, the equation of motion becomes, 


—kr+bv=Ma 


under time reversal. This equation is different from the previous one, because the sign 
of the second term on the left-hand side changed, which implies that the equation 
of motion is not invariant under time reversal. Thus, this evolution is not reversible. 
The irreversibility is due to the viscous friction force. 
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2.11.2 Entropy Variation in Water 


Water is heated up with a small electric heater and the temperature of the water is 
monitored. The heater provides heat to the system with a thermal power Po. The container 
is a calorimeter that is assumed to absorb no heat. Before turning on the heater, the 
temperature of the water is 7p and its entropy is So. A linear temperature evolution given 
by T(t) = Typ + At is observed. Deduce the entropy variation AS during that process. 


Solution: 


Since the system is simple, its evolution is reversible (2.23). The first law (2.22) implies 
that, 

Po Po 
~ Ti) T+At 


Thus, the entropy differential is expressed as, 


t 
Po 7)” 
dS = = 
A\,,4, 
To 


When integrating this equation over time, we obtain, 


; A 


a P. ha P, A 
S(O) = dS = 2 —— —S+—2in (1+ 5) 
So 0 a l+s? a To 
To 
Thus, the entropy variation in water is given by, 
Po A 
AS = S(At) — So= —In{1+—At 
a ( "Th 
2.11.3 Reversible Adiabatic Process on a Gas 
An ideal gas is such that its internal energy is given by U = cpV, where c is a 


dimensionless constant, p is its pressure and V is its volume. Determine the pressure p (V) 
for a reversible adiabatic compression or expansion. 


Solution: 


Since the process is reversible and adiabatic, there is no entropy variation. We can use the 
volume V as the unique state variable. Thus, the internal energy reads U(V) = cp(V) V. 
The derivative of the internal energy with respect to the volume is given by, 

dU dp 


| re ae 


4B 2.11 Worked Solutions 


which can be recast as, 
d dV 
Pn Oh 


= 0 
TY 


where y = (c +1) /c. The integration of this expression from an initial state (p;,V;) toa 
final state (p,, V¢) is written as, 


Prd, " dV 
/ Py | oe 
p =P Vi V 
P. Vy PV} 
n(2) +4 »(Z) 0 us (2 0 


Therefore, the initial and final variables are related by, 


pi; = pV; 


L 


which yields, 


which yields the identity, 
pV” =const 


The gas constant y will be formally introduced in § 5.7. 


2.11.4 Work and Internal Energy 


In the experiment illustrated in Fig. 2.8, a mass Mis chosen such that the end of the string 
attached to the spring is subjected to almost no tension, when the operator turns the crank. 
This means that force resulting from the dry friction F* exerted on the whole surface of 
the drum is equal to the weight Mg. 

The temperature T is the same everywhere in the system consisting of the copper wire, 
of the copper drum and of the water at all times. Furthermore, the system is adiabatic. 


A given mass is held by a copper wire making several turns around a copper cylinder containing water. 
A thermometer plunged into the water provides a measurement of its temperature. 


Entropy and Second Law 


The variation of internal energy is given by AU = CyAT where Cy, called the specific 
heat, is a constant. 


1. Determine the work W performed in a single turn of the drum of radius Ro. 
2. Compute the temperature variation AT of the system per drum turn. 


Solution: 


1. The work performed per drum turn is the opposite of the work performed by the friction 
force F" that is opposed to the motion, 


20 
W=- je -ds = 7. |F™||Ro dO = 27Ro||F"™|| > 0 
0 
Since the norm of the friction force is equal to the norm of the weight of the hanging 
mass, i.e. ||F"|| = Mg, the work provided per drum turn is, 
W = 27RoMg > 0 


2. Since the system is adiabatic, the heat provided to the system per drum turn vanishes, 
i.e. O = 0. The first law (1.39) for each drum turn is written, 


AU = W+Q =2nRoMg > 0 


Hence, 
_ AU _ 2nRoMg 


AT = — 
Cy Cy 


2.11.5 Thermal Compression of a Spring 


Consider a piston sliding without friction in a cylinder of surface A, which is attached to a 
spring of elastic constant k (Fig. 2.9). When the cylinder is empty, the piston is at position 
xo. The cylinder is filled with a gas that satisfies the law pV = NRT. The internal energy 
of the gas is given by U = cNRT where c > 0 and R > 0 are constants. After filling the 


1p 


> 
0 x 
A piston closing a cylinder is displaced from position x; to position xs when the gas contained inside the cylinder is 
heated up. The piston is held by a compressed spring of elastic constant k. The rest position of the spring would be 
at Xo. 


45 


2.11 Worked Solutions 


cylinder with gas, the piston is at equilibrium at the initial position x;. Then, the cylinder 
heats up and reaches the final equilibrium position at x. The process is assumed to be 
reversible and the system is in a vacuum chamber, i.e. the pressure vanishes outside the 
system. The mass of the piston is not taken into consideration here. 


1. Determine the volume V,, pressure p, and temperature 7, of the gas in any equilibrium 
state a in terms of the parameters k, A, xp and xy. 
2. Show that the derivative of the pressure p with respect to the volume V is given by, 
dp sk 
dv a2 
3. Determine the work — Wir performed by the gas on the spring when the piston moves 
from x; to xy in terms of the parameters k, x; and xy. 
4. Determine the internal energy variation AU/y of the gas when the piston moves from x; 
to xy in terms of the parameters k, c, xo, x; and xy. 


Solution: 


1. In the equilibrium state a, where a € {i,f}, the volume of the ideal gas is given by, 


Vi, = Axg 
and the pressure of the ideal gas is given by 
_ Fa _k ) 
Pa A = A Xa Xo 


where F, is the projection on the x-axis of the elastic force acting on the spring. Given 
that the process is reversible, relation (2.35) implies that the pressure of the ideal gas is 
equal to the pressure exerted by the spring. The temperature of the ideal gas is given by, 
PaVa ik 
NR NR 
2. The equations for the volume and the pressure imply, 


Ty = 


(Xa — X0) Xa 


1 k k 
sae ame eee 
Thus, 
dp k 
aV = re = const 


3. Hence, the pressure p is expressed in terms of the volume V as, 
k 
p= RZ = To) 
The work — Wig performed by the ideal gas on the spring is given in terms of V; and 
Vr by, 
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This result can be recast in terms of x as, 


k k 
Wi = 5 (x7 x7) Kxo (xp — Xi) = 5 (( xo) (x; x0)’ ) 


The work performed by the ideal gas on the spring is equal to the variation of the elastic 
energy of the spring during the compression. In other words, the work of the spring is 
entirely used to compress the gas. This is a consequence of the fact that the thermal 
expansion of the gas is a reversible process. 

The internal energy variation AUy is given by, 


AU yx = cNR (Ty - T;) = ck( (xy - Xo) Xp — (x; — x0) %) 


Exercises 


21 


2.2 


Entropy as a State Function 

Determine which of the following functions may represent the entropy of a system 
of positive temperature. In these expressions, &y and Vo are constants representing 
an energy and a volume, respectively. 


a) 
U RU NEo 
V,N) = NRin {| 1 + —— —In{ 1+ — 
S(U,V,N) =N™. a( tae)te a( “+ 7) 
b) 
RU UV 
VN) = eee 
S(U,V,N) E exp ( a 
c) 
NRU 
S(U,V,N) = ——.— 
( (V3/V2) Eo 
d) 
U3/5 p2/5 
Ey Vo 


Work as a Process Dependent Quantity 
Three processes are performed on a gas from a state given by (p1, V;) to a state given 


by (p2, V2) : 


a) an isochoric process followed by an isobaric process, 
b) an isobaric process followed by an isochoric process, 
c) a process where p V remains constant. 


Compute for the three processes the work performed on the gas from the initial to 
the final state. These processes are assumed to be reversible. Determine the analytical 
results first, then give numerical values in joules. 
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2.3 


2.4 


2.5 


2.6 


Exercises 


Numerical Application: 
Pi = po = | bar, Vj = 3 V0, p2 = 3 po, V2 = Vo = 11. 


Bicycle Pump 
Air is compressed inside the inner tube of a bike using a manual bicycle pump. The 
handle of the pump is brought down from an initial position x2 to a final position x 
where x; < x2 and the norm of the force is assumed to be given by, 

F (x) = F max as 

x2 — X1 

The process is assumed to be reversible and the cylinder of the pump has a cross 
section A. Determine in terms of the atmospheric pressure po, 


a) the work W,, performed by the hand on the handle of the pump, 
b) the pressure p (x), 
c) the work W1. performed on the system according to relation (2.42). 


Numerical Application: 
F max = 10 N, x; = 20 cm, x. = 40 cm, A = 20 cm? and pp = 10° Pa. 


Rubbing Hands 
Rubbing hands together is a dissipative process that we would like to model and 
quantify. 


a) Determine the mechanical power Py dissipated by friction during this process, in 
terms of the friction force F" and the the mean relative velocity v of a hand with 
respect to the other. 

b) At room temperature 7, determine the entropy production rate ITs of this process. 


Numerical Application: 


\|F™|| = 1N, ||v|| = 0.1 m/s and T = 25°C 


Heating by Stirring 

In an experiment similar to the Joule experiment (Fig. 1.1), an electric motor is used 
instead of a weight to stir the liquid. The thermal power Po, assumed to result from 
the friction, is known. The coefficient cy, which represents the heat per unit mass 
and temperature, is known and it is assumed to be independent of temperature. 


a) Deduce the temperature rise AT after stirring for a time At. 
b) Find an expression for the entropy variation AS during this process, which started 
at temperature 7). 


Numerical Application: 
M = 200 g, Po = 19 W, cm =3 J g-'!K7!, At = 120s, Ty = 300K. 
Swiss Clock 


A Swiss watchmaker states in a flyer the mechanical power Py dissipated by a 
specific clock (Fig. 2.10). The work provided to the clock is due to the temperature 
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= 
firinrireressateneseneer itr 


° 


A clock receives its energy from the gas capsule (shaded area). The gas expands and contracts under the effects of 
the temperature fluctuations in the room. 


fluctuations AT around room temperature 7 that let the clock run during a time ¢. 
We consider that the atmospheric pressure p ext 1s equal to the pressure of the gas p, 
1.€. Pext = p. The pressure p and the volume V of the gas are related by the ideal gas 
law p V = NR Twhere R is the ideal gas constant. Consider that the gas in the capsule 
is always at equilibrium with the air outside of the capsule (pressure and temperature 
are the same inside and outside). From the watchmaker’s information, estimate the 


volume V of the gas capsule used to run this clock. 
Numerical Application: 
Py = 0.25 - 10° W, T = 25°C, AT = 1°C, peg = 10° Pa and t = 1 day. 


2.7 Reversible and Irreversible Gas Expansion 


A mole of gas undergoes an expansion through two different processes. The gas 
satisfies the equation of state pV = NRT where R is a constant, N the number of 
moles, p the pressure, T the temperature and V the volume of the gas. The initial and 
final temperatures are Ty. The walls of the gas container are diathermal. However, if 
a process takes place extremely fast, the walls can be considered as adiabatic. The 
initial pressure of the gas is p;, the final pressure is p2. Express the work performed 


on the gas in terms of p1, p2 and 7p for the following processes: 


a) areversible isothermal process, 


b) an extremely fast pressure variation, such that the external pressure on the gas is 
P2 during the expansion, then an isochoric process during which the temperature 


again reaches the equilibrium temperature To, 


Thermodynamics of Subsystems 


Ernst Carl Gerlach Stiickelberg, 1905-1984 


After completing a thesis in experimental physics in Basel, E. C. G. Stiickelberg went to Princeton 
before returning to Switzerland as a professor at the universities of Zurich, Geneva and Lausanne. 
He made three fundamental discoveries that later on led to the Nobel Prize awarded to others: the 
potential for nuclear physics (Yukawa), quantum electrodynamics (Tomonaga, Schwinger, 
Feynman) and the renormalisation group (Wilson). Feyman, during a talk he gave at CERN shortly 
after being awarded the Nobel Prize, acknowledged the precedence of Stiickelberg by openly 
stating: ‘Sttickelberg did the work and walks alone toward the sunset; and, here I am, covered in all 
the glory, which rightfully should be his!’ 


3.1 Historical Introduction 


49 


This chapter shows how to apply the first and second laws of thermodynamics to 
systems consisting of two simple subsystems. We will see that the foundations laid out 
in the first two chapters are sufficient to derive evolution equations for these systems. 
We will determine entropy production rates and thus illustrate the notion that heat and 
matter transfers are fundamentally dissipative processes. Before engaging getting into the 
calculations, let us reflect on the standing of thermodynamics as a physical theory. 

For Einstein, ‘Physics constitutes a logical system of thought which is in a state of 
evolution, whose basis (principles) cannot be distilled, as it were, from experience by 
an inductive method, but can only be arrived at by free invention’ [24]. The validity 
of the approach is provided by the experimental verification of the propositions derived 
from it. The scientific framework evolves in the direction of an ever greater simplicity of 
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its logical foundations. A theory is all the more impressive when its premises are simple, 
that the variety of things it connects is ever greater and the range of its applicability is 
broader. ‘Hence, the deep impression that classical thermodynamics made upon me’, said 
Einstein. ‘Tt is the only physical theory of universal content. I am convinced, that, within 
the framework of applicability of its basic concepts, it will never be overthrown’ [25]. 

Over time, the exposition of thermodynamics has been improved in order to bring out the 
features that Einstein so admired. The pioneers of thermodynamics were concerned with a 
description of heat engines (a subject we will address in Chapter 7). They did not feel the 
need to specify that they were considering simple systems, nor that dO and dW described 
actions that were taking place at the enclosure of the system. This kind of approach, based 
on analyses of cycles and on many implicit assumptions, had become common practice 
and perpetuated the reputation that thermodynamics was vague or lacked rigor. 

According to Ingo Miiller [26], it was Duhem, Jaumann [27] and Lohr [28] who 
formalised the foundations of thermodynamics, In particular, they presented the two laws 
of thermodynamics as balance equations for energy and entropy, similarly to the balance 
equations commonly written for mass or momentum (as we will see in Chapter 10). 
E. C. G. Stiickelberg followed a similar approach when he was teaching thermodynamics 
in Geneva and Lausanne [14]. 

In this chapter, we will analyse the evolution of a system composed of two homogeneous 
subsystems separated by different types of walls. This series of examples illustrates the 
notion that irreversibility takes place whenever transport of heat, matter or work occurs 
between regions of a system that have different values of intensive state variables. Our 
analysis allows us to introduce empirical laws of transport in discrete systems, i.e. systems 
composed of homogeneous subsystems. In Chapter 11, we will see these transport laws for 
systems in which the intensive variables change continuously in space. 


3.2 Rigid and Impermeable Diathermal Wall 


SSS | 
Let us consider an isolated system consisting of two simple subsystems, labelled 1 and 2. 


These subsystems consist of a homogeneous gas separated by a fixed and impermeable 
diathermal wall (Fig. 3.1). 


2) 2) 


Two simple subsystems separated by a diathermal wall. pir?) denotes the thermal power that subsystem 1 exerts 
on subsystem 2. 
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The state variable of subsystem | is its entropy S, and that of subsystem 2, its entropy S). 
Since entropy is an extensive quantity, the entropy S of the system is the sum of the 
subsystems entropies, 


S=S, +S) (3.1) 
The time derivative of the entropy (3.1) yields, 
S=S, +8) (3.2) 


Since the internal energy U(S,,S2) is an extensive state function, it is the sum of the 
subsystems internal energies U,(S,) and U2(S>), 


U(S1,S2) = Uj (S1) + U2(S2) (3.3) 


The internal energies U;(S;) and U2(S2) are state functions that have the same dependence 
on their state variable, since both subsystems contain the same gas. The time derivative of 
the internal energy (3.3) is given by, 


U(S1,S2) = Ui(S1) + U2(S2) (3.4) 
Since the system is isolated, the first law (1.30) implies, 
Up(S2) = — Ui (51) (3.5) 
The expression (2.22) of the first law can be applied to subsystems 1| and 2, yielding, 
U(S1)=P5? and —-U2(Sp) = PG” (3.6) 
where Poe is defined as positive if the heat transfer occurs from subsystem 1 to 


subsystem 2. Comparing relations (3.5) and (3.6), we see that the thermal powers satisfy, 
2 21 
p&?) = — pov (3.7) 


because the system is isolated. As each subsystem is a rigid and simple system, we can use 
equation (2.22) to derive entropy evolution equations for each subsystem, 


= U1 (Si) and S> = Ur(S2) 


1= FG) >= TS) (3.8) 
Combining relations (3.2) and (3.5), the sum of the equations (3.8) can be written as, 
5=( — =) U1(S1) (3.9) 
T\(S1) — T2(S2) 


Since we have the differentials dS = Sdt and dU; = Uj dt, equation (3.9) implies the 
partial derivative, 
dS 1 1 
dU; (Si) T>(S2) 
The equilibrium condition of the second law requires that the entropy of the isolated system 
is maximum at equilibrium, i.e. 
dS 
dU, 


(3.10) 


=0 (equilibrium) (3.11) 
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The equilibrium condition (3.11) and equation (3.10) imply the thermal equilibrium 
condition 


T\(S,) = T)(S2) (thermal equilibrium) (3.12) 


The first and second laws imply that the subsystems temperatures become equal at 
thermal equilibrium. 


Since the system is isolated, the entropy production rate is I; = $ > 0 (eq. (2.1)). The 
entropy production rate of the whole system can be found by combining (3.6) and (3.9). 
Thus we have, 


2 (21) 
15= (Hes aay) FS 20 (3.13) 


Notice that II; # 0, although the entropy production rates of the subsystems vanish, 
according to (2.23), i.e. Ils, = Ils, = 0. Thus, the system entropy production rate is 
not the sum of the subsystems entropy production rates, 


ITs # ITs, = IIs, (3.14) 


We see clearly in this example that the entropy production rate is not an extensive 
quantity. 

Result (3.13) allows us to infer two important features of heat transfer. First, (3.13) 
implies that if T, > 7), the thermal power pe” > 0, which means that the heat transfer 
occurs from subsystem 2 to subsystem 1. Thus, the second law implies that the heat 
transfer takes place from hot to cold in an isolated system. 

Second, we can show that heat transfer is proportional to the temperature difference 
between the subsystems. The reasoning expands on the argument we have already layed 
out in Chapter | regarding the friction force (1.60). The entropy production rate (3.13) can 
be recast as, 

Ik = To(S2) — T1(S1) 
oe 
T,(S1) T2(S2) 


where the temperatures 7)(S;) > 0 and 7)(S2) > 0. 

In view of equation (3.15), we see that a heat transfer between subsystems | and 2 is 
reversible if and only if the temperatures are equal, i.e. 7;(S;) = T(S2). When choosing 
subsystem | as the simple system (at temperature 7) and subsystem 2 as its environment 
(at temperature 7°"), we obtain the condition 7(S) = T°“ under which a matter transfer to 
a simple system is reversible. 

In order to satisfy inequality (3.15) in the neighbourhood of the equilibrium state, the 
entropy production rate ITs has to be a positive-definite quadratic form. Thus, we can write, 


Pe So (3.15) 


PS) = 54 (T(S2) — 1(51)) (3.16) 


where the coefficient & > 0 is called the thermal conductivity, A is the contact area 
between the subsystems and @ is a specific length of the system. The coefficient « is 
defined by the Fourier law, which will be discussed in detail in Chapter 11 devoted to 
the continuum formulation of thermodynamics. 
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Equation (3.16) is a “discrete” formulation of the Fourier law, which states that the 
thermal power is proportional to the temperature difference. We write (3.16) in terms of k, 
because it is a property intrinsic in all material. Then, dimensional analysis implies that the 
coefficient @ is a length. 


3.3 Moving, Impermeable and Diathermal Wall 
—LLL——————————————————————————————— 


Let us now consider the same system as in § 3.2, except that the wall can move (Fig. 3.1). 
The wall mass and the variations of the gas kinetic energy are supposed to be negligible 
and the subsystems are in thermal equilibrium at a common temperature 7 at all times. 

The state variables of subsystem | are its entropy S; and volume V;. Likewise, the state 
variables of subsystem 2 are its entropy Sz and volume V2. Since the volume is an extensive 
quantity, the volume of the system V is the sum of the subsystems volumes, 


V=Vi+V% (3.17) 


Since the system volume V is fixed, i.e. V = 0, the time derivative of the volume (3.17) 
implies that, 


Vo = -V, (3.18) 


Since the internal energy U(Si, Sx, Vi, V2) is an extensive state function, it is the sum of 
the subsystems internal energies, 


U(S1,S2,V1, V2) = Ui (S81, Vi) + U2(S2, V2) (3.19) 


The internal energies U;(S),V;) and U(S2, V2) are state functions that have the same 
dependence on their state variables since the two subsystems contain the same gas. The 
time derivative of the internal energy (3.19) is expressed as 


U(S1,S2, Vi, V2) = Ui (Si, Vi) + U2(So, V2) (3.20) 
Since the system is isolated, the first law (1.30) implies that 


U2(S2, V2) = — U1 (81,1) (3.21) 


Two simple subsystems containing a homogeneous gas are separated by an impermeable, moving and diathermal 
wall. par) denotes the thermal power and pl ) the mechanical power exerted by subsystem 1 on subsystem 2. 
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The first law expressed in the form (2.32) can be applied to subsystems | and 2, as they are 
closed simple systems. This gives, 


Ty(S1,Vi1)=PG? + PS? — and =U (Sp, Vo) = PY?) + PY” (3.22) 
Here po?) is defined as positive if the mechanical action is exerted by subsystem | on 


subsystem 2. Since the system is isolated (3.21), the mechanical and thermal powers are 
equal and opposite to each other, Le. 


12 12 21 21 
PO) PS? = = pl — poy (3.23) 
The fact that the two subsystems are at thermal equilibrium implies, 
T(S1, Vi) = T(S2, V2) (thermal equilibrium) (3.24) 


At thermal equilibrium (3.24), the internal energy evolution equation (2.32) for subsystems 
1 and 2 can be recast as, 


Sy = is (Ui (Si, Vi) + pi(S1, V1) V1) 
. : (3.25) 
So = T(S, Va) (U2(So, V2) + p2(So, V2) V2) 


By using relations (3.2), (3.18), (3.21) and (3.24), the sum of the two equations in (3.25) 
reduces to, 


1 : 
S= 75,0) (pilss, Vi) = p2(Sa, V;) ) Vy (3.26) 


Since the differentials dS and dV, can be obtained from dS = Sdt and dV L=HV dt, 
equation (3.26) yields the partial derivative, 


= ae gy (Pili. M1) ~ pa(S2, ¥2)) (3.27) 


av, TS, V1) 
The equilibrium condition of the second law requires the entropy of the isolated system to 
be maximum at equilibrium, i.e. 
OS 
OV, 
We obtain the mechanical equilibrium condition by combining the condition (3.28) with 
our result (3.27), 


0 (equilibrium) (3.28) 


Pi(S1, VY) = p2(S2, V2) (mechanical equilibrium) (3.29) 


The first and second laws require that the pressures of the subsystems reach the same 
value at mechanical equilibrium. 


Since the system is isolated, the entropy production rate of the system is given by 
IIy = S > 0. Combining equation (3.26) with the evolution condition (2.1) of the second 
law, we obtain the entropy production rate: 


“Ty (PulSin Mi) ~ palSnt2)) M1 20 (3.30) 


re 
eS Vi 
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Therefore, if p; > po, then V; > 0, which means that the volume of subsystem 1 increases 
and that of subsystem 2 decreases. 

In view of equation (3.30), we see that a mechanical action between subsystems | and 
2 is reversible if and only if the pressures are equal, i.e. p;(S1,V,) = p2(S2, V2). When 
choosing subsystem | as the simple system and subsystem 2 as its environment, we obtain 
the condition (2.38) under which a mechanical action on a simple system is reversible. 

In order to satisfy the inequality (3.30) in the neighbourhood of the equilibrium state, 
the entropy production rate IIs has to be a positive definite quadratic form. Thus, 


V1 = g— (PilSi.%1) - P2(Ss 1%) G31) 


where the coefficient Rj, > 0 is a thermo-hydraulic resistance (see exercise 3.4). Its form 
is analogous to Poiseuille’s law, which describes the laminar flow of a liquid in a cylinder. 
The thermo-hydraulic resistance Rj, in that case is a function of the liquid viscosity and 
the cylinder radius [29]. 


3.4 Rigid and Permeable Diathermal Wall 


Let us continue our analysis of systems composed of two subsystems by considering a 
system as in § 3.2, except that the wall is diathermal, fixed and permeable. The subsystems 
are supposed to remain in thermal equilibrium at the same temperature 7 at all times 
(Fig. 3.3). 

The state variables of subsystem | are its entropy S; and number of moles N,. Likewise 
for subsystem 2, the state variables are the entropy S; and number of moles N>. Since the 
number of moles of gas is an extensive quantity, the number of moles N of the system is 
the sum of the subsystems number of moles N; and Np, 


N=N\+N2 (3.32) 


As the number of moles of gas in the whole system Nis fixed, i.e. N = 0, the time derivative 
of the number of moles (3.32) implies, 


Ny =—N, (3.33) 


Two simple subsystems containing a homogeneous gas are separated by a fixed, permeable and diathermal wall. 
par) and pi?) denote the thermal and chemical powers exerted by subsystem 1 on subsystem 2. 
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Since the internal energy U(S,, 52, N,N) is an extensive state function, it is the sum of 
the internal energies U,(S,,N,) and U(S2, N2) of the two subsystems, 


U(S1, S2,.N1,N2) = Uj (S1,M1) + U2(S2, No) (3.34) 


The internal energies U;(S),N)) and U2(S2,N 2) are state functions that have the same 
dependence on their state variables since the two subsystems contain the same gas. The 
time derivative of the internal energy (3.34) is written, 


U(S1, S2,N1,N2) = Ui (S1,N1) + U2(S2, No) (3.35) 
As the system is isolated, the first law (1.30) implies, 
Un(S2,N2) = — Ui(S1,Ni) (3.36) 
The first law (1.28) applied to subsystems | and 2 yields, 
T (S11) = PG? + PE) and =U (S2,.No) = PS? + PE? (3.37) 


Each subsystem is rigid and open. Thermal equilibrium between the two subsystems 
implies, 
T(S,,N1) = T(S2, N2) (thermal equilibrium) (3.38) 


The time derivatives of the subsystems entropies S; and S$; are deduced from the general 
evolution equation (2.12) for internal energy, 


Sy = =~ (Ui(S1,M1) — 1 (S1,M1) Ni) 
| a | | (3.39) 
Sy = T(Ss, Na) (U2(S2,N2) — p4p(S2,.N2) N2) 


The evolution of the total entropy is obtained by summing the equations in (3.39). 
According to relations (3.33), (3.36) and (3.38), we find, 


: 1 ‘ 
= = — 40 
$= Fg yiy ( HalSN2) — 1(S1.M)) Mi (3.40) 
Since the differentials dS and dN; can be written as dS = Sdt and dN, = N, dt, equation 
(3.40) yields the partial derivative, 


ey 1 


BN, = FS Ny (Ma(S2-N2) ~ wulSNi)) ae 


The equilibrium condition of the second law requires the entropy of the isolated system to 
be maximum at equilibrium, i.e. 
OS 
ON, 


Comparing the equilibrium condition (3.42) with equation (3.41), we find the chemical 
equilibrium condition, i.e. 


0 (equilibrium) (3.42) 


[1 (S1,.N1) = py (S2, N2) (chemical equilibrium) (3.43) 
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The first and the second law require the chemical potentials to have the same value at 
equilibrium. 


We use here the term chemical equilibrium to mean that the amount of substance that 
could go through the wall is constant in both subsystems. This equilibrium should not be 
confused with the equilibrium between different chemical substances undergoing chemical 
reactions. This latter case shall be treated in Chapter 8. 

Since the system is isolated, its entropy production rate is positive, i.e. Ilys = S > 0. 
Combining equation (3.40) with the evolution condition (2.1) of the second law, we find 
the entropy production rate to be, 


k= 5 (112(S2,N2) = 14,(S1,Mi)) NM, >0 (3.44) 


1 
T(S\, Ny 
Thus, if j1. > j1;, then N; > 0, which means that the number of moles of subsystem 1 
increases while that of subsystem 2 decreases. Thus, the second law implies that matter 
transfer occurs from a higher chemical potential to a lower chemical potential. 

In view of equation (3.44), we see that a matter transfer between subsystems 1 and 2 
is reversible if and only if the chemical potentials are equal, i.e. 4,(S1,N1) = [(S2, N2). 
When choosing subsystem | as the simple system and subsystem 2 as its environment, we 
obtain the condition (2.49) under which a matter transfer to a simple system is reversible. 

This result for chemical potentials is analogous to what is familiar to us regarding the 
gravitational potential. Let us consider two pools filled with water that have molar potential 
energies mgh, and mgh2, where m is the molar mass of water, h, and hy > hy are the levels 
of the pools above a position that defines the potential reference. When these pools are 
connected by a canal, the gravitational potential difference between these pools causes a 
water flow from the higher pool at level Az to the lower one at level 4. Similarly, the 
chemical potential difference generates the gas transfer from the subsystem with the higher 
chemical potential j:, to the one with the lower chemical potential ju, (Fig. 3.4). 

In order to satisfy the inequality (3.44) in the neighbourhood of the equilibrium state, 
the entropy production rate ITs has to be a positive definite quadratic form. Thus, we write, 


M =F (Ha(S2.N2) ~ 11(S1,M1)) (3.45) 


where the coefficient F > 0 is Fick’s diffusion coefficient, A is the contact area between 
the subsystems and @ is a specific length. 

The reason for writing the prefactor as F4/é is the following: equation (3.45) is a 
‘discrete’ formulation of Fick’s law. It is “discrete” in the sense that there are just two 


mghsy fy 


mgh, paz fy 
Comparison between water that goes “down” a gravitational potential mgh and gas that goes “down” a chemical 


potential ju. 
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values of the chemical potential associated with two areas of space. We will examine 
in Chapter 11 what happens when the chemical potential varies continuously over space. 
Fick’s law in that case involves only the diffusion coefficient F’. 


3.5 Movable and Permeable Diathermal Wall 
| 


Let us consider as a final example a system composed of two subsystems as in § 3.2, 
separated by a wall that lets heat and matter pass through, and that can also move, i.e. the 
wall is movable, diathermal and permeable (Fig. 3.5). Each subsystem is an open simple 
system. We neglect the kinetic energy variation of the system due to the displacement of 
the wall or the gas. The state variables of subsystem 1 are the entropy S), the volume /; 
and the number of moles N;. Likewise, the state variables of subsystem 2 are the entropy 
S>, the volume V> and the number of moles N). 
We can deduce the evolution equation for entropy from that of internal energy (2.12), 


1 
T1(S1,Vi,.N1) ( 
1 
T2(S2, V2, N2) 


s,= U1 (81, V5.1) + pi(S1, Vi, 1) Vi — py (S1, 1,1) Ni) 


(3.46) 


Sy = (U2(S2, V2,N2) + p2(S2, V2, Nx) V2 — bo(S2, V2,N2) Nr) 


Since the internal energy U(S), S2,Vi, V2, Ni,N2) is an extensive state function, it is the 
sum of the internal energies U; ($1, V1,.N1) and U2(S2, V2, Nz) of the two subsystems, 
U(S1,S2, Vi, V2,N1,N2) = Ui (S81, Vi, M1) + U2(S2, V2, N2) (3.47) 


The internal energies U;(S1,Vi,Ni) and U2(S2,V2,N2) are state functions that have the 
same dependence on their state variables since the two subsystems contain the same gas. 
The time derivative of the internal energy (3.47) is written, 


U(S1,S2, V1, Vo, Ni,N2) = Ui (81, Vi, Ni) + U2(S2, V2,.N2) (3.48) 
Since the system is isolated, the first law (1.30) implies that 


U>(S>, V2, Nz) = — U,(S1,Vi,N1) (3.49) 


Two simple subsystems containing a homogeneous gas are separated by a moving and permeable diathermal 


wall. pi) denotes the thermal power, pl 2) the mechanical power and pi?) the chemical power exerted by 


the subsystem 1 on the subsystem 2. 
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3.6 Worked Solutions 


S is obtained in (3.2) by summing the equations in (3.46). According to relations 
(3.18), (3.33) and (3.49), we find, 


. 1 1 , 
a woe T2(S2, a} Ti(Si,Vi,N1) 
tae p2(S2, a) . 
T\(Si.VisNi)  T2(S2,V2,Na)) 
Ga VisMi) — U2(S2, a x 
Ti(Si.VisNi1) — T2(S2,V2,N2) ] ~ * 
Multiplying equation (3.50) by dt, we can identify in the resulting equation the differentials 
dS = Sdt, dU = U; dt, dV, = V, dt and dN, = N, dt, and hence, deduce from equation 
(3.50) the partial derivatives, 


(3.50) 


aS _ 1 1 

BU, 1) (S1,Vi,M1) — T2(S2, V2, N2) 

Os _ Pi(Si, Vi,N) P2(S2, V2, N2) GB 51) 
oV"7; T1(S1, Vi, M1) T(S2, V2, N2) ; 
OS pn (S2,V2,N2) oy (S1, Vi, N1) 


ON, T2(S2,V2,N2) — T1(S1, Vi, N1) 
According to the equilibrium condition of the second law, the entropy of the isolated system 
is maximum at equilibrium, i.e. 
os os Os sate 
au, = 0, av, 0 and aN, = 0 (equilibrium) (3.52) 
Comparing the equilibrium conditions (3.52) with the equations of (3.51), we find the 
thermal, mechanical and chemical equilibrium conditions, 
T1 ($1, Vi,N1) = T2(So, V2, N2) (thermal equilibrium) 
Pi(S1, Vi, N1) = p2(S2, V2, N2) (mechanical equilibrium) (3.53) 
£4 (S1, V1, Ni) = fo (S2, V2, N2) (chemical equilibrium) 

When the system is at equilibrium, it is at thermal, mechanical and chemical 
equilibrium. This equilibrium is characterised by the fact that the intensive quantities 
conjugated to the extensive state variables, i.e. temperature, pressure and chemical 
potential, have the same value in each subsystem. 


3.6 Worked Solutions 


——eeeEEeEeEeE—E|——————— SS | 
3.6.1 Stationary Heat Transfer between Two Blocks 
Consider a system consisting of two simple systems that are rigid blocks in thermal contact 


(Fig. 3.6). Assume that block | is kept at temperature 7|, block 2 at temperature T, < 7 
and that the heat transfer between both blocks occurs in a stationary regime. 
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A heat transfer occurs in a stationary regime between block 1 at temperature 7 and block 2 at temperature 7). 
Use the following notation: eo is the heat transfer from the environment (labelled 0) 


to block 1, Po is that from block 1 to block 2 and Pp” is that from block 2 to the 
environment on the other side of the system. Show that in the stationary regime, the thermal 
power each block exerts on the other and the thermal power exerted by the blocks on the 
environment are equal and written as, 


— plo!) _ p(l2) _ plo) 
PSP, =P, SP, 


Solution: 
Ina stationary state, the entropy of each block is constant, 
5, =0 and 5S, =0 


The blocks are simple systems. Thus, their entropy production rates (2.23) vanish. In this 
case, the entropy evolution (2.18) of each subsystem is given by, 


(01) p(12) 
Po — Po 


§=-2 2 =-0 = Pop) 
1 T(S;) a) Oo 
pli) ___p(20) 

ee a oa 


T2(S2) 


Thus, 


— pl!) _ p(l2) _ p20) 
P=P, =P, =P, 


3.6.2 Thermalisation of Two Blocks 


An isolated system consists of two homogeneous metallic blocks, labelled 1 and 2, that can 
be considered as rigid simple systems. These blocks contain N; and N2 moles of a metal. 
The blocks, initially separated, are at temperatures 7; and 7. When they are brought into 
contact, they evolve asymptotically towards a thermal equilibrium at final temperature 7;. 
The internal energy U; of each block (i = 1, 2) is a function of its temperature 7; and the 
number of moles N; of metal in each block, 


U; — 3N;RT; 
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where R is a positive constant. 


1. Determine the final temperature 7; of the system. 
2. Compute the entropy variation AS of the system during the process that leads to its 
thermal equilibrium. 


Solution: 


1. Given that the system is isolated, the internal energy is constant (1.30). Thus, the 
internal energy variation AU of the system is, 


AU = AU, + AU, = 0 


The variation of the internal energy of each block is given by, 
Ty 
AU, =3MR dT = 3N,R (Ty— T)) 


qT 


Ty 
AU, = 3N2R | dT = 3NR (Tp— T2) 
Tr 


Thus, the final temperature Ty of the system is, 


_ NT, + N2T> 


T, 
‘a N, LL N> 


2. The entropy variation AS of the system is, 
AS = AS, + AS) 


The infinitesimal entropy variation of each block is written as, 


dU, dT; 

IS; = — = 3N,R — 
dS 7, RE 
dU. dT: 

dS = — = 3N|R— 
2 T 


which implies that the entropy variation of each block is given by, 


f iT ve 
AS, =3N.R | = =3N,RIn( + 
S| 3N A T 1 n(Z) 


" aT Ty 
AS) 3N> i. T 3N> n (Z) 


Thus, the entropy variation during the process yields, 


ie T; 
AS = 3N,RIn(  ) +3N,RIn( 
T Th 
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3.6.3 Heating by Kinetic Friction in Translation 


Consider a system consisting of a block of length LZ; that moves with a constant velocity v; 
on top of a fixed block of length L, > L,. Subsystem 1 is the moving block and subsystem 
2 is the fixed block. Both blocks are made of the same metal and can be treated as simple 
systems. The moving block is subjected to the action of an external force F™' (Fig. 3.7) and 
the friction force F™ due to its contact with the fixed block. The whole system is adiabatic 
and closed, but the interface between the blocks is diathermal. Moreover, the heat transfer 
between the blocks is such that they have the same temperature at all times. The internal 


energy U of the whole system is a function of its temperature 7 and number of moles of 
substance N, 


U = 3NRT 
where R is a positive constant. Note that the whole system is not a simple system since 
there is no frame of reference where the translational kinetic energy vanishes. 
1. Show that the time derivative of the temperature is a positive constant 
; Ft Vy 
- 3NR 


Thus, the system temperature increases linearly with time. 
2. Show that the heat transfer PS” from block | to block 2 and the heat transfer Pe ” from 
block 2 to block 1 are related by, 


Po er Sy, 


Thus, the heat transfers do not compensate for each other. 
3. Show that the entropy production rate IIs is given by, 


It is entirely due to the friction between the blocks. They do not have intrinsic 
contributions to the dissipation, since they are simple systems. The expression thus 
found is analogous to the one obtained in § 1.10.4 for a closed system consisting of 
a gas contained in a cylinder closed by a piston subjected to friction; note that Xo is 
identified as entropy (Xo = S) and Yo as temperature (Yo = 7). 


A block moves with a velocity v, on top of a fixed block because of an external force F ®*. Friction between the 
block gives rise to the force F *. 


63 


3.6 Worked Solutions 


Solution: 


iF 


N 


LoS) 


The state variables of the system are the momentum P, of block | and the entropies S, 
and S> of the blocks. According to (1.22), the energy of the system E(P,,S,,S2) is the 
sum of its translational kinetic energy and its internal energy, 


1 
E(P1,S1,S2) = 5 Pi vy + U(S1,S2) 
According to the first law (1.11) and to the definition (1.26), we have, 
E(P,, 8,82) = P™ = F™. y, 


because the mechanical and thermal powers exerted on the system vanish, i.e. 
Pw = Po = 0. The momentum P, is given by Pj = Mv, where M, is the mass 
of the moving block. The velocity is constant, i.e. ¥; = 0. The momentum is constant, 
ie P, = 0. Thus, 
E(P1, 81,82) = U(S1,S2) 
which implies that, 
U(S\,S2) = TS; + TS, = TS = F™- y, 


where S = S, + S is the entropy of the system. Moreover, the derivative of the internal 
energy of the system is given by, ; 
U = 3NRT 
where U = U(S\,S2) and T = T(S, Sx). Combining these two equations, we conclude 
that, 
- F**. y, 
~ 3NR 


. The two blocks are simple systems. Thus, the evolution equations of their internal 


energies are expressed as in (3.6). 
U1(S1) =p" and U2(S2) =P. 
The extensivity of the internal energy (3.4) implies that, 
PO?) 4 POD = Fe. y, 


. Since the system is adiabatic and closed, Ms = S. Thus, 


Fe Vy 
T 


The forces acting on the moving block are the driving force F™ and the friction 


>0 


Is = 


force F". Since the momentum of the moving block P is constant, the centre of mass 
theorem (1.13) implies, 


P, — Fey pt —0 
Hence, we have, 
Ft a Ft 


and therefore, 
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3.6.4 Heating by Kinetic Friction in Rotation 


Consider a system consisting of a cylinder of radius R; that rotates around its symmetry 
axis, on top of a fixed cylinder of radius Ry > Rj, at a constant angular velocity w,. The 
two cylinders are made of the same metal. An external force F*' is applied to a string 
of negligible mass, wrapped around the rotating cylinder (Fig. 3.8) and causes its rotation. 
The rotating cylinder is also subjected to the action of a friction torque M™ due to the 
contact with the fixed cylinder [30]. The internal energy U of the system is a function of its 
temperature 7 and number of moles N: 


U = 3NRT 


where R is a positive constant. The system consisting of the two cylinders is adiabatic and 
closed, but the interface between these cylinders is diathermal. The heat transfer between 
the cylinders is such that they have the same temperature at all times. Subsystem 1 is the 
rotating cylinder and subsystem 2 the fixed cylinder. Both can be treated as simple systems. 
Note that the whole system is not a simple system because only one of the cylinders moves 
and there is no frame of reference where the rotational kinetic energy vanishes. 


1. Show that the time derivative of the temperature is a positive constant 


(Rx F™) -w, 
3NR 
where R, it the position vector of the application point of the external force F'. Thus, 
the temperature of the system increases linearly with time. 
2. Show that the heat transfers Po from cylinder | to cylinder 2 and PS ”) from cylinder 
2 to cylinder | are related by, 


T= 


P,” + Po = (Ri x F*') id 


Thus, the heat transfers do not compensate for each other. 
3. Show that the entropy production rate Is is expressed as, 


Friction of a cylinder rotating on top of a fixed cylinder with an angular velocity w, due to an external force F ®*. 
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It is due to the friction between the two cylinders that are simple systems and therefore, 
do not contribute separately to the dissipation. This expression for the dissipation is 
analogous to the one obtained in § 1.10.5 for a closed system consisting of a rotating 
fan; once Xo and Yo are identified as entropy and temperature. 


Solution: 


1. The state variables of the system are the angular momentum L, of the cylinder and the 
entropies S; and S> of the two cylinders. According to (1.22), the energy of the system 
E(L,,S,,S2) is the sum of the rotational kinetic energy and the internal energy, 


1 
E(L,, 8,82) — zhi “Wy + U(S;, S2) 
According to the first law (1.11) and the definition (1.26), we have, 
E(L1,81,S2) =P™ =M™ 0 


because there are no mechanical and thermal powers exerted on the system, i.e. 
Pw = Po = 0. The external torque is, 


Mt =R, x Ft 


The angular momentum is L, = I; w, where I, is the moment of inertia of the moving 
cylinder. The angular velocity is constant, i.e. w, = 0, and the angular momentum also, 
ieL, = 0. Thus, we have, 


E(L1,S1,S2) = U(Si,S2) 
which implies that, 
U(S1, 82) = TS, a TS5 = TS = (Ri x F*) “Wy 
Moreover, the derivative of the internal energy of the system is given by, 
U = 3NRT 
where U = U(S),S2) and T = T(S),S2). Combining the two equations, we conclude 
that, 
(Ri x Be) “Wy 


3NR 
2. The two cylinders are simple systems. Thus the evolution equations (3.6) of their internal 


p= 


energies are, 
U1 (S1) =P" and U>(S2) =e 
The extensivity of the internal energy (3.4) implies that, 
Po + PSY = (Ri x F™) Ww} 


3. Since the system is adiabatic and closed, Ws = S. Thus, 


ext) | 
Ils = aces cee 
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The torques acting on the rotating cylinder are the driving torque M™ and the friction 
torque M". Since the angular momentum of the rotating cylinder L, is constant, the 
angular momentum theorem (1.15) implies that, 


rim —-M“4 mM —0 
so that, 
M* = —R, x Ft 


and finally, 


Ily = -—_—* > 0 


3.6.5 Entropy Production Rate between Several Blocks 


Let us consider an isolated system, consisting of several rigid subsystems (or blocks) 
labelled A, B, etc. We assume that each subsystem 4 can be characterised by its entropy 
S4 and the number of moles of substance N4. Thus, each subsystem 4 has an internal 
energy U4 (S4,N,4). According to relations (3.37) and (3.39), the state variables of every 
subsystem satisfy the relation, 


: 1 /¥(e) _ p(B) Ha x 
S4= 0 ae (Pg? + PEP) — AN 
B 


(BA) 


where Po pe”) 


and are the thermal and chemical powers exerted by subsystem B on 


subsystem A. We express the time derivative Ny of the number of moles in subsystem A 
as the sum over the subsystems B of the matter inflow rates 04) from subsystem B to 


subsystem A, 
Na= S Q 4) 
B 
Show that the entropy production rate can be written as, 


1 1 BA) (BA) 1 (# ts) BA 
eee (eo +P ) 4) 
ae) » (=- =) G 2 » fi - ts 


This result can be used to describe heat and mass transfer inside an isolated system 
consisting of simple subsystems (e.g. § 8.8.5). 


Solution: 


Since the whole system is isolated, the time derivative of the total entropy reduces to the 
entropy production rate, 


Is =5= Ls =i g (ee Po) - Tt rate 


A,B 
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which can be recast as, 


1 1 (BA) (BA) 1 (AB) (4B) 
ly = = — (P +P, ) +— (P +P, ) 


i Ma Lt 
QA) B QQ) 
( T4 Tp 


Furthermore, the time derivatives of the internal energy and number of moles of substance 
vanish, 


U=S Us =>) (PGP + PL) =0 
A 


A,B 
N= 32M =3> 4 =0 
A A,B 


In order for these identites to always be verified, we require that, 
or = — ph) and = PY) = PP) and = 48) = 904 


Using these relations, the entropy production rate reduces to the correct result. 


Exercises 


3.1. Thermalisation of Two Separate Gases 
An isolated system consisting of two closed subsystems A and B is separated by 
a diathermal wall. Initially, they are held at temperatures 7, and 7}. Subsystem A 
contains Ny moles of gas. The internal energy of the gas is given by Uy = cgNuRTa, 
where 7 is the temperature of the gas, R is a positive constant and cy, is a 
dimensionless coefficient. Likewise, there are Ng moles of gas in subsystem B and 
the internal energy of the gas is given by Ug = cgNgRTp. 


a) Determine the change of the internal energy Uy due to the thermalisation process. 
b) Compare the initial temperature 7} and the final temperature 7; of the system if 
the size of subsystem B is much larger than that of subsystem A. 


3.2. Thermalisation of Two Separate Substances 
The entropy of a particular substance is given in terms of its internal energy U and 
number of moles N as [31], 


U RU NEo 
= | In{14 
S(U,V,N) = NRIn (1 + =) Ey a( 7 ) 


where R and £o are positive constants. A system consists of two subsystems 
containing such a substance, with N, moles in subsystem A and Ng moles of 
it in subsystem B. When the subsystems are set in thermal contact, their initial 
temperatures are 7, and 7%. Determine the final temperature 7; of the system. 
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Diffusion of a Gas through a Permeable Wall 

Analyse the time evolution of a gas consisting of one substance that diffuses through 
a permeable wall. Thus, consider an isolated system containing N moles of gas, 
consisting of two subsystems of equal volumes separated by a fixed and permeable 
wall, with N\(¢) moles of gas in subsystem 1 and N>(t) in subsystem 2. In order to 
be able to find the time evolution, model the chemical potentials in each subsystem 
by assuming that they are proportional to the amount of matter. In order to simplify 
the expressions in the solution, write, 


LN, 
(M1) FA 27 
L Nd 
Hy (N2) FA Ie 


where + > 0 will be identified as a specific diffusion time, F > 0 is the Fick 
diffusion coefficient and @ > 0 is a specific length. Initially, there are No moles 
in the subsystem 1, i.e. Nj(0) = Mo, and N — No moles in the subsystem 2, 
i.e. N2(0) = N — No. Determine the evolution of the number of moles N;(f) 
and N>(t). Find the number of moles in each subsystem when equilibrium is 
reached. 


Mechanical Damping by Heat Flow 

An isolated system of volume Vo consists of two subsystems, labelled 1 and 2, 
separated by an impermeable and moving diathermal wall of mass M and of 
negligible volume. Both subsystems contain a gas. The presure p, the volume V, 
the number of moles N and the temperature T of the gas are related by the equation 
pV = NRT where R is a positive constant (see § 5.6). The internal energy of this gas 
is given by U = cNRT where c is a dimensionless coefficient (see § 5.7). Initially, 
both subsystems are at the temperature 7;. Subsystem | is in a state characterised by 
a volume V;; and a pressure p;;. Likewise, subsystem 2 is characterised by a pressure 
pz; and a volume V;. Determine, 


a) The number of moles N; and N> in subsystems | and 2. 

b) The final temperature 7; when the system has reached equilibrium. 

c) The final volumes V\~ and V2 of the subsystems when the system has reached 
equilibrium. 

d) The final pressure py when the system has reached equilibrium. 

e) Determine the entropy variation between the initial state and the final equilibrium 
state and show that, for the particular case where VN; = N> = N, the result implies 
an increase in entropy. 

f) As in § 3.3, assume that the wall is able to transfer heat fast enough that the 
temperature T stays the same on both sides of the wall, which means that the heat 
transfer is reversible. Take into account the kinetic energy of the wall, neglect any 
heat stored inside the wall. Show that the wall comes to its equilibrium position 
with a velocity v that decays exponentially with a time constant 7 inversely 
proportional to the thermo-hydraulic resistance R th. 
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Two blocks of the same material face each other, separated by air. Thermal conduction through the air and 
convection are neglected. The blocks come to a thermal equilibrium due to heat exchange by radiation. 
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Entropy Production by Thermalisation 
In exercise 3.6.2 devoted to the thermalisation of two blocks, show for the particular 
case where N; = N> = N that the entropy variation, 


ie T; 
AS = 3N,RIn(  \ +3N,RIn( 
T T 


is strictly positive. 


Entropy Production by Heat Transfer 

An isolated system consists of two subsystems labelled 1 and 2 analysed in 
exercise 3.6.1. Using the second law (2.2), show that in a stationary state when 
T; > T> the entropy production rate Ils of the whole system is positive when heat 
flows across these two subsystems despite the fact that, according to equation (2.23), 
IIs, = IIs, = 0. 


Thermalisation by Radiation 

An isolated system consists of two blocks made of the same substance (Fig. 3.9). 
The internal energies of blocks 1 and 2 are U; = C, T; and Uy = Cy T> where C; 
and C2 are two positive constants. Two sides of the blocks face each other exactly. 
The area of each side is A and they are separated by a fixed air gap. We neglect the 
heat conductivity of the air in the gap. The radiative thermal power that block i exerts 
on block j, where i, 7 = 1,2, is given by, 


ij 4 4 
PY = 04 (7)()* — 7) (0") 
where o is a constant coefficient. 


a) Determine the final temperature 7; of the system when it reaches equilibrium. 

b) Derive the time evolution equation for 7; (¢) and 7) (t). 

c) Consider the particular case where C) = C, = C and the limit of small 
temperature variations, i.e. 7; (t) = Ty-+ AT, (t) and T> (t) = Ty + AT) (t) with 
AT, (t) < Tyand AT) (t) < Trat all times. Show that the temperature difference 
AT (t) = AT, (t) — AT» (t) is exponentially decreasing. 


Thermodynamic Potentials 


Hermann Ludwig Ferdinand von Helmholtz, 1821-1894 


H. L. F. von Helmoltz was professor of physiology, first in K6nigsberg, then in Bonn, 
Heidelberg and Berlin. He saw friction and inelastic collisions as processes of energy redistribution, 
which he explained in his first book on thermodynamics : ‘Uber die Erhaltung der Kraft’. 

In addition to the vast research that made him famous, he was interested in the sensory 
perception of colours and music. 


4.1 Historical Introduction 
OO Ee 


The nineteenth century witnessed many developments in thermodynamics, most notably 
the introduction of the thermodynamic potentials that will be presented in this chapter. 
The study of chemical equilibria raised the question of knowing whether it was possible 
to define a potential that would play in thermodynamics an analogous role to that of 
the potential in mechanics. Then, equilibrium would be obtained by minimising the 
potential [32]. 
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In 1869, Francois-Jacques-Dominique Massieu, general inspector of “Ecole des Mines” 
and professor at the Science Faculty of the University of Rennes, presented to the 
“Académie des sciences” his work on what he called the characteristic functions of fluids. 
He considered entropy as a function of internal energy, volume and number of moles of 
each constituent. He then defined transformations of this function according to a method 
developed by the French mathematician Adrien-Marie Legendre [33]. 

In the 1870s, the American physico-chemist and mathematician Josiah Williard Gibbs 
published a series of articles on the equilibrium of heterogeneous fluids. While his analysis 
was based on the condition of entropy maximisation, he used the functions denoted 
nowadays by F, G and H in order to clarify the equilibrium conditions he had found. 
He acknowledged the contribution of Massieu in his work. Gibbs considered how much 
energy changed when the mass of one of the constituents changed. Thus, he introduced the 
notion of chemical potential, but did not use this term. He insisted on avoiding the adjective 
‘chemical’, as he wished to emphasise that his equilibrium conditions pertained not only to 
chemical substances, but also to phase transitions, electrical effects or elastic media [34]. 

In 1882, Hermann von Helmholtz determined the potential that defined the equilibrium 
state of a system when its temperature is kept constant [35]. Thus, he defined the free 
energy, denoted by the letter F, that is still used nowadays. Another potential, designated 
today by the letter H, was named enthalpy by Kammerling Onnes [36]. 

In 1884, the Frenchman Pierre Duhem presented a thesis on the application of thermo- 
dynamic potentials in chemistry. Purportedly, he had to withdraw it under the pressure of 
Marcelin Berthelot. Later, he published his works in the form of three books, in which he 
described what he called chemical mechanics, which in effect was a description of chemical 
reactions based on thermodynamics. 

In this chapter, we introduce the free energy also called the “Helmholtz free energy’, 
denoted F’,, and the “Gibbs free energy” denoted G. The international organisation IUPAC 
recommends using the expressions “Helmholtz free energy” A and “Gibbs free energy” 
G. We will discuss the meaning of the adjective “free” in these designations. Although the 
IUPAC convention denotes Helmholtz free energy by the letter A, the physics community 
perseveres in the usage of F and we will follow this convention. 


4.2 Fundamental Relations 
eee ee ee ees] 


In this chapter, we will consider a simple thermodynamic system described by the 
following state variables: entropy S, volume V and number of moles \;,...,N, of the + 
constituents. From now on, we shall denote by {N4} the set of numbers of moles of the r 
chemical constituents (A = 1,...,7). 


4.2.1 Gibbs Relation 


According to the definitions (2.9), (2.10) and (2.11) of temperature 7, pressure p and chem- 
ical potentials j1,, the differential of U(S, V, {N4}) is obtained by applying relation (1.7), 
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U 


Convex surface corresponding to the internal energy U (5, V) as a function of entropy S and volume V in state 
space (5, U, V). The vertical planes at fixed 5 or fixed V define curves on the surface U (5, V). The slopes of these 
curves correspond to the partial derivatives. 


dU =TdS — pdV+S~ 14 dNy (4.1) 
A=1 


Equation (4.1) is called the Gibbs relation. This equation can also be obtained by 
multiplying (2.12) by the infinitesimal time interval dt. The Gibbs relation (4.1) expresses 
the fact that the internal energy U is a state function, i.e. U = U(S,V, {N4}), and that the 
intensive quantities 7, p and jy, are also state functions, i.e. 


T=T(S,V,{Na}) 
P=p (S, a {N4}) (4.2) 
M4 = Hag (S, y {Na}) 


The relations that appear in (4.2) are called equations of state, because they constitute 
relationships between the state variables S, V and {Ny}. 

As an ilustration, the internal energy U(S,V) is graphically represented as a state 
function of the variables entropy S and volume V (Fig. 4.1). This allows a geometric 
interpretation of the temperature 7(S,V) and pressure p(S,V). In general, the internal 
energy U(S,V) is represented as a surface in the abstract 3-dimensional space (S, U,V), 
called state space. The temperature T(S,V) and pressure p(S,V) are state functions 
evaluated at a point on the surface U (S, V). The temperature, defined by T = OU(S, V)/OS, 
is the derivative with respect to S of the curve located at the intersection of the surface 
U(S, V) and the plane V = const. The pressure p = — OU(S, V)/OV is the opposite of the 
derivative with respect to V of the curve located at the intersection of the surface U (S, V) 
and the plane S = const. The curvature of the surface U(S,V) is such that T > 0 and 
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p > 0. Notice that the equations of state U (S, V) and S'(U, V) are represented by the same 
surface in state space. 


4.2.2 Euler Relation 


Let us consider now a system consisting of \ identical subsystems, each characterised by 
its entropy S, volume V and number of moles Ny, for substances A = 1,...,7. Since the 
state variables are extensive, the system has a total entropy 4S, a total volume \ V and 
AN, moles of substance A. Since the internal energy of the system is an extensive state 
function, it is the sum of the internal energies of the subsystems, i.e. 


U(AS, AV,{ANg}) = AU(S, V, {Ny}) (4.3) 


The derivative of the relation (4.3) with respect to can be written as, 


r 


OU d(XS) OU d(AV) OU d(XNq4) 
= 4.4 
05) a  dAW ad ps SON) oy. c) 
Since S, Vand Ny are independent of A, equation (4.4) reduces to, 
aU aU OU 
V — = 4. 
DAS) tS DAD) pe TEC Vi eae o) 


Equation (4.5) has to be satisfied for every value of A. Thus, choosing \ = 1, 


U= S V4 N. 4.6 
+ S- aN, A (4.6) 
Using the definitions (2.9)-(2.11), relation (4.6) yields, 


U=TS—pV+ S— w4Na (4.7) 
A=1 


which is called the Euler relation. 
4.2.3 Gibbs—Duhem Relation 


The infinitesimal variation of internal energy dU is obtained by differentiating the Euler 
equation (4.7), 


dU =TdS + SdT— pdV— Vdp + S~ (sada + Nadity ) (4.8) 
A=1 
Then, according to the Gibbs relation (4.1), the expression (4.8) requires that, 
SdT— Vdp+ 5 Nadp, =0 (4.9) 


A=1 


which is called the Gibbs—Duhem relation. 
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4.3 Legendre Transformation 
EEE 


So far, we have considered the state function internal energy, which is a function of 
extensive state variables. The conjugated quantities obtained from internal energy by 
partial derivation are intensive quantities. Often in practical situations, it is these intensive 
quantities that are measured or controlled. The most obvious case is entropy and its 
conjugated variable temperature. In a measurement, temperature is more likely to be 
controlled than entropy. 

This raises the question whether it is possible to reformulate our mathematical descrip- 
tion in order to use intensive quantities as state variables. The extensive variables will 
appear then as conjugated quantities. We will now see that such a mathematical operation 
is possible [37]. This approach will lead us to introduce the thermodynamic potentials 
called free energy, enthalpy and Gibbs free energy. The simplest case is a state function 
F (Xo,X1,.--,Xn). Our goal is to use one or more partial derivatives Y; (X0,X1,..-,Xn) = 
OF /OX; as independent state variables without loosing the information contained in the 
function F (Xo,X1,...,Xn)- 

Let us consider first the state function F (X) of a single extensive variable X. The slope 
of the tangent to the state function F (X) at X is given by, 


dF (X) 
Y(X) = ar (4.10) 
The state function F (X) is a curve determined by a set of points (X, F’) corresponding to 
values of the variable X and the associated function F. The tangent of slope Y(X) to this 
curve at a fixed point (X, F) intersects the vertical axis at point (0, G) (Fig. 4.2). 

Thus, the tangent is determined by a couple of values (Y, G) that correspond to the slope 
Y and to the coordinate of the intersect on the vertical axis G. Graphically (Fig. 4.2), the 
slope Y of the tangent is given by 


Y (X) isthe slope of the tangent to the state function F (X) at point X. The tangent intersects the vertical axis at 
point G. 
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_F-G 
2G 
When inverting the equation of state Y = Y(X), we obtain X = X(Y). Thus, the state 
function F can be expressed as F (X (Y)) and equation (4.11) becomes 


G(Y) =F (X(Y¥)) — YX(Y) (4.12) 


Y (4.11) 


The expression (4.12) is called the Legendre transform of the state function F with respect 
to the state variable X. The Legendre transform G (Y) is a state function of Y. The Legendre 
transformation of G(Y) with respect Y yields again the function F(X). Thus, the state 
functions F (X) and G(Y) contain the same information. 

The Legendre transformation can be generalised from one to several variables. The 
partial derivative of the state function F(X0,X1,...,X,) with respect to X;, where 
i=0,1,...,n, evaluated in the state (Xo,.X1,...,X,) is given by, 
OF (Ag Xigs gM) 
= aX, 

By analogy with the Legendre transformation with respect to a single state variable, we 
can write, 


¥; (Ap Aiges 1s Xn) (4.13) 


F-G 
= Fm 
When inverting the equation of state Y;=Y;(X0,X,...,Xn), we obtain X; = 
Xj(Xo,X1,.--,¥j,..-,Xn). Thus, the state function F can be expressed as F’ (X0.m, re. ¢ 


Y; 


(4.14) 


(X0,X1,---5Vin---sXn)5-- ot) and equation (4.11) becomes, 


GO Lisa, Youre) =F (Xo X15 Xi (XOX Vi Bee crear 
= Vid (Ao Aig ecg Lage sagen) (4.15) 


According to the definition (4.13), the partial derivative of equation (4.15) with respect to 
Y; yields, 
OG _ OF 0X; _y, OX; 
OY; OX; OY; . " OY; 
There is a simple relationship between the curvatures of the functions G(Y) and F(X) 
that we can demonstrate as follows. We obtain the second order partial derivative of F with 
respect to X; and of G with respect to Y;, by differentiating relations (4.13) and (4.16), 


ae (4.16) 


OF OY; OG OX; 
This implies that, 
G OF\' 
a ~~ (aa) es 


Hence, we find that the sign of the curvature of the state function G with respect to the 
variable Y; is the opposite of the sign of the curvature of the state function F with respect 
to the variable X;. 
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Equation (4.12) defines the Legendre transform of the state function F with respect to 
the state variable X;. To simplify the notation, we simply write, 


C=PF=-7% (4.19) 


We obtain the state function H (Yo, %,..., Y,) by performing successive Legendre trans- 
formations on the state function F (Xo,.X1,...,Xn), ie. 


n 
H=F-)_ ¥X, (4.20) 
i=0 
It is also possible to perform Legendre transformations on a few variables only, which 
is often the case in thermodynamics. In the following section, we will obtain the 
thermodynamic potentials by performing several Legendre transformations of the internal 
energy with respect to various extensive state variables. 


4.3.1 Link between Thermodynamics and Mechanics 
In analytical mechanics, a Legendre transformation defined with the opposite sign relates 
the Lagrangian L (ri,...,1n,V1,---,¥,) Of a system containing n material points to the 
Hamiltonian H (r,...,%,,Pi,..-,Pn) of this system [9], i.e. 
H=)0 Pi-vj-L (4.21) 
i=l 
Since the Legendre transform of a state function is a state function, its opposite is also a 


state function and contains the same information. 


4.4 Thermodynamic Potentials 


The extensive state function that plays a central role in thermodynamics is the internal 
energy U(S, V, {N4}). We call thermodynamic potential every state function obtained by a 
Legendre transformation of U (S, V, {N4}). By extension, the internal energy itself can also 
be called a thermodynamic potential since it can be obtained by two successive Legendre 
transformations starting from itself. The three other thermodynamic potentials that we will 
define in this section are the free energy, the enthalpy and the Gibbs free energy. 


4.4.1 Free Energy 


The free energy F(T,V,{N4}), also called Helmholtz free energy, is defined as the 
Legendre transform (4.19) of the internal energy U(S, V, {N4}) with respect to the entropy 
S, i.e. 


F=U-TS (4.22) 
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According to the Euler relation (4.7), the free energy can be written as, 
F=—pV+ > pyNa (4.23) 
A=1 


The differentiation of expression (4.22) is written, 
dF = dU— TdS — SdT (4.24) 
Substituting for dU its value given by the Gibbs relation (4.1), expression (4.24) becomes, 
dF =—SdT— pdV+S~ yy dNa (4.25) 
A=1 


In conformity with the mathematical description of Legendre transformations, the differ- 
ential (4.25) shows that the free energy is a state function of the variables 7, V and Ny. 
Moreover, the variables that are conjugates of these state variables are defined as, 


OF (T,V,{Na}) 


S(T, V,{Na}) = a (4.26) 
P(T,V,{Nu}) = cat EAN) (4.27) 
pa (T.V,{Na}) = SET) (4.28) 


4.4.2 Enthalpy 


The enthalpy H (S,p,{N,}) is defined as the Legendre transform (4.19) of the internal 
energy U(S, V, {N4}) with respect to the volume J, i.e. 


H=U+pV (4.29) 


According to the Euler relation (4.7), the enthalpy H can be written as, 


H=TS+ 5° p4Na (4.30) 
A=1 


The differentiation of expression (4.29) yields, 
dH =dU+ pdV + Vdp (4.31) 


Substituting for dU its value given by the relation (4.1), expression (4.31) becomes, 


dH =TdS+Vdp+ > p4dNa (4.32) 
A=1 
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The differential (4.32) shows that the enthalpy is a state function of the variables S, p and 
N4. Moreover, the conjugates of these state variables are, 


_ OH (S,p, {Na}) 


P(S,p,{Na}) = so (4.33) 
V(S,p, {Na}) = ees (4.34) 
OH (S,p, (Nah) 


ON4 


4.4.3 Gibbs Free Energy 


The Gibbs free energy G(T, p, {N4}) also called free enthalpy is defined as the Legendre 
transform (4.19) of the internal energy U(S, V, {N4}) with respect to entropy S and volume 
V or, equivalently, as the Legendre transform of the enthalpy H (S, p, {N4}) with respect to 
entropy S, i.e. 


G=U+pV—TS=H-—TS (4.36) 


Taking into account the Euler relation (4.7), the Gibbs free energy reads, 


G= > p4Na (4.37) 
A=1 

The differentiation of (4.36) yields, 
dG = dU— TdS— SdT+pdV+Vdp (4.38) 
Substituting for dU its value given by the Gibbs relation (4.1), the expression (4.38) for dG 

becomes, 
dG =—SdT+Vdp+ 5 ~ p4dNy (4.39) 
A=1 


The differential (4.39) shows that the Gibbs free energy is a state function of the variables 
T, p and Ny. Moreover, the conjugates of these state variables are defined as, 


OG (Tp, {Na}) 


S(T.p,{Na}) = a (4.40) 
V (Tp, (Na}) = OEP Dad) (4.41) 
ta (Top, {Na}) = we RANA) (4.42) 


In the following sections of this chapter, we shall see that these thermodynamic poten- 
tials enable the characterisation of equilibrium states of systems subjected to constraints 
imposed by their interaction with an environment that we shall define as reservoirs or 
baths. 
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4.5 Equilibrium of Subsystems Coupled to a Reservoir 
SS 


In this section, we seek to characterise the approach to equilibrium of a system consisting 
of two simple subsystems separated by a wall and coupled with a very large simple system 
called a reservoir or a bath. A reservoir is characterised by one or several constant intensive 
variables. 

Each subsystem is assumed to be at equilibrium with the reservoir at all times. The 
whole system consisting of both subsystems and the reservoir is considered isolated. The 
extensive state variables of the system consisting of the two subsystems 1 and 2 are its 
entropy S and volume J, i.e. 


S=S, + Sy and V=Y4+0V2 (4.43) 
The thermodynamic potentials of the system are, 
U=U,+4+U), F=F,+F), H=H,+A, G=G,+G (4.44) 


since they also are extensive quantities. 


4.5.1 Minimum of Free Energy 


Let us consider the approach to equilibrium when both subsystems are kept at all times in 
thermal equilibrium with a reservoir at constant temperature T .x;. Such a reservoir is called 
a heat reservoir or a thermal bath. Furthermore, we assume that the walls separating the 
reservoir and the subsystems are fixed, so that the volume of the system V = V; + V2 is 
constant (Fig. 4.3). 

Since each subsystem is at thermal equilibrium with the heat reservoir, each subsystem 
has the temperature 7.x; of the reservoir, i.e. 


227 == (4.45) 


From now on, we will speak of the temperature T of both the system and the bath. Taking 
into account the free energy definition (4.22) and the thermal equilibrium condition (4.45), 
the evolution of the free energy F of the system at constant temperature T is given by, 


F=U-TS (4.46) 


Heat reservoir 


Asystem and a heat reservoir form a whole that is isolated. The subsystems 1 and 2 are separated from the 
reservoir by fixed walls that ensure the thermal equilibrium of each subsystem with the reservoir. 


80 


Thermodynamic Potentials 


According to relation (2.36), the mechanical power of the system vanishes since its volume 
is constant, i.e. Py = 0. Taking into account the first law (1.29), the second law (2.1) and 
the evolution equation for the entropy (2.18), relation (4.46) reduces to [38], 


F=Po-—TS=-TUs <0 (4.47) 


Multiplying the evolution equation (4.47) by the infinitesimal time interval dt, we obtain 
the condition, 


dF <0 (constant temperature and volume) (4.48) 


The strict inequalities of the relations (4.47) and (4.48) describe the decrease of free energy 
F during irreversible processes in which the system is kept at constant temperature T and 
volume V, while the constraint on the inner wall is relaxed. The final equilibrium state, 
predicted by the second law, is described by the equalities of relations (4.47) and (4.48). 
Thus, we draw the following conclusion: 


If a rigid system is kept at constant temperature as a consequence of its interaction 
with a heat reservoir, the equilibrium state minimises the free energy of the system. 


4.5.2 Minimum of Enthalpy 


Let us consider now the approach to equilibrium of a closed system composed of two 
subsystems which are kept in mechanical equilibrium with a work reservoir, also called 
mechanical bath, which is at constant pressure p ext. The walls separating the reservoir and 
the subsystems are moveable and the action of the reservoir on the system is assumed to 
be reversible in such a way that its entropy S = S; + S2 is constant (Fig. 4.4). 

Since each subsystem is at mechanical equilibrium with the work reservoir, each 
subsystem has the pressure P ext of the reservoir, i.e. 


Pext =P! =P2 =P (4.49) 


Taking into account the enthalpy definition (4.29) and the mechanical equilibrium condi- 
tion (4.49), the evolution of the system enthalpy H at constant pressure p is given by, 


H=U+pV (4.50) 
According to relations (2.36) and (4.49), the mechanical power on the system is, 


| ee (4.51) 


Work reservoir 


A system and a work reservoir form a whole that is isolated. The two subsystems 1 and 2 are separated from the 
reservoir by moving walls that ensure the mechanical equilibrium of each subsystem with the reservoir. 
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When a system has a constant entropy, i.e. S = 0, the entropy evolution equation (2.2) 
implies, 


eset (4.52) 


where the inequality is an expression of the second law. By analogy with relation (2.21) 
where we characterised a simple system in a stationary regime, we assume that the thermal 
power Po has the same sign as the entropy exchange rate Js. Then, relation (4.52) implies, 


Po <0 (4.53) 


Taking into account the mechanical power (4.51), the first law (1.29) and the thermal 
power (4.53), the evolution equation for enthalpy (4.50) reads [39], 


H=Po+Py+pV=Po<0 (4.54) 


Multiplying the evolution equation (4.54) by an infinitesimal time interval dt, we obtain 
the condition, 


dH <0 (constant entropy and pressure) (4.55) 


The strict inequalities in relations (4.54) and (4.55) describe the decrease of enthalpy H 
during irreversible processes in which the system is kept at constant entropy S and pressure 
p, while the constraints on the inner wall are relaxed. The final equilibrium state implied 
by the second law is described by the equalities of relations (4.54) and (4.55). Thus, we 
draw the following conclusion: 


If a system is kept at constant pressure with a work reservoir through reversible 
processes, the equilibrium state minimises the enthalpy of the system. 


4.5.3 Minimum of Gibbs Free Energy 


Let us consider finally the approach to equilibrium of a closed system composed of two 
subsystems that are kept at constant temperature T and pressure p because they are each 
in equilibrium with a heat and work reservoir. The walls separating the reservoir and the 
subsystems are moveable and diathermal (Fig. 4.5). 

Taking into account the Gibbs free energy definition (4.36), the thermal equilibrium 
condition (4.45) and the mechanical equilibrium condition (4.49), the evolution of the 
Gibbs free energy G at constant pressure p and temperature T is given by, 


Heat and work reservoir 


A system is composed of two subsystems which are coupled to a heat and work reservoir. The reservoir and the 
system form a whole that is isolated. Each subsystem is separated from the reservoir by a moveable, diathermal 
wall that ensures its thermal and mechanical equilibrium with the reservoir. 
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G=U-TS+pV (4.56) 


According to the first law (1.29), the second law (2.1), the entropy evolution equation 
(2.18) and taking into account relation (4.51), equation (4.56) reduces to [39], 


G=Po9+Py—- TS+pV=Pog—- TS=—-TIlsy<0 (4.57) 


Multiplying the evolution equation (4.57) by an infinitesimal time interval dt, we obtain 
the condition, 


dG <0 (constant temperature and pressure) (4.58) 


The strict inequalities in the relations (4.57) and (4.58) describe the decrease of Gibbs 
free energy G during irreversible processes in which the system is kept at constant T 
and pressure p while the constraint on the wall separating the subsystems is relaxed. 
The final equilibrium state prescribed by the second law is given by the equalities of the 
relations (4.57) and (4.58). Thus, we draw the following conclusion: 


If a system is kept at a constant temperature and pressure with a heat and work 
reservoir, the equilibrium state between its subsystems minimises the Gibbs free energy 
of the system. 


The foregoing examples show that the equilibrium of a system coupled to a bath can be 
characterised in the following way: when a system is coupled to a reservoir, then one or 
several intensive state variables are kept constant. The equilibrium state corresponds to the 
minimum of the thermodynamic potential that is a state function of these intensive state 
variables. 


4.6 Heat and Work of Systems Coupled to Reservoirs 
ae a | 


In the previous section, we saw how the thermodynamic potentials F, G and H took 
on a physical meaning as the potentials that were minimal at equilibrium under certain 
constraints. In this section, we illustrate another aspect of free energy and enthalpy 
by seeking to characterise two processes: the heat provided to a system in mechanical 
equilibrium with a work reservoir, and the work performed on a system which is in thermal 
equilibrium with a heat reservoir. 


4.6.1 System Coupled to a Work Reservoir 


Let us consider the transfer of heat to a closed system that is in equilibrium with a work 
reservoir. This heat transfer occurs at constant pressure, since the pressure p of the system 
is equal to the pressure p ex; of the reservoir, 


P=Dext (4.59) 


The system and the reservoir considered as a whole constitute a rigid system (Fig. 4.6). 
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Work reservoir System 


{| 
A closed system is in mechanical equilibrium with a work reservoir. The wall between them is movable and 


adiabatic. A heat transfer occurs between the environment and the system. The system and the reservoir together 
constitute a rigid system. 


According to relations (1.38), (2.41), (4.31) and (4.1), the infinitesimal heat provided to 
the system at constant pressure p is given by, 


560 =dU— 6W=dU+pdV =d(U+ pV) =dH (4.60) 


The heat transfer that brought the system from an initial state 7 to a final state fis found by 
integrating (4.60), 


Oy = AH (4.61) 
where 
AHy = | dH = Hy— H; (4.62) 
Hj 


and Qjr was defined in (1.41). Thus, we draw the following conclusion: 


The heat provided to a system that is kept at constant pressure is equal to the difference 
in the enthalpy of the initial and final states. 


The result 60 = dH obtained for a system at a fixed pressure, sheds more light on the 
equilibrium of a system coupled to a work reservoir (§ 4.5.2). When the system reaches 
an equilibrium state, the reservoir ceases to exchange heat with the system, i.e. dO = 0, 
therefore dH = 0, which means that enthalpy H(S,p) at equilibrium is an extremum. 
We will show in § 6.5 that the enthalpy H is a convex function of the entropy S and thus, 
the enthalpy H is minimal at the equilibrium reached at constant pressure p. 


4.6.2 System Coupled to a Heat Reservoir 


Let us now consider the mechanical action exerted on a closed system in equilibrium with a 
heat reservoir. This mechanical action occurs at constant temperature, since the temperature 
T of the system is equal to the temperature 7.x: of the reservoir, 


7 (4.63) 
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Heat reservoir System 


A system at thermal equilibrium with a heat reservoir is separated from it by a fixed diathermal wall. A mechanical 
action is exerted by the environment on the system. The system and the reservoir taken as a whole constitute an 
adiabatic system. 


The system and the reservoir taken as a whole constitute an adiabatic closed system 
(Fig. 4.7). 

Taking into account the elementary relations (1.38), (2.43), (4.24) and (4.1), the 
infinitesimal work performed on the system at constant temperature 7 is given by, 


5W = dU — 60 =dU— TdS =d(U— TS) =dF (4.64) 


When integrating the differential equation (4.64) from an initial state i to a final state f/ we 
obtain, 


Wi = AF; (4.65) 
where 
Fy 
Ary= | dF = Fr— F; (4.66) 
F; 


and Wi is defined according to (1.40). Thus, we come to the following conclusion: 


The work performed on a system that is kept at constant temperature is equal to the 
difference in the free energy of the initial and final states. 


The result (4.64) allows us to characterise the approach to equilibrium of a system which 
is coupled to a heat reservoir and separated from it by a movable diathermal wall. When the 
system reaches an equilibrium state, the reservoir ceases to perform work on the system, 
i.e. OW = 0, therefore dF = 0, which implies in this case that the free energy F(T, V) is an 
extremum. We will show in § 6.5 that the free energy F is a convex function of the volume 
V. Thus, at constant temperature 7 the free energy F is minimal at equilibrium. 


4.7 Maxwell Relations 
EE eo OS eas 


The Schwarz theorem states that the second order partial derivatives of a function of several 
variables are related to each other. The application of this theorem to thermodynamic 
potentials reveals important relations between physical quantities. These relations are 
called the Maxwell relations. They allow us to relate a partial derivative that has an unclear 
physical meaning to another partial derivative that has a much more intuitive meaning, as 
we will see with a few examples. 
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First, let us consider a continuous function f(x, y) that has continuous partial derivatives 
with respect to the variables x and y. The Schwarz theorem states that the order of the 
partial derivatives of f(x,y) can be interchanged, i.e. 

Od (Of (x, O (Ox, 
f(xy) \ _ f(x,y) (4.67) 
Ox Oy Oy Ox 
Applying the Schwarz theorem to the thermodynamic potentials U (S, V), F (T, V), H(S,p) 
and G (T,p), we obtain the Maxwell relations. 


Our first example pertains to a system that is described by the state variables entropy 
Sand volume V. Applying the Schwarz theorem (4.67) to the internal energy U(S, V) we 


obtain, 
a (aU\ a (aU 
as (3) ~ OV (3) cy 


Using definition (2.10) of the pressure p(S,V) and definition (2.9) of the temperature 
T (S, V), the differential equation (4.68) leads to the Maxwell relation, 


(4.69) 


Now, let us consider a system that is described by the state variables temperature 7 and 
volume V. Applying the Schwarz theorem (4.67) to the free energy F(T, V) we obtain, 


0 (OF\ 0 (aF 
aT (sr) ~ aV (Sr) on 


Using definition (4.26) of the entropy S (7, V) and definition (4.27) of the pressure p (T, V), 
the differential equation (4.70) leads to the Maxwell relation, 
Op _ OS 
oT OV 
The Maxwell relation (4.71) enables us to express the variation of the entropy S' with 
respect to the volume V at constant temperature T — not a very intuitive physical quantity 
— in terms of the variation of the pressure p with respect to the temperature 7 at constant 
volume V — a much more intuitive physical quantity. 
When we describe the state of a system by the state variables entropy S and pressure p, 
the Schwarz theorem (4.67) applied to enthalpy H (S, p) yields, 


O (OH O (OH 
= (4.72) 
OS \ Op Op \ OSs 
Using definition (4.34) of the volume V’(S,p) and definition (4.33) of the temperature 
T (S,p), the differential equation (4.72) leads to the Maxwell relation, 
av -OF 
OS Op 
As a final example, let us consider a system that is described by the state variables 
temperature T and pressure p. Applying the Schwarz theorem (4.67) to the Gibbs free 


energy G(T, p) we obtain, 
0 (0G 0 (0G 
oT & Op (ar) eo 


(4.71) 


(4.73) 
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Using definition (4.41) of the volume V (T,p) and definition (4.40) of the entropy S(T, p), 
the differential equation (4.74) leads to the Maxwell relation, 


OV Os 
Sa 4. 
OT Op or) 


Notice that the Maxwell relations are not restricted to state functions of two variables. 
They can also be used with state functions of several variables. However, according to 
the Schwarz theorem, they are always the result of partial derivatives of a couple of state 
variables [40]. 


4.7.1 Partial Derivatives of a Function of Functions 


Let us consider the function of functions f (x (y,Z), y) that is a function of the function 


x(y,z) and of the variable y. The differential df (« (y,Z), y) is written in terms of the 


variables y and z as, 


Af (*0.2).9) ax(,2)  &(*0.2).9) 


¥(x0.2).9) = | 5 0.2) & Oy 2 
Ox (V2) .¥) Ax (y,z) 
| \ ia ) le (4.76) 


Taking into account the differential (4.76), the partial derivatives of the function of 
functions f (« (v2), ») with respect to the variables y and z are defined respectively as, 


df| _ a(x (¥,2),y) Ax (y,z) ar(x (2),7) 
dy|, Ox (y,Z) Oy + oy 
(4.77) 
Of| _ af (x (2),7) Ax (y,z) 
dz|, ~ Ox (y,zZ) Oz 


In this book, the notation introduced by (4.77) is used to describe partial derivatives of 
a thermodynamic potential fonly when the state variable z is not one of the variables that 
stems from the Legendre transformation that defines f 


4.7.2 Cyclic Chain Rule 


The differentials of the invertible state functions x (y,z), y (z,x) and z (x,y) are given by, 
= Ox F Ox 


dx dy y+ a dz 
Oy Oy 
ae eee 4.78 
dy Oz ee Ox a ( ) 
dz = 2 dx + eS dy 


Ox Oy 
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Here, the explicit dependence in terms of the state variables x, y and z is not mentioned in 
order to simplify the notation. Substituting the second and third equation of (4.78) for dy 
and dz in the first equation, we obtain, 


Ox Oy\ _ Ox Ox Oy 
(1-55) ~* ate oe) 


Ox Oz Ox Ox Oz 
(1-23) -o(S+a5) 


In order to satisfy (4.79) for any value of dx, dy and dz, the terms in brackets have to vanish. 
The terms on the left-hand side of the identities (4.79) thus provide, 


Ox (yz) _ (2 ae 


(4.79) 


Y ia 7 (4.80) 
Ox (y,z) _ ( Oz (x,y) 
Oz ( Ox ) 


Applying relations (4.80) to the terms in brackets on the right-hand side of the identi- 
ties (4.79) yields, 


Ox (y,z) Oy (z,x) Oz (x,y) 
Oy Oz Ox 


This is often referred to as the triple product rule or the cyclic chain rule. 


| (4.81) 


4.8 Worked Solutions 


_—_—_———— ee Eel 
4.8.1 Black Body Radiation 


A black body is an object at equilibrium with the radiation it emits. This radiation is 
characterised by the fact that the internal energy density depends only on the temperature 
at thermal equilibrium. The internal energy of this radiation is given by, 


3 3 1/3 
U(S, V) = 4 (=) gts y-l/3 


where oa is called the Stefan-Boltzmann constant. 


1. Determine the free energy F (T, V) of this radiation. 

2. Show that the internal energy U(S, V) of the radiation can be obtained by performing 
an inverse Legendre transformation on the free energy F (T, V). 

3. Find the expressions p (7, V) and p (S, V) of the radiation pressure. 


Solution: 


1. The black body temperature (2.9) is defined as, i.e. 


_ OU(S,V) _ 3¢ — 1/3 7-1/3 
hes Os -(%) ee 
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When inverting this relation, we obtain the radiation entropy S(T, V) as a function of 
the temperature T and of the volume J, i.e. 


S(T,V) = (=) TV 


When substituting this result into the expression for the internal energy of the radiation 
U(S, V), we find, 


4 
v= Tr 
Cc 


The free energy F (T,V) is obtained by Legendre transformation (4.22) of the internal 
energy U(S,V) with respect to the entropy S. Using the two previous equations this 
transformation is written explicitly as, i.e. 


4 
F(.,V) =U- TS =- Tv 


2. For the black body radiation, the entropy defined by (4.26) is found to be, 


OF (T,V) 160 
S(T,V) = “ ) 7. ry 


When inverting this relation, we obtain the radiation temperature T (S, V) as a function 
of the entropy S and of the volume J, i.e. 


es 1/3 
T(S,V) = (=) Sey 


When substituting for T in the radiation free energy F (T,V), we find, 


1/3 
r._! 3c 0 oApsyM 
4 \ loo 


The internal energy U(S, V) is obtained by Legendre transformation (4.22) of the free 
energy F(T, V) with respect to the temperature T. Using the two previous equations, this 
transformation is written explicitly as, 


Sse 
U(S,V) =F+ST=—(—_) s*8yp-3 
4 \ l6o 


. According to definition (2.10), the black body radiation pressure p (S, V) is expressed in 


terms of S and V as, 


1/3 
Ou(S,V) 1 ( 3¢ ) : 54/3 p-4/3 


V = = 
BS) av 4 \ 160 


According to definition (4.27), the black body radiation pressure p (T, V) is expressed in 

terms of T and V as, 

OF (T,V) 40 
avec 


p(LV) = T* 
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4.8.2 Joule Expansion 


Consider a rigid, adiabatic closed system consisting of two compartments initially sepa- 
rated by a fixed and impermeable horizontal wall (Fig. 4.8). Initially, the top compartment 
is filled with N moles of a gas at temperature 7 and the bottom compartment is empty. 
After removing a magnet that holds a ball on top of the container, the ball falls and breaks 
the separation wall. The gas is then distributed in the whole system, the pressure quickly 
reaches an equilibrium and we observe that the temperature decreases. The experiment is 
configured in such a way that the system reaches a new equilibrium state before a thermal 
equilibrium with the walls can occur. The relative change in temperature is of the order of 
1074 [41]. 

In this experiment, called the Joule expansion, the internal energy is constant, i.e. 
dU = 0, because the work performed on the system and the heat provided to the system 
are both zero. The observed temperature drop is surprising because if we assume that the 
gas is ideal (§ 5.6), then we would predict dU = cNRdT = 0. In order to account for the 
temperature change, we need a more elaborate model like that of van der Waals (§ 6.10) 
that takes into account the interaction energy between the gas molecules. 

Show that for a gas that undergoes a Joule expansion, the Joule coefficient, defined as 
the partial derivative of the temperature with respect to the volume, is given by, 


OT 1 7 P 
av Cy * aT 


where Cy is the specific heat at constant volume (see Chapter 5), defined as, 


_ ou 
OT 


as 


Cy 


ay 
< OF 


Initially, a gas is at temperature 7 in the top compartment. Just after the fall of the ball that breaks the wall, the 
gas is colder on the top than on the bottom, but the system evolves quickly towards an equilibrium state at a 
temperature very slightly inferior to 7. 
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The last equality is a consequence of the definitions (2.9) and (4.77). In these equalities, 
the pressure p and the entropy S are functions of the state variables temperature 7 and 
volume /V. 


Solution: 


The differential of entropy S(T, V) is written, 


Os Os 
dS = apt ay th 


Substituting this differential for dS in the Gibbs relation (4.1), we obtain, 


w= TF ars (TS ) av=o 


OT ov 
The Maxwell relation (4.71) implies that, 
as _ ap 
OV OT 


According to the definition of the specific heat at constant volume Cy, the differential of the 
internal energy yields, 


oT 1 7 OP 
av Cy \P * aT 


In the particular case of an ideal gas that satisfies the equation of state p V = NRT, the 
Joule coefficient vanishes. 


4.8.3 Joule—Thomson Expansion 


Consider a cylinder closed by two sliding pistons separated by a permeable fixed wall. 
The cylinder contains N moles of an ideal gas passing through the wall under the effect of 
pistons | and 2 that keep the pressures p; and p2 constant in the subsystems | and 2 on 
both sides of the wall (Fig. 4.9). The device is an adiabatic closed system. 


Po, Vo, Ty 


A gas is contained in a cylinder closed by two pistons. A permeable wall allows a pressure difference between the 
left and right compartments. The pressures p, and p2 are kept constant through the action of external forces 
exerted on the pistons. 


1 


4.8 Worked Solutions 


1. Show that the enthalpy H is conserved if the external pressures exerted by the pistons 
are equal to the pressures in the corresponding subsystems at all times, i.e. p>“ = p, 
and p$** = p>. This is called the Joule-Thomson expansion. 

2. For an arbitrary gas and an infinitesimal pressure difference dp, show that the Joule— 
Thomson coefficient, defined as the partial derivative of temperature T with respect to 
the pressure p, is given by, 


OT (Ta—1)V 


Op Cr 

where a is the thermal expansion coefficient, defined by, 
_ 1ov 
“VOT 


and C;,,, the specific heat at constant pressure (see Chapter 5), defined as, 


_ OH as 


= or|, ar 


The last equality is a consequence of the definitions (4.33) and (4.77). In these equations, 
the volume V and the entropy S are functions of the state variables temperature T and 
pressure p. 


Solution: 


1. According to the first law (1.38) applied to the case of an adiabatic closed system and 
in view of definition (2.27) for an infinitesimal work, we have, 


dU = dU, + dU2 = 6W, + 6W2 = — pi dV, — pr dV 
Since the pressures p, and p2 are kept constant, 
d(U, + pi Vi) +d (U2 + p2 V2) = 0 
The definition of the Legendre transform (4.29) implies that, 
dH, = d(U, +p1 V1) and dH, = d(U2 + p2 V2) 
Thus, the total enthalpy H is constant, i.e. 
dH = dH, + dH, = 0 


2. The differential of the entropy S(T, p) is written, 


as as 
dS = sRdT + 5 dp 


Substituting for dS this expression in the enthalpy differential (4.32), we obtain, 


as as 
dH = T aT + Ge f r) dp =0 
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The Maxwell relation (4.75) and the definition of the thermal expansion coefficient a 
imply that, 


dp OT 


According to the definition of the specific heat at constant pressure C,, the enthalpy 
differential yields, 


C,dT+(1— aT) Vdp =0 
Thus, we obtain the expression of the Joule-Thomson coefficient, 


OT (aT-1)V 
Op Cy 


In the particular case of an ideal gas that satisfies the equation of state p V = NRT, the 
Joule-Thomson coefficient vanishes. 


4.8.4 Fundamental Relations for Specific Quantities 


It is common practice, especially in chemistry, to use state functions that are specific 
quantities, i.e. extensive quantities per unit of volume or mass. We consider a simple system 
that has an internal energy U(S,V,{N4}) where A = 1,...,7. The volume densities u, s 
and ny, are defined as, 


U 2 and ae 
u=—, s=s ng = = 
V V aaa 
The mass densities u*, s* and v* are defined as, 
U S V 
uh = as =a and v= a 
The mass chemical potential j.%, and mass concentration c%, of substance A are defined as, 
Lt N4 M* 
[ey = Mi and = i; 4 


where M* is the molar mass of substance A. 


1. Determine the Gibbs, Euler and Gibbs—Duhem relations expressed in terms of u, s 
and ny. 

2. Determine the Gibbs, Euler and Gibbs—Duhem relations expressed in terms of u*, s*, v* 
and c’. 


Solution: 


1. The Gibbs relation (4.1) divided by the volume V is written as, 
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Moreover, the differentials can be expanded as, 


dV 
=a(F)=4 U 


V VY 

S ds dV 

w=a(F)=$ ST 
— 4 (Na\ _ aNa dV 
any =a(*) = V Nata 


Thus, 


: : dV 
te Tae 9 nuda (¥ TS+pV HN) $= 0 


A=1 A=1 
Using the Euler relation (4.7), the term in brackets vanishes and we find the volume- 
specific Gibbs relation, i.e. 


du=Tds+5~ [by dng 


A=1 


The Euler relation (4.1) divided by the volume V is written as, 


which yields the volume specific Euler relation, i.e. 


, 
u=Ts—p+)_ [by Na 
A=1 


The differentiation of the volume specific Euler relation is written as, 


du = Tds +s dT — dp + S— (ugdng +n4dj14) 


A=1 
Taking into account the volume-specific Gibbs relation, we obtain the volume-specific 
Gibbs—Duhem relation, i.e. 


sdT — dp+ S~ ngdu, = 0 


A=1 


. The Gibbs relation (4.1) divided by the mass M is written as 


r 


dU dS a dN 
=a Mt Lae 
A=1 


MM ? M 
Moreover, the differentials can be written as, 


: U dU dM 
du -a(5)= U 


IM 
w=a(3)-$ gt 


M 
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M) Mw 
de%, Ny dN, dM 
My (3) M 4 


Thus, 
* * > : * * : dM 
du* — Tds* + pdv* — > wh dey + (U- TS+pV— S~ wy Na 1g =9 
A=1 A=1 


Using the Euler relation (4.7), the term in brackets vanishes and we find the mass- 
specific Gibbs relation, i.e. 


du* = Tds* — pdv* +S° po, dc, 
A=1 


The Euler relation (4.1) divided by the mass M is written as, 


U_+ Ma ae 
ao wut 


which yields the mass-specific Euler relation, i.e. 


: 
u =Ts* —pv+5S° [cy 
A=1 


The differentiation of the mass-specific Euler relation is written as, 
tal 
du* = Tds* + s* dT — pdv* — v* dp+ x (wy dey +04 du) 
A=1 


Taking into account the mass specific Gibbs relation, we obtain the mass specific Gibbs— 
Duhem relation, i.e. 


s* aT — v'dp+ S— cy du, =0 
A=1 


4.8.5 Simple Subsystems in a Thermal Bath 


We consider a rigid closed system containing a homogeneous gas. The system is divided 
in two simple subsystems that are separated by a moveable, impermeable diathermal 
wall. The system is at thermal equilibrium with a thermal bath at temperature T = cste 
(Fig. 4.10). The kinetic and internal energies of the wall are negligible. 


1. Express the differential of the free energy dF as a function of the infinitesimal heat 6Q 


provided to the system. 


2. Express the differential of the free energy dF as a function of the pressures p, and p2 of 


the gas in subsystems | and 2. Deduce that dF < 0. 
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Thermal bath 


Arigid closed system containing a homogeneous gas is divided in two subsystems separated by a moveable, 
impermeable diathermal wall. The system is coupled to a thermal bath at constant temperature I. 


Solution: 


1. Taking into account definition (4.22) and the fact that the temperature T is constant, the 
differential of the free energy dF can be written as, 


dF =dU— Tds 


The mechanical power exerted by the thermal bath on the rigid subsystem vanishes, i.e. 
Py = 0. Thus, in this case, the first law (1.38) is reduced to, 


dU=6Q0 
which implies that the differential of the free energy can be recast as, 
dF = 6Q— TdS 


2. The free energy of the whole system F(T), T2,V\, V2) is the sum of the free energies 
F(T, V1) and Fy (T>, V2) of the two subsystems, 


F(T, 1,V\,V2) = Fi (T1,V1) + F2 (To, V2) 


At thermal equilibrium the temperatures of the two subsystems T, and Ty are equal to 
the temperature T of the bath, i.e. 


T; =1,=T 


The differential of the free energy dF at temperature T is written, 


OF, OF) 
gp gp Oy 
an on? 


Given that the system is rigid, the differential of the total volume dV vanishes, i.e. 


dV =dV, + dv, =0 thus dVy = —dV, 
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Moreover, applying definition (4.27) to both subsystems yields, 


Thus, the free energy differential dF at temperature T reduces to, 
dF = = (p1 — pr) dV, 


This equation yields three types of solutions. In the case where p, > p2, the wall moves 
from the left to the right, i.e. 


Pi > Pp2 and dV, >0 thus dF <0 
In the case where p, < p2, the wall moves from the right to the left, i.e. 
Pi < p2 and dV, <0 thus dF <0 


In the case where p, = p2, i.e. at the mechanical equilibrium (3.29), the wall does not 
move, i.e. 


Pi =P2 and dV, =0 thus dF =0 


Exercises 


41 


Adiabatic Compression 

A gas is characterised by the enthalpy H (S,p) = C, T, where C, is a constant (called 
heat capacity and defined in § 5.2), and by pV = NRT, where p is its pressure, V its 
volume, 7 its temperature and N the number of moles of gas. An adiabatic reversible 
compression brings the pressure from p; to p2 where p2 > p1. The initial temperature 
is T,. Determine the temperature 7> at the end of the compression. 


4.2 Irreversible Heat Transfer 


43 


A cylinder closed by a piston contains NV moles of a diatomic gas characterised by 
U = (5/2) NRT and by pV = NRT, as in exercise 4.1. The gas has a temperature 
T when it is brought in contact with a heat reservoir at tempertaure 7.x, causing an 
irreversible process to occur. Determine the amount of heat exchanged. 


Numerical application: 


N=0.5 mol, T= 450K and Tx, = 300K. 


Internal Energy as Function of 7 and V 

Establish the expression of the differential of the internal energy dU (s (T,V),V ) as 
a function of the temperature 7 and the volume V. In the particular case of a gas that 
satisfies the relation p V = NRT, show that dU (s (T,V), V) is proportional to dT. 


44 Grand Potential 


The grand potential ® (T,V,{,:,}), also known as the Landau free energy, is 
a thermodynamical potential obtained by performing Legendre transformations of 
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4.6 
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the internal energy U(S,V,{N,4}). Use Legendre transformations to express the 
thermodynamical potential ® (7, V, {j1,,}) in terms of the thermodynamical potential 
F. Also determine the differential d® (T, V, {1,,}). 


Massieu Functions 
Two of the Massieu functions are functions of the following state variables: 


The Massieu functions are obtained by performing Legendre transformations of the 
state function entropy S(U,V) with respect to the state variables U and V. Use 
Legendre transformations to express the Massieu functions J (=. V ) and Y (=. = 
in pa of the oa potentials F and G. Determine also the differentials 
dJ (+. r) and dY (;. rae 

Gibbs—Helmoltz Equations 


a) Show that 


U(S,V) = ee (“") 


where T = T(S, V) is to be understood as a function of S and V. 
b) Show that 


where T = T(S,p) is to be understood as a function of S and p. 


Pressure in a Soap Bubble 

A soap bubble is a system consisting of two subsystems. Subsystem (f) is the thin 
film and subsystem (g) is the gas enclosed inside the film. The surrounding air is a 
thermal bath. The equilibrium is characterised by the minimum of the free energy F 
of the system. The differential of the free energy dF reads, 


dF = — (Sp +S) aT +2 dA — (p— po) AV 


where A is the surface area of the soap film and V the volume of the bubble. The 
parameter y is called the surface tension. It characterises the interactions at the 
interface between the liquid and the air. Since the soap film has two such interfaces, 
there is a factor 2 in front of the parameter y. The surface tension ¥ is an intensive 
variable that plays an analogous role for a surfacic system as the pressure p for a 
volumic system. However, the force due to pressure of a gas is exerted outwards 
whereas the force due to the surface tension is exerted inwards. This is the reason 
why the signs of the corresponding two terms in dF differ. The term p — pg is the 
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Po 


P = Po + pgh 


Principle of a setup that could be used to estimate the influence of surface tension on the pressure inside a liquid 
drop. The container is wide enough so that when a drop is forming the change in height of the liquid is negligible. 
The system is in a thermal bath at constant temperature 7. 


4.8 


4.9 


pressure difference between the pressure p inside the bubble and the atmospheric 
pressure po. Consider the bubble to be a sphere of radius r and show that, 
cae 


P— Po= 
r 


Pressure in a Droplet 

Determine the hydrostatic pressure p inside a droplet, as a function of its radius r 
(Fig. 4.11). Assume that the drop (d) forms at the end of a short thin tube mounted at 
the end of vertical cylindrer containing the liquid (/). When a drop forms at the end 
of the tube, the change in the container height is negligible. If the height of the liquid 
above the tip of the tube is h, then the hydrostatic pressure is p = po + pgh, where 
p is the volumetric mass density of the liquid, and g characterises the gravitation at 
the surface of the Earth. For this liquid, the differential of the free energy reads, 


dF = — (S; + Sa) dT + dA — (p — po) dV 
Show that 


27 
P- Po= — = pgh 


Isothermal Heat of Surface Expansion 
A system consists of a thin film of surface area A, of internal energy U (S,A), where 


dU =TdS+~dA 


Hence, the surface tension is given by 


OU (S,A) 
1(8,4) =" 
Express the heat Qj to provide to the film for a variation AA jy = Ay— A; of the surface 
of the film through an isothermal process at temperature 7, that brings the film from 
an initial state i to a final state f; in terms of y (7, A) and its partial derivatives. 


99 


Exercises 


4.10 Thermomechanical Properties of an Elastic Rod 


4.1 


A state of an elastic rod is described by the state variables entropy S and length L. 
The differential of the internal energy U(S, L) of the rod is written as, 


_ OU(S,L) OU (S,L) 
~ os OL 


dU dS + 


dL =T(S,L) dS +f(S,L) dL 


Note that f(S,Z) has the units of a force. The longitudinal stress 7 on the rod is 


T = +, where A is the cross-section of the rod. We neglect any change of A due to f- 
The physical properties of the rod material are given by the linear thermal expansion 
coefficient at constant stress, 


_1aL(ns) 


L OT ’ 


and the isothermal Young modulus, 
_ L Of(T,L) 


A OL 
Make use of these two physical properties of the material to answer the following 
questions: 


a) Compute the partial derivative of the rod’s stress 7 in the rod changes with respect 
to its temperature when its length is fixed. Consider that the cross-section A is 
independent of the temperature. 

b) Determine the heat transfer during an isothermal variation of the length of the rod 
AL from an initial state i to a final state fin terms of a and E. 

c) Compute the partial derivative of the rod’s length L with respect to its tempera- 
ture T. 


Chemical Power An open system consists of a fluid of a single substance kept 
between two pistons sliding inside a cylinder with adiabatic walls. Matter enters 
and exits the cylinder in two specific locations. These two matter flows generate a 
chemical power Pc. The pressure at the entrance is p* and the pressure at the exit 
is p_. The pistons exert a mechanical power Py on the fluid. Since the walls are 
adiabatic there is a heat transfer through convection but not through conduction, i.e. 
Po = 0 (Fig. 4.12). For this open system, show that the chemical power Pc generated 
by the matter flow can be written as, 


Po =htNt — h-N- 


where N+ and N~ are the rates of substance entering and exiting the system and A+ 
and h~ are the molar enthalpies entering and exiting the system. 
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Py 


i 


Two pistons slide in a cylinder that contains a fluid that enters and exits the system. The pressure at the entrance is 
p* and the pressure at the exit is p~ . The mechanical power generated by the pistons on the system is Py and the 
chemical power generated by the matter flows is Pr. 


PHENOMENOLOGY 


Calorimetry 


Benoit Paul Emile Clapeyron, 1799-1864 


B. P. E. Clapeyron was a Frenchman who today is known for his representation 
of thermal cycles by (p, V) diagrams. He found a relation between the slope of a p (T) line 
in a phase diagram and the corresponding latent heat. 


5.1 Historical Introduction 
CO ee 


In this chapter, we will introduce the notion of specific heat, also known as heat capacity. 

Antoine Laurent de Lavoisier and Pierre-Simon de Laplace designed an experiment that 

allowed them to quantify heat phenomena [42]. They built an ice calorimeter (Fig. 5.1) 
103 
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Calorimeter of Lavoisier and Laplace. When a thermodynamic process takes place inside the inner chamber, heat is 
released which makes the ice melt. The heat transfer is quantified by the amount of water collected. 


which they used to determine the heat released in a chemical reaction. The reaction took 
place inside a sphere of ice kept at 0°C. From the amount of ice that melted in that process, 
they measured the heat of the reaction, also called reaction enthalpy. 

The heat transfer that occurred when a set amount of gas passed through the ice was 
measured by the amount of ice that melted. They also recorded the temperature of the gas 
at the inlet and the outlet. The heat value thus obtained, divided by the temperature drop, 
yielded the heat capacity or the specific heat of the gas. 

These famous scientists also used their calorimeter to analyse the breathing of animals 
and concluded from their observations that breathing must be a combustion process. 

Experimentally, it is observed that the specific heat of any substance decreases to zero 
as the temperature tends to zero. As we will see in this chapter, this general property can 
be derived from what is known as the third law of thermodynamics. \t was formulated 
by Walther Nernst in 1904. After his studies in Zitirich, Berlin and Graz, he founded the 
Institute of physical chemistry and electrochemistry in Géttingen and received the Nobel 
Prize in 1920 in recognition for his work on thermochemistry. The third law was important, 
because at the time it was formulated, physicists faced a challenge concerning specific 
heat. Pierre Louis Dulong (1785-1838) and Alexis Thérése Petit (1791-1820) established 
an empirical law according to which the specific heat of a metal depends on its molar 
mass, but not on its temperature. This temperature independence could be derived from 
statistical physics, using the physical concepts known at the turn of the twentieth century. 
This failure to predict the correct temperature dependence was one of the fundamental 
problems physics faced at the beginning of the twentieth century. Einstein resolved the 
issue by a derivation of the specific heat that was based on quantum mechanical arguments. 

In this chapter, we will illustrate the notion of specific heat and of latent heat with 
the ideal gas model. The ideal gas equation of state can be derived from empirical laws 
established by Robert Boyle (1621-1697), Edme Mariotte (1620-1684), Jacques Charles 
(1746-1823), Louis Gay-Lussac (1778-1850) and Amedeo Avogadro (1776-1856). The 
Boyle—Mariotte law states that at a constant temperature T, the pressure p of a dilute gas is 
inversely proportional to its volume V [43, 44]. Charles’ law states that at constant pressure 
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p, the volume V of a dilute gas is proportional to its temperature T [45]. The law of Gay- 
Lussac states that at fixed volume J, the pressure p of a dilute gas is proportional to its 
temperature T [46]. Avogadro’s law states that at constant temperature T and pressure p, 
the volume V of N moles is the same for all dilute gases [47]. These laws imply that for a 
dilute gas, consisting of only one substance, the product of the pressure p and the volume 
V is proportional to the product of the number of moles N and the temperature T of the gas. 
This can be expressed by the ideal gas equation of state. 


5.2 Thermal Response Coefficients 
Ee || 


Let us consider a simple closed thermodynamic system consisting of N moles of a single 
substance. The system is subjected to a heat transfer that can be considered reversible, 
in other words, characterised by zero entropy production rate, i.e. I[y = 0. The thermal 
response coefficients are empirical coefficients that characterise the response of the system 
to a heat transfer. 


5.2.1 Temperature 7 and Volume V as State Variables 


In order to characterise the thermal response of a system that is described by the state 
variables temperature T and volume JV, we treat entropy S(T, V) and pressure p(T, V) as 
functions of T and V. In terms of the state variables 7 and JV, the first law (2.32) reads, 


Po+Pw=TS(T,V) — p(L,V)V (5.1) 
and expression (2.40) for a reversible heat transfer becomes, 
Pyw=—p(TV)V (5.2) 


After substitution of this expression of Py in (5.1), the only power that remains is Pg. We 
introduce the coefficients Cy (7, V) and Ly (T, V) to characterise the thermal response of 
the system that reads, 


Po =TS(T,V) =Cy(T,V) T+Ly (TV) V (5.3) 


Cy (T, V) is called the specific heat at constant volume and Ly (T,V) the latent heat of 
expansion [48]. 

The term ‘specific’ qualifies a heat transfer that changes the temperature of the system. 
Thus, the specific heat of a system is equal to the heat provided to the system in order to 
increase its temperature by one unit while the other state variables are constant. 

It is possible to carry out a heat transfer without modifying the temperature of a system. 
This is called ‘latent’ heat. The latent heat of expansion (or of compression, see § 5.2.2) 
are equal to the heat that has to be provided to the system at constant temperature in order 
to generate an increase in volume by one unit (or an increase in pressure by one unit). 

Given the definition (1.35) of the infinitesimal heat 60, we can get an expression for 
dQ in terms of the thermal response coefficients when multiplying equation (5.3) by an 
infinitesimal time interval df: 
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6Q = TdS(T,V) = Cy(T,V) aT + Ly (T,V) av (5.4) 


In order to express Cy (T, V) and Ly (T, V) in terms of partial derivatives of the fundamental 
state functions entropy S(T, V) and internal energy U(S, V), we write 6Q as, 


7 _  (OS(L,V) _,, AS(T,V) 
89 = Tas(r.V) =T( ae ap av) (5.5) 


Furthermore, we write the partial derivative of U( S(T,V),V ) with respect to temperature 
at constant volume V by using definition (4.77) for the partial derivatives of functions of 
functions. Thus, we can write, 


OU 
OT 


_ 8U(S(EY),Y) ager 7 OS(TV) 
- OS (T, V) OT OT 
where in the last step we took into account the definition (2.9) of T. In view of (5.6), we 
can write (5.5) as, 


(5.6) 


OU OS (T, V) 
60 =TdS(T,V) = —| dT+T———adv : 
Q=TdS(1V) = 55] are T— Ta (5.7) 
By equating in (5.4) and (5.7) the terms proportional to dT and dV, we obtain, 
_ OU| _ ,_ OS(T,V) 
_ 7 OS(T,V) 
Ly (T,V) =T av (5.9) 


According to the Maxwell relation (4.71), the latent heat of expansion Ly (T,V) can be 
written as, 
Op (TV) 
Ly (7, V) = T ——— 5.10 
In view of the importance of the partial derivatives of S(7,V) in the description of the 
thermal response of a system, we define, 


Ky (1, Y= = (5.11) 
_ Ly (ZV) _ aS(T,V) 
Ay (IV) = = (5.12) 
Then, the differential of the entropy dS (T, V) reads, 
dS (T,V) = Ky (T,V) dT + Ay (TV) dV (5.13) 


Ky (T, V) is called the entropy capacity at constant volume and Ay (T, V), the latent entropy 
of expansion. 

In physics, a capacity is always defined as the derivative of an extensive quantity 
with respect to the intensive variable that is the conjugate of this extensive quantity. For 
example, we will see in Chapter 9, the capacity of a capacitor is the ratio of its charge 
(an extensive quantity) to the electric potential (the intensive quantity conjugated to the 
charge). 
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5.2.2 Temperature 7 and Pressure p as State Variables 


In order to characterise the thermal response coefficients of a system that is described by the 
state variables temperature T and pressure p, we treat entropy S(7,p) and volume V (T, p) 
as functions of T and p. With respect to the state variables T and p, the first law (2.32) 
reads, 


Po +Pw=TS(T,p) — pV (Tp) (5.14) 
and the expression (2.40) for a reversible heat transfer becomes, 
Pw =—pV (Dp) (5.15) 


As we did in relation (5.3), we introduce coefficients describing the response of the system 
to the thermal power Po. Thus, by substituting (5.15) for Py in relation (5.14), we write, 


Po =TS(T,p) = Cp (Tp) T+ Ly (Tp) B (5.16) 


where C, (Z,p) is the specific heat of the system at constant pressure and L, (T,p), 
the latent heat of compression of the system [48]. Multiplying equation (5.16) by the 
infinitesimal time interval dt and taking into account definition (1.35) of the infinitesimal 
heat 6Q, we obtain an expression for 6Q in terms of the thermal response coefficients, 


6O = TdS(T,p) =C, (T,p) dT +L, (T,p) dp (5.17) 


Furthermore, expressing the differential dS (T, p) explicitly in terms of partial derivatives, 
the infinitesimal heat dQ reads, 


- _ ef OS LE). , OS LP) 
59 = ras(r.p) = 7 ( apo ap ) (5.18) 


The partial derivative of the enthalpy H (s (T,p), p) with respect to temperature 7 at 
constant pressure p can be obtained by means of definition (4.77) for the partial derivative 
of a function of functions. Taking into account definition (2.9) for T, we thus find, 


an| _ 2H(S(TP).7) asap) _ ,28(p) Bis) 
OT i. 7 OS (T,p) OT OT ; 
Using (5.19), the expression (5.18) of the infinitesimal heat 6O becomes, 
OH OS (T, 
60 =Tds(7,p) =F ar4 pS?) (5.20) 
OT . Op 
By comparing relations (5.17) and (5.20) and taking into account relation (5.19), we obtain 
explicit expressions for the thermal response coefficients, i.e. 
OH OS (T,p) 
= — = ; a eee 
OT . OT 
OS (T,p) 


C, (Tp) (5.21) 
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Using the Maxwell relation (4.75), the latent heat of compression L, (7,p) can be 


written as, 
Ly (T,p) = —T (5.23) 


We define the entropy capacity K, (T,p) at constant pressure and the latent entropy of 
compression A, (T,p) by, 


Cy (Tp) _ OS(T.P) 


= 24 
K, (Tp) = 2 = (5.24) 
_£,(Tp) _ AS (Tp) 
Np (Dp) = “R= a, (5.25) 
In terms of (5.24) and (5.25), the entropy differential dS (T, p) reads, 
dS (T,p) = Ky (T,p) aT + A, (Tp) dp (5.26) 


5.2.3 Molar Specific Heat and Specific Heat per Unit Mass 


The specific heat Cy (T, V) and its counterpart C, (T,p) are extensive quantities, as can 
readily be seen by their expressions (5.8) and (5.21) as derivatives of thermodynamic 
potentials. A molar specific heat is the specific heat of a mole of substance. Thus, 


Cy(T,V) 1 40U 
cy (T,V) = a dt aT (5.27) 
V 
Cor 1 OH 
cp (Tp) = PGP) _ 1 OF (5.28) 
Pp 


where N is the number of moles in the system. A specific heat per unit mass is the specific 
heat of a unit mass of substance, i.e. 


LS ar, (5.29) 
: _G,(T,p) _ 1 OH 
oP) = 47 =u ar , (5.30) 


where M is the mass of the system. 


5.3 Third Law of Thermodynamics 
a) 


The third law of thermodynamics states that: 


At the limit of absolute zero temperature, which one could never reach, the 
equilibrium entropy of a system tends towards a constant which is independent of 
all other intensive parameters. This constant ought to be taken as zero. 
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The third law requires that, 
lim S(7,V) =0 and lim S(T7,p) =0 (5.31) 
T-0 10 


Therefore, the integral of equations (5.13) and (5.26) with respect to the temperature yields, 


sin = f kyr nar = | ED) ar 


, TC (Tp) (5.32) 
s(t.p)= f° kT.) ar =f PoP ar 
0 0 
Thus, the third law (5.31) requires that, 
lim Cy (7, V)=0 and lim C, (T,p) =0 (5.33) 


5.4 Mayer Relations 
| nnn ___e___ | 


It is possible to find relationships among thermal response coefficients. These are often 
referred to as Mayer relations. Here we show a method of deriving them that might appear 
cumbersome, but that has the advantage of being systematic. We illustrate it by finding the 
Mayer relation between Cy (T, V) and C, (T, p). 

Let us consider a simple system described by the state variables temperature T and 
pressure p. Taking into account definition (4.29) of enthalpy H, we express it as a function 
of the state functions S and V, which are functions of the state variables T and p, 


H(S(Zp),p) = u(s(r. V(T,p)); r (Tp) ) +pV (Lp) (5.34) 
According to definition (5.21), the specific heat at constant pressure is written, 


an(s (Tp), r) 


Cy (T,p) = OT 


(5.35) 
Pp 


The derivative of equation (5.34) with respect to the temperature T while keeping the 
pressure p constant yields, 


au(s(r. V(T,p)).V (7.0) ) ds(T,V (Tp) ) 


eal as(7, V(T.p) ) dT 


(5.36) 


au(s(r. V (Typ) ). v(T-p) ) aV (T,p) 5s OV(T,p) 


aH OV (Tp) ar aT 
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In view of the definitions (2.9) and (2.10) for temperature T and pressure p, we can write, 
au(s(r. V(T,p)), vp) ) 
as(T, V(T,p)) 


au(s(r. V(Tp)); r (Tp) ) 
av (T,p) 
Making use of the definitions (5.37) in (5.36), we see that the last two terms on the right 
hand side of relation (5.36) cancel out and that equation (5.36) is reduced to, 
ds(7, V(T.p) ) 
aT 


The total derivative of entropy in relation (5.38) with respect to temperature can be 
expressed as a sum of partial derivatives, i.e. 


ds(7, V(T.p) ) _ as(T,V (Tp) ) | as(T.V (Tp) ) OV (T.p) 


T= 


(5.37) 


Cp (Tp) =T (5.38) 


dT OT OV (T,p) OT (5.39) 
_ OS(T,V) | OS(T,V) OV(T,p) 
— OT * OV oT 
Thus, equation (5.38) can be rewritten as, 
_ ,OS(T,V) _ ,OS(T,V) OV (Tp) 
C, (f,p) =T aT +T AV aT (5.40) 
The specific heat at constant pressure is given by, 
OS (T, V) 
= f—___ + Al 
Cy (1, V) =T (5.41) 


Making use of the Maxwell relation (4.71) and of the specific heat (5.41) in relation (5.40), 
we obtain the Mayer relation, 


Op (T,V) OV(T,p) 
OT 


(5.42) 


5.5 Specific Heat of Solids 


For many solids at high enough temperature, the molar specific heat at constant volume cy 
is roughly given by, 


cy =3R (5.43) 
where R is a constant defined in § 5.6. This expression for cy is called the Dulong—Petit 


law. According to this law and definition (5.27), the specific heat Cy of a solid containing 
N moles is given by, 


Cy =3NR (5.44) 


mM 


5.6 Ideal Gas 


Often, a variation in a solid internal energy U due to thermal expansion can be neglected 
in comparison to the energy variation due to a change of the solid temperature. Hence, 
combining relations (5.8) and (5.44), the differential of the internal energy can be written, 


dU = 3NRdT (5.45) 


When integrating (5.45), we obtain the internal energy of a solid in the Dulong—Petit 
approximation as, 


U=3NRT (5.46) 


It is worth emphasising that the internal energy U is a state function of entropy S and 
volume V. The temperature in equation (5.46) should be understood as the function T (S, V). 


5.6 Ideal Gas 


In this section, we define the ideal gas model, and in the next section we will determine the 
thermal response coefficients. The ideal gas is defined by the equation of state, 


pV =NRT (5.47) 


where N is the number of moles of the gas contained in the volume J, p the pressure, T the 
temperature and R is the ideal gas constant given by, 


R=8.31Jmol! Kk! (5.48) 

The constant R is closely connected to the Boltzmann constant kg via the Avogadro 
number Ny = 6.022 - 1023, ice. 

R=Nykp (5.49) 

In order to derive an expression for the internal energy U of the ideal gas, we express 

the differential of the entropy S as a function of temperature 7 and volume V. That is, we 


write 


os Os 


dS = ara t+ aya’ (5.50) 
Thus, the Gibbs relation (4.1) reads, 
Os os 
= 51 
dU Papat (7 r) dV (5.51) 


Taking into account definition (5.8) for the specific heat at constant volume Cy and the 
Maxwell relation (4.71), the internal energy differential (5.51) becomes, 


dU = Cy dT + G = ) dV (5.52) 


Tl2 
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The ideal gas equation of state (5.47) implies that in equation (5.52) the terms in brackets 
cancel each other out. Hence, the internal energy differential (5.52) for the ideal gas is 
independent of the volume, i.e. 


dU = CyaT (5.53) 
In order to determine an expression for the enthalpy H of the ideal gas, we substitute 


in the enthalpy differential (4.32) the entropy differential expressed as a function of 
temperature 7 and pressure p, 


Os Os 
T+—d 5.54 
ds = rd Top (5.54) 
Hence, the enthalpy differential (4.32) reads, 
Os Os 
dH = T — dT Vid 5.55 
ari t+ (7 dp P ) Ip (5.55) 


Taking into account definition (5.21) for the specific heat at constant pressure C,, and the 
Maxwell relation (4.75), the enthalpy differential (5.55) becomes, 


V 
dH = C,dT + (- ry r) dp (5.56) 


The ideal gas equation of state (5.47) implies that the terms inside the brackets of equation 
(5.56) cancel each other out. Hence, the enthalpy differential (5.56) of an ideal gas is 
independent of pressure, i.e. 
dH = C, dT (5.57) 
The linearity of the ideal gas equation of state (5.47) implies, 


Op(T,V) _p OV(T,p) _V 
= = 5.58 

or. rd ap =F ere) 
Thus, by using relations (5.58) and the equation of state (5.47) in the Mayer relation (5.42), 


we find that for an ideal gas, 


Cy, = Cy + NR (5.59) 


Statistical physics provides further insight about the ideal gas. It can be shown 
that for an ideal gas, the interactions between the elementary constituents of the gas 
(atoms or molecules) can be modelled by elastic collisions (kinetic energy conservation). 
Furthermore, for an ideal gas, the volume occupied by the constituents is negligible with 
respect to the volume of gas. Dilute gases follow the ideal gas model when their pressure 
is sufficiently low. In general, real gases can be described by the van der Waals model that 
will be presented in § 6.10. 


5.7 Thermal Response Coefficients of the Ideal Gas 
SSS SSS SSS sss SS 


The specific heat at constant volume Cy of the ideal gas is the amount of heat needed 
to increase its temperature by dT while its volume V is kept constant. Such a process 
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5.7 Thermal Response Coefficients of the Ideal Gas 


is called isochoric. Experimentally, it is found that the specific heat at constant volume 
Cy of a gas approaching the ideal gas model is independent of temperature T. Cy is also 
proportional to the number N of moles of gas. Therefore, the specific heat at constant 
volume Cy of the ideal gas is given by, 


Cy=cNR (5.60) 


where c > 0, a dimensionless parameter, depends on the nature of the elementary con- 
stituents of the gas. For a gas of atoms, we can take c = 3/2, for a gas of rigid diatomic 
molecules, c = 5/2. An argument of statistical physics can account for these values. 
Substituting the expression (5.60) for Cy in the internal energy differential (5.53), we 
obtain, 


dU = c NRdT (5.61) 
When integrating the differential (5.61), we obtain the internal energy of the ideal gas, 
U=cNRT (5.62) 


The specific heat at constant pressure C, of the ideal gas is the amount of heat needed to 
increase its temperature by dT while its pressure p is kept constant. Such a process is called 
isobaric. Taking into account the Mayer relation (5.59) and the expression (5.60) for the 
specific heat at constant volume Cy, the specific heat at constant pressure C, reads, 


C, =(c +1) NR (5.63) 


It is to be expected that the value of the specific heat depends on the constraints under 
which the heat transfer is carried out. When the temperature increases by dT while the 
pressure p of the gas is kept constant, the volume of the gas increases by an amount dV, 
as implied by the equation of state pV = NRT. Thus, there is a negative work —pdV 
associated with this isobaric heat transfer. In view of (5.62), dT determines the value of 
dU = 6Q + OW, and therefore, the heat provided to the ideal gas must be greater for this 
isobaric process (OW < 0) than for the isochoric process (5W = 0). 

Substituting the expression (5.63) for C, in the enthalpy differential of the ideal gas 
(5.57), we obtain, 


dH = (c+1)NRdT (5.64) 
When integrating the differential (5.64), we obtain the enthalpy of the ideal gas, 
H=(c+1)NRT (5.65) 


From definitions (5.11) and (5.24) of the entropy capacities and from relations (5.60) 
and (5.63), we can derive expressions for the entropy capacities of the ideal gas, 


Kr(= 7 = _ (5.66) 
eia= & = (c+ NR (5.67) 
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The ratio of the specific heat at constant pressure and the specific heat at constant volume 
depends only on the dimensionless parameter c. This ratio is called the gamma coefficient 
of the ideal gas, 


GG 2! (5.68) 
We now turn to the latent heat and latent entropy coefficients. Using definition (5.10) for 
the latent heat of expansion and the ideal gas equation of state (5.47), we find, 


Op(T,V) NRT _ 


EAEV) =P a V 


p(T,V) (5.69) 
The latent heat of expansion Ly (7, V) > 0 is the amount of heat provided to the ideal gas in 
order to increase its volume by dV while its temperature T is kept constant. Such a process 
is called isothermal. 
Using definition (5.23) of the latent heat of compression and the ideal gas equation of 
state (5.47), we find, 
OV (T,p) NRT _ 


V (Tp) (5.70) 


The latent heat of compression L, (T,p) < 0 is the amount of heat provided to the ideal 
gas in order to increase its pressure by dp when its temperature 7 is kept constant. 

From definitions (5.12) and (5.25) of latent heat and from relations (5.69) and (5.70), we 
find expressions for the latent entropies of expansion and compression, 


Ay(y = E0 = PhP) =" (5.71) 
Ly (T, V(T, NR 
A, (p) = ‘D oe) = P) _ - (5.72) 


5.8 Entropy of the Ideal Gas 


Using the thermal response coefficients that we established in the previous section, we will 
now determine expressions for the entropy of the ideal gas as a function of either T and V, 
T and p, or V and p. 


5.8.1 Entropy $ as a Function of 7, p and V 


Let us begin with temperature JT and volume V as state variables. Using the entropy 
capacity (5.66) and the latent entropy of expansion (5.71), the entropy differential (5.13) 
of the ideal gas can be written as, 

dT dV 


dS = cNR — + NR — 5.73 
S=cN rt 7 (5.73) 
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For a process that goes from an initial state i to a final state f, the entropy variation AS; is 
defined as, 


Sy 
ASi¢ = dS (5.74) 
Si 
Thus, the integral of equation (5.73) from the initial state i to the final state f yields, 
% aT ’ dV 
ASi¢ = c NR 7. — + NR / = (5.75) 
T; i V; V 
Computing the integrals of the left-hand side of this equation, we obtain 


i V, 
ASip = CNR In (Z) + NR In (Z) (5.76) 


i i 


In terms of the y coefficient, expression (5.76) can be reformulated as, 


1 = 
Ty Vs\« TV} 
AS = cNR (» (Z) +1n (Z) =cNR In (? in (5.77) 


Thus, for the case of an isentropic process, which is defined as a process taking place at 
constant entropy, i.e. ASjr = 0, relation (5.77) imposes the following condition, 


TV’—! =const (5.78) 


Now we turn to temperature T and pressure p as state variables. Substituting for the 
entropy capacity (5.67) and for the latent entropy of compression (5.72) in (5.26), the 
entropy differential of the ideal gas becomes, 


, 
as = (e+ 1) nr — wr (5.79) 
P 


Ina process going from the initial state i to the final state £ the entropy variation AS, can 


be written as, 
Sy Ty dT Pf 
ASi¢ = / dS =(c+1)NR | a — NR i: ap (5.80) 
Si 7, oT P 


i Pi 


which after computing the integrals yields, 


AS = (ce +1) NR In (Z) — NR In (2) (5.81) 


i i 


Using once again the definition of the y coefficient, expression (5.81) can be written as, 


aya T etl aes T) 
_ Pf : Eye = i f 
ASi¢ = ¢ NR (» (2) +In (Z) =cNRlin (25 7) (5.82) 


Thus, during an isentropic process, for which ASj = 0, relation (5.82) requires that, 


p'—7T’ = const (5.83) 
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The expressions (5.76) and (5.81) for entropy are equivalent. Indeed, the ideal gas 
equation of state (5.47) implies that, 


; T, 
it 2 ein (2) =In (4) —In (2) (5.84) 
Vi Pf T; T; Pi 


which establishes this equivalence. 
Finally, we use volume V and pressure p as state variables. Differentiating the ideal gas 
equation of state (5.47) yields the following identity, 
dT pdV+Vdp_ dV dp 
T NRT Vp 
Taking into account relation (5.85), the entropy differentials (5.81) or (5.76) can be turned 
into the differential of a function of V and p, 


(5.85) 


dV d 
dS = (c+ 1) NRT +e NR (5.86) 


For a process that goes from the initial state 7 to the final state f, the entropy variation AS 
thus becomes, 


Sf Yr dv Pr d 
ASif = dS =(c+1)NR | —-+cNR / as (5.87) 
: Si V; V Pi 
which after integration yields, 
V 
ASip = (¢ +1) NR In (Z) +cNR In (2) (5.88) 
. i Pi 


In terms of the + coefficient, expression (5.88) can be rewritten as, 


c+1 
_ Pr a ues 
ASi¢ = ¢ NR (» (2) +1n (Z) = cNR In (2 i (5.89) 


Thus, during an isentropic process, AS; = 0 and relation (5.89) requires that, 


pV" = const (5.90) 


The numerous expressions obtained in this section will be frequently referred to in 
Chapter 7. In the next section, we illustrate the significance of these results with three 
examples. In the first one, we consider a simple experiment in which the entropy of a gas 
is changed at constant temperature. In the second example, we derive an expression for 
pressure p(S, V) as a function of entropy S and volume JV. In the third example, we point 
out that expressions such as (5.76) and (5.81), although they include the number of moles 
N, are not expressions of Sas a function of N. 


5.8.2 Reversible Isothermal Processes 


We consider an ideal gas contained within a cylinder-piston device such as the syringe 
illustrated in Fig. 5.2. While pulling on the piston, the user can monitor the gas temperature 
T measured by a thermocouple. Let us assume that the user pulls on the piston so 
slowly that, during this expansion, the gas is in thermal equilibrium at all times with the 
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Alarge syringe made of glass contains a fixed quantity of gas. A thermocouple is used to measure the temperature 
of the gas. 


environment. Thus, this process is isothermal. At constant temperature, equations (5.76) 
and (5.81) imply that the entropy variation ASj is given by, 


V, 
ASiy = NR In (FZ) ——NR In (2) (5.91) 
V; Pi 
Therefore, during an isothermal process, the ideal gas satisfies the condition, 
pV =const (5.92) 


which can be derived more readily from the ideal gas equation of state (5.47). 
5.8.3 Entropy and Pressure 


In order to express the pressure p (S, V) of the ideal gas as a function of the state variables 
entropy S and volume V, we consider an initial state i of pressure p; = po (So, Vo) assumed 
to be known and a final state f of pressure py = p (S, V) to be determined. Equation (5.89) 
can be written as, 


val 
S— So =cNR In (Z ) (5.93) 
Poy 
When inverting relation (5.93), we obtain the expression we are looking for, 
Vo\7 S— So 
a Vi —) ¢ 94 
P(S,V) = po (So, » (2) ox (“S2") (5.94) 


5.8.4 Entropy and Amount of Substance 


Let us consider an initial state i of known entropy S; = So (To, Yo) and a final state f of 
entropy Sy = S(T, V) to be determined. Equation (5.89) then takes the following form, 


Tyr} 
S(T, V) — So (To, Vo) = c NR 1 —_ 5.95 
(7, V) — So (To, Vo) = (7) (5:95) 


Relation (5.95) provides the entropy variation as a function of temperature and volume 
for a fixed number of moles of substance N. Taking into account definition (5.68) of the 7 
coefficient, equation (5.95) can be rewritten as, 


S(T,V) =NRIn (=) (5.96) 
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where the coefficient a is given by, 
S 
a = To Vo exp (- x) (5.97) 


Expression (5.96) for S(7,V) contains the number N of moles of substance, but this 
result cannot be interpreted as an analytical expression of the state function S(T, V,N). 
The notation S(7,V) is meant to convey that we are not writing the state function 
S(T, V,N). In order to obtain an explicit expression of S(T, V,N), a process would have 
to be carried out on an open system that would increase its number of moles N. This 
process could not be used to determine S(T, V,N), because it would be irreversible since 
the chemical potentials inside and outside have to be different (see Chapter 3). Nonetheless, 
from fundamental principles, we can say that when N is a state variable, the parameter 
a (N) must be a function of the number of moles N. The extensive characters of entropy S, 
volume V and number of moles N implies, 


S(T,AV,XN) = AS(T,V,N) (5.98) 

Condition (5.98) and equation (5.96) require that the coefficient a (NV) must be of the form, 
a(N) =®N (5.99) 

where © is a coefficient that is independent of T, V and N. Substituting (5.99) for a(N) in 


expression (5.97) for entropy yields, 


TV 
S(T, V,N) = NR In | — 5.100 
(T.V.N) =NR in (5) (5.100) 
This result can be used to find an expression for temperature T(S,V,N) by solving 
relation (5.100) for 7. Then, the internal energy equation of state (5.62) becomes a function 
of S, Vand N. 


5.9 Worked Solutions 


| 
5.9.1 Temperature Rise Due to an Impact 


A solid of mass M falls from a height h, hits the ground and stays there. We assume that 
at the point of impact there is no macroscopic deformation of the solid and that no heat 
transfer takes place between the solid and the ground. We denote by i the initial state of the 
solid, that is, before impact and by / the state just after impact. Determine the temperature 
variation AT; caused by the impact. 


Solution: 


Owing to the conservation of mechanical energy before the impact, the kinetic energy 
just before the impact is equal to the gravitational potential energy, characterised by the 
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constant g. After the impact, the kinetic energy is entirely converted into internal energy. 
Therefore, the internal energy variation is given by, 


AU = Mgh 
Owing to (5.46), the internal energy variation is, 
AU = 3NR ATi 
Thus, the temperature variation of the solid upon impact is estimated as, 


Mgh 


ATY= SNR 


5.9.2 Measuring the Specific Heat of Water 


A few students heat up water with an electric immersion water heater, presumed to be made 
of N moles of iron. Using a thermometer, they record the temperature 7 (t) of the water as 
a function of time. They notice a linear increase in time, i.e. 


T(t)=To+at 


where 7p is the ambient temperature and a > 0 is a positive constant. The electric power of 
the heater is presumed to be entirely converted into heating power Po due to Joule heating 
(see § 11.4.11). The increase in the volume of water is negligible and its specific heat Cy 
is independent of temperature. 


1. Determine an expression for the specific heat of water Cy at constant volume in terms 
of the thermal power Po of the heater and the experimental coefficient a, taking into 
account the fact that the heater must also be heated. 

2. Determine an expression for the entropy variation AS of the water during the time 
interval Af in terms of Cy and a. 


Solution: 


1. The specific heat at constant volume is the sum of that of the heater, given by equation 
(5.44), and that of the water. Thus, according to relation (5.3) at constant volume, 
ie. V =0, the thermal power becomes, 


Po = (Cy + 3NR)T 


From these two equations and from the time dependence of the temperature T (t), we 
deduce an expression for the specific heat of water, 


P 
Gra — a SNR 
a 


2. Using equation (5.32), the entropy variation AS writes, 


Le eT At 
AS =C | = crn (14a) 
T T To 
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Three cylinders contain NV moles of gas each. The table ensures a uniform and constant temperature 7 in the three 
cylinders. 


5.9.3 Three Cylinders 


Three cylinders labelled i (where i = 1, 2,3), each of section A and each containing N 
moles of ideal gas (Fig. 5.3), are linked to a table that ensures a thermal contact between 
the three cylinders. The system is thus maintained at constant temperature 7. The pistons, 
which keep the gas inside each cylinder, are mounted on a lever. The mass of the lever and 
the thermal transfers with this mechanical system are negligible. 


I. 
2, 


Determine the norm F; of the forces exerted by the ith piston on the lever. 
Applying a principle of classical mechanics, establish the conditions on the pressure 
values p; when the lever is horizontal at equilibrium. 


. Determine the relations between the infinitesimal variations of volume dV; (i = 1, 2,3) 


imposed by the lever. 


. Determine the infinitesimal variation of internal energy dU of the system during an 


infinitesimal motion of the lever. 


. Determine the infinitesimal variation of entropy dS of the system during an infinitesimal 


motion of the lever, using the equilibrium condition for the pressure in each cylinder. 


Solution: 


1. 


The N moles of gas contained in the ith cylinder satisfy the ideal gas equation of 
state (5.47), i.e. 


The norm F; exerted on the lever by the N moles of gas contained in the ith cylinder is, 


NRTA 
Fi = ||Fill = pA = 


. The mechanical condition implied by the equilibrium is that the net torque M™ with 


respect to the fulcrum of the lever must vanish. When the lever is horizontal, this 
condition implies, 
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3 
SoM™=0 = (27, +F,- 3F3)d=0 


i=l 
Dividing this condition by Ad, we obtain a relation between the pressures in each 
cylinder, i.e. 
2p + p2 — 3p3 = 0 
3. The infinitesimal variations dV; of the volume of gas in the ith cylinder is given by, 
dV; = Adh; (5.101) 


where dh; is the height variation and A is the cross-section of the piston. The data on 
the figure imply that, 


dh, = 2dhz and dh3 = — 3dhz 
which in turn implies that after multiplication by the cross-section A, 
dV, =2dV, and dV; = —3dV, 
Therefore, the total volume of gas V is constant, i.e. 
dV, + dV, +dV3=0 and thus V=V,+ V2. + V3 = const 


4. Taking into account the extensive character of the internal energy, during an infinites- 
imal isothermal process (i.e. dT = 0), the internal energy variation dU; of the gas 
contained in the ith cylinder vanishes. This implies that the infinitesimal internal energy 
variation (5.62) of the system vanishes, i.e. 

3 
dU;=cNRdT=0  andthus dU= 5 dU; =0 
=I 

5. Taking into account the Gibbs relation (4.1) and the extensive characters of entropy 
and volume during an infinitesimal isothermal process associated with the motion of 
the lever, the infinitesimal entropy variation dS of the system is given by, 


3 3 3 
pia; dV; dV, ; dV» dV3 
dS = 2 dS; = > eo NR S V, = NR aan + 


Thus, we find that the energy variation of the system during an infinitesimal change in 
position of the lever vanishes, i.e. 


2 
dS = NRdV ( + 


1 3) dV 
Vi Vy Vs 


= 2 = ) =0 
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5.9.4 Reversible and Irreversible Adiabatic Compression 
A vertical cylinder contains N moles of ideal gas. It is closed by a piston of cross-section A 


and mass M. The gas and the piston constitute an adiabatic closed system. It is initially at 
equilibrium. An additional mass M’ is placed on the piston (Fig. 5.4). The initial state when 
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Left: amass M’ is placed suddenly on the piston of mass M that was initially in equilibrium with a gas at 
pressure p. Right: the mass M’ is slowly poured on the piston. 


the additional mass M’ is just placed on the piston is labelled i and the final state when 
the piston does not move anymore is labelled f; The atmospheric pressure is considered 
negligible in comparison to the pressure due to the mass M. 


1. Show that the process by which the mass M’ is added all at once is irreversible. 

2. For this irreversible process, determine the ratio of the heights of the piston, i.e. hy/hj. 

3. For this irreversible process, determine the entropy variation ASj and show that 
ASir > 0. 

4. Show that the adiabatic compression of the gas is reversible and isentropic if the mass 
is poured slowly enough so that the pressure of the gas inside the cylinder is equal to 
the pressure outside at all times. 

5. For this reversible process, determine the ratio of the heights of the pistons, i.e. hy/hj. 

6. For this reversible process, show that the entropy variation vanishes, ASj = 0. 


Notice that for an irreversible process, i.e. Ils > 0, the evolution of an adiabatic closed 
system (Po = 0), is not isentropic, since S = IIs. For a reversible process, i.e. IIs = 0, the 
evolution of an adiabatic closed system is isentropic since S = 0. 


Solution: 
1. The entropy production rate is given by (2.37): 


V 
Mg lp py 20 


Initially, before the additional mass M' is added, the system consisting of the piston and 
the gas is at equilibrium. This implies that the initial pressure p; of the ideal gas (5.47) 
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is equal to the pressure p~ exerted by the piston (since the atmospheric pressure is 
negligible), 


NRT; M 
Pi=p;" where Pi= sae and pet = = 
This implies that, 
Mg 
A 


Finally, after the compression, when the piston is at rest, the system consisting of the 
piston and the gas is at equilibrium. This means that the final pressure pr of the ideal 
gas is then equal to the final pressure pe" exerted by the piston and the additional mass, 


NRT, (M+ M’) 
ext Ff ext & 
Pr=P where p= and pr = 
f V; (a A 
This implies, 
(M+ M’)g 
NRT; = 7A Vy 


Thus, before and after the adiabatic compression, the system is at equilibrium and 
the entropy production rate vanishes, i.e. ls = 0. However, during the adiabatic 
compression, when p; < p < peand p™ = Pr, the entropy production rate is positive, 
ie. Is > Oasp < p™ for V <OandT > 0. This implies that the adiabatic compression 
is irreversible. 


. As the compression is adiabatic, the heat provided to the system vanishes, i.e. Oi = 0. 


Thus, according to the first law (1.44), the internal energy variation of the gas is only 
due to the work Wi performed on the gas by the weight of the piston and the additional 
mass, 


AU ss = Wig 
The internal energy variation is given by, 
AU = c NR (Ty— T;) 


Taking into account the fact that the pressure is constant during the compression 
process, the work Wi performed on the gas by the weight of the piston and of the 
additional mass is expressed as, 


Wig = — Dp" (Vy Vi) 
Thus, according to the first law, 


NR (T;— Ti) = MMs, Vi) 


This can be expressed in terms of the initial and final equilibrium states, respectively, 


c((M+M) eo MV) =-—(M+M)(VYj- V;) 
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Finally, as Vi; = h; A and V; = hyA, the piston height ratio yields, 


According to expression (5.88) for the ideal gas, the entropy variation ASj reads, 


3. 
V, 
AS = (ce +1) NR In (4) +cNR In (2) 
V; Pi 
Taking into account that, 
Be a 
Pi Dr M 
the entropy variation AS, for this irreversible adiabatic process is, 
M 


The last step is obtained by performing a series expansion of the numerator and 
denominator. 
When the pressure p of the gas is equal to the outside pressure p“, the entropy 


production rate vanishes, i.e. 
IIs =0 


Thus, the process is reversible. As the process is also adiabatic, i.e. Pg = 0, the 


relation (2.40) implies that it is isentropic, 


=5 
5. For an isentropic process (5.90), pressure and volume satisfy the following condition, 
PiV} = py Vy 
Thus, the volume ratio is, 
Vp @ Ha 
V; Pf 


‘ and p‘“ are equal to the 


For a reversible compression, the outside pressures p{* 
pressures p; and py of the gas, respectively. Thus, 
Di _ pe _ 1 
~ ext M 
Pr re 1+ Va 


Therefore, the height ratio, which is equal to the volume ratio, can be written as, 


1/y 
eV. Pi ae 1! <1 
hi Vi \ iy 1+ 
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6. According to equation (5.88) for the ideal gas, the entropy variation AS,z for a reversible 
adiabatic process vanishes, 


\ I/y 
ASy= (ce +1) NR In (2) +cNR In (2) =0 
Pf Pi 


This exercise illustrates the point that the irreversibility of a process can be related to the 
difference in pressure between a system and its environment. Likewise, in § 3.2, we found 
that irreversibility was related to the difference in temperature between two subsystems, 
one of which could be considered as the environment of the other. 


5.9.5 Measure of the + Coefficient 


To a large spherical container filled with gas, we add a fine tube of section A in which 
a steel ball of mass M can slide (Fig. 5.5). We wish to determine the + coefficient of the 
gas. The ball is dropped in the tube and oscillates at a frequency f, which can easily be 
measured. This process is assumed reversible. However, the measurement of the motion of 
the ball is sufficiently fast that the process can be considered adiabatic. We denote by Vo 
the volume and py the pressure at equilibrium and by p“ the external pressure, considered 
constant. 


Asteel ball of mass M oscillates vertically in a tube of cross-section A connected to a large container filled with gas. 
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1. Determine to first-order the volume V (z) and the pressure p (z) as a function of the 
vertical displacement z of the ball in the limit of small displacements, i.e. Az < Vo. 

2. The elastic force exerted by the gas on the ball is given by F = (p(z) — p™*) AZ. 
Determine the ball equation of motion. 

3. Deduce from it the expression for the y coefficient in terms of the frequency f of the 
oscillations around the equilibrium position, the pressure po and the volume Vp of 
the gas, and the cross-section A of the tube. 

Solution: 

1. The volume of the gas V (z) is the sum of the volume Vo at equilibrium and of the change 
in volume Az due to the displacement z of the ball, i.e. 

V(z) =Vo + Az 
As the process is isentropic (5.90), the pressure and the volume satisfy the following 
relation, 
P(z)V(z)" =poh) 
Performing a first-order series expansion in terms of the small dimensionless term 
Az/Vo, the pressure is given by, 
i 
(2) 1 1 A 
z)= a - 7>2z 
P PO i+ - - Po Y Vo 
2. Newtons second law applied to the ball yields, 
Mg+F=Ma 
Projecting this equation on a vertical axis of unit vector Z yields, 
—Mg + (p(z) - p™) A= Mz 
This equation can be rewritten in the usual manner for a harmonic oscillator, 
“ yA*po 1 ( ext ) 
A-— Mg)=0 
ay | as ag e- 2") & 
3. The frequency f of the oscillations around the equilibrium position is given by, 


fe w 1 |/yA2po 
Or AV MV 


When solving this equation for y, we obtain, 


_ An*f MV, 
7 Apo 
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Exercises 


5.1 


5.2 


5.3 


5.4 


Heat Transfer as a Function of V and p 

The infinitesimal heat transfer dQ is expressed as a function of the state variables T 
and V in equation (5.4). It was done as a function of the state variables T and p in 
equation (5.17). Express the infinitesimal heat transfer 6Q as a function of V and p. 


Bicycle Pump 

A bicycle pump takes a volume AV of air at atmospheric pressure po and constant 
temperature 7) and compresses it so that it enters a tyre that has a volume Vp. The 
air inside the tyre is initially at atmospheric pressure po and can be considered as an 
ideal gas. Determine the number of times 7 the user has to pump air into the tyre to 
reach a pressure py. Assume that the pump is designed so that the air in the tyre is 
always at temperature To. 


Numerical Application: 
Vo = 501, AV = 1.2 Land py = 2.5 po. 


Heat Transfer at Constant Pressure 

A gas container is thermally isolated except for a small hole that insures that the 
pressure inside the container is equal to the atmospheric pressure po. Initially, the 
container holds N; moles of gas at a temperature 7;. The molar specific heat of the gas 
at constant pressure is c,. The gas is heated up to a temperature 7; by a resistive coil 
in the cylinder. As the gas temperature rises, some of the gas is released through the 
small hole. Assume that for the gas remaining in the cylinder the process is reversible 
and neglect the specific heat of the heater. Determine: 


a) the volume Vo of the container. 
b) the number of moles AN leaving the container in this process. 
c) the heat transfer Qj to accomplish this process. 


Numerical Application: 
Po = 10° Pa, No = 10 moles, 7) = 273 K, cp = 29.1 JK! mol™!, Ty = 293K. 


Specific Heat of a Metal 

A metallic block of mass M is brought to a temperature J) and plunged into a 
calorimeter filled with a mass M’ of water. The system consisting of the metallic 
block and the water container is considered as isolated. In this process, the water 
temperature rises from 7; to 7;, the equilibrium temperature. The specific heat of the 
water per unit mass is c},,. Determine the specific heat per unit mass of the metal cj, 
in the temperature range used in this experiment. Consider that the water container 
is made of a material with a negligible specific heat. 


Numerical Application: 


M =0.5kg, M’ = 1kg, Ty = 120°C, T; = 16°C, Ty = 20°C and ci, = 4187 Jkg7! 
K-!, 
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5.7 
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Work in Adiabatic Compression 

An ideal gas undergoes a reversible adiabatic compression from an initial volume V; 
and initial pressure p; to a final pressure py. Determine the work Wj performed on 
the gas during this process. 


Numerical Application: 
V; = 11, pi = 5- 10° Pa, pp = 2p;, c = 5/2 (see definition (5.62)). 


Slopes of Isothermal and Adiabatic Processes 

For an ideal gas, show that at any point on a Clapeyron (p,V) diagram, the 
absolute value of the slope is greater for an adiabatic process (A) than an isothermal 
process (J). 


Adsorption Heating of Nanoparticles 

The process whereby molecules bind to a metallic surface is called adsorption. 
Here, molecules are adsorbed on Pt nanoparticles. The specific heat of an average 
Pt nanoparticle is Cy. The heat transferred to an average Pt nanoparticle during the 
adsorption of molecules is Qj. Determine the temperature increase ATjr = Ty— T; of 
an average Pt nanoparticle, assuming that the system consisting of the nanoparticles 
and the gas is isolated. 


Numerical Application: 
Cy = 14-1078 JK~!, Oy = 6.5 - 10716 J. 


Thermal Response Coefficients 

The thermal response of a homogeneous system subjected to an infinitesimal heat 
transfer 6Q is characterised by coefficients defined in equations (5.4) and (5.17) when 
either the state variables (7, V) or (T,p) are used. 


a) Find a relation between the latent heat of expansion Ly (7, V) and the latent heat 
of compression L, (T,p). 

b) Express the latent heat of compression L, (T,p) in terms of the specific heat at 
constant volume Cy (T, V) and the specific heat at constant pressure C, (T,p). 


Phase Transitions 


Johannes Diderik van der Waals, 1837-1923 


While teaching in secondary school, J.D. van der Waals submitted a 
doctoral thesis on a model for a gas of interacting molecules. In 1910, 
he was awarded the Nobel prize in physics for this insight. 


6.1 Historical Introduction 
| 


In this chapter, we will describe phase transitions such as melting ice. Heat needs to be 
provided for this phase transition to occur. As the temperature remains constant in the 
process, the transferred heat is a form of latent heat. 
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The notion of latent heat became clear during the eighteenth century. Jean André Deluc, 
born in Geneva in 1727, was a trader who explored the Alps and conducted experiments 
about ice melting. He observed that the temperature of ice remained constant when it 
was melting, despite the thermal energy input. He noticed that evaporation was also a 
process that required thermal energy at constant temperature [49]. Joseph Black made 
similar observations. This Scottish chemistry professor, born in Bordeaux in 1728, noticed 
the great amount of heat that comes into play in the process of melting ice, while the 
temperature appeared not to change at all. So, he proposed to call it latent heat. Thus, by 
the beginning of the nineteenth century, people discerned two aspects of heat: one which 
is manifest, as it provokes a raise in temperature, the other which is latent and strongly 
dependent on the chemical nature of the substance [50]. 

While some scientists studied how liquids evaporate, others attempted the liquefaction 
of gases. In 1823, Michael Faraday managed to liquify chlorine at 0°C, thanks to a setup 
that allowed him to reach a very high pressure. Once the chlorine liquified, he would 
lower the pressure, the liquid would evaporate in part, which in turn cooled it down. 
He thus obtained chlorine at — 34.5°C. Applying the same principle, Jean-Charles Thilorier 
liquified CO; lowering the pressure caused the solid we call nowadays dry ice. At ambient 
pressure, this solid transforms directly into a gas at — 78.5°C, a phase transition called 
sublimation. He also mixed dry ice with ether and reached a temperature of — 110°C. 

Thomas Andrews studied the transition of CO at high pressure from liquid to gas. 
He noticed that the greater the pressure was, the harder it was for him to distinguish 
the liquid from the gas. The distinction became impossible at a critical point of 73 atm 
and 31°C. 

Louis Cailletet liquified oxygen at a temperature of 90K by first compressing a gas 
maintained at ambient temperature, then cooling it by an adiabatic expansion. In 1898, 
James Dewar liquified hydrogen, which has a boiling temperature of 20.3 K at ambient 
pressure. He designed a container with a double wall forming a vacuum jacket. Nowadays, 
these cryogenic vessels bear his name. Up to this point, liquefaction was achieved through 
a discontinuous process. A continuous process for the cooling of gases was then invented 
by Carl von Linde. He subjected the gases to a Joule-Thomson expansion after pre-cooling 
them by adiabatic expansion. The company founded by von Linde in 1879 continues to use 
this process today. 

In this chapter, we introduce the van der Waals equation of state because it predicts 
a phase transition between the liquid and gaseous states of a substance. Van der Waals 
realised that two molecules attract each other when they are sufficiently close, even if 
they are neutral. Of course, they repel each other at very short distances. He obtained the 
equation of state that now bears his name by a statistical derivation. Boltzmann was full of 
admiration over his result and Maxwell, another founder of statistical physics, established 
a graphical method based on the van der Waals equation of state to determine the pressure 
at which the phase transition occurs for a given temperature. 

Cryogenics refers to the techniques used to obtain very low temperatures. Reaching 
low temperatures can reveal all kinds of fascinating phase transitions. For example, Heike 
Kammerlingh-Onnes succeeded in liquifying helium at a temperature of 4.2 K in 1908. For 
this, he received the Nobel prize in physics in 1913. Thanks to the low temperature reached, 
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he discovered that the electrical resistance of mercury, tin and lead dropped suddenly 
as the temperature was lowered sufficiently, a phenomenon called superconductivity. 
By decreasing the pression over the liquid helium, it is possible to reach temperatures lower 
than 4.2K. At 2.19K, liquid helium becomes superfluid, which means that its viscosity 
is zero. Peter Debye and William Francis Giauque independently invented cooling by 
adiabatic demagnetisation (see § 9.5). Nowadays, using this method temperatures as low 
as 3 mK can be reached. A temperature of 10 wK can be maintained for days by means of 
a dilution refrigerator containing a mixture of two isotopes of helium, *He and “He. Heinz 
London demonstrated this principle in 1962. If in addition to using a dilution refrigerator, 
adiabatic demagnetisation is applied to the copper nuclei located in the coldest region of 
the cryostat, a temperature of 1.5 4K can be reached [51]. 


6.2 The Concavity of Entropy 


In order to engage in a thermodynamic description of phase transitions, we need to 
understand what thermodynamics says about the stability of a system. In order to do so, we 
first need to realise that thermodynamics imposes conditions on the curvatures of the state 
functions U(S, V) and S(U, V). 

In this section, we show that the entropy S of a given amount of substance is a concave 
function of internal energy U and volume V. We consider an isolated system consisting 
of two subsystems labelled 1 and 2, separated by a wall. The state space of this system is 
the set of points characterised by entropy, internal energy and volume. When the wall is 
removed, the first law (1.30) implies that the internal energy of the system does not vary, 
nor does its volume. Therefore, when the system reaches a new equilibrium after the wall 
is removed, the internal energy Up and the volume Vp are equal to the sum of the initial 
internal energies U, and U, and volumes V; and V2 of the subsystems: 


Up = Ui + U2 Vo =Vi +2 (6.1) 


According to the equilibrium condition of the second law, the entropy of the system 
grows towards a maximum, which is the entropy value that the system has at equilibrium. 
Therefore, the final value of entropy of the system, S (Uo, Vo), is greater or equal to the 
sum of the initial values S(U), V;) and S(U, V2) of the subsystems, 


S (Uo, Vo) > S (Ui, Vi) + § (U2, V2) (6.2) 


The equality in relation (6.2) refers to the situation when the subsystems in their initial 
states are already at equilibrium. If they are not, then relation (6.2) is a strict inequality [52]. 

When the subsystems have different values of internal energy, but the same volume, we 
write, 


U,; =U— AU U, =U+ AU Vi=V.=V (6.3) 
Using conditions (6.1) and (6.3), the extensivity of entropy implies, 
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S(U) 


1 
(S(U-AU)+S(U+AU)) 


U-AU U U+ AU U 


At constant volume V, the function 5 (U) which has a negative or zero curvature, satisfies the concavity 
condition (6.5). 


Taking into account conditions (6.3) and (6.4), relation (6.2) becomes, 
S(U— AU,V)+S(U+ AU,V) < 2S(U,V) (6.5) 


This means that entropy S is a concave function of internal energy U (Fig. 6.1). 
When the subsystems have the same value of internal energy but different volumes, we 
write, 


U, = U, =U Vi =V— AV Vo =V+AV (6.6) 
Taking into account conditions (6.6) and (6.4), relation (6.2) becomes, 
S(U,V— AV) + S(U,V + AV) < 2S(U,V) (6.7) 


This means that entropy S is a concave function of volume V. 
When internal energy and volume differ in both subsystems, we write, 


U; =U— AU U, =U+ AU Vi =V— AV Vy =V+AV (6.8) 
Taking into account conditions (6.8) and (6.4), relation (6.2) becomes, 
S(U— AU,V— AV) +S(U+ AU,V+ ADV) < 28(U,V) (6.9) 


This means that entropy S is a concave function of both internal energy U and volume V. 

The conditions (6.5), (6.7) and (6.9) of the concavity of S are global conditions. Below, 
we will analyse phase transitions that are characterised by discontinuities in the partial 
derivatives of U, S and V. Then, it will be necessary to determine local conditions as well. 
A local condition is defined in the neighbourhood of a point in state space, whereas a global 
condition is defined over the entire state space. In order to establish the local conditions for 
the concavity of entropy, we now consider the limits AU — 0 and AV — 0 in the global 
conditions for the concavity of entropy. Passing the right-hand side term of relation (6.5) to 
the left-hand side, then dividing the equation resulting from it by AU? and finally, taking 
the limit AU — 0 yields, 
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ato BU AU AU 
In a similar way, passing the right-hand side term of relation (6.7) to the left-hand side, 
then dividing the result by AV? and taking the limit AV > 0 yields, 

1 /(S(U,V+AV)—S(U,V)  S(U,V)— S(U,V— ADV) 
im 

Avo AV AV AV 
According to the definition (1.1) of partial derivatives of a function, relations (6.10) 
and (6.11) provide two local conditions for the concavity of entropy in the neighbourhood 
of equilibrium, 


1 (Sennen ae eee EL (6.10) 


) <0 (6.11) 


Os OSs 
Pie pee ee 
am = 0 and ap = 0 (6.12) 


We leave it as an exercise (see § 6.11.1) to show that a second-order series expansion 
of condition (6.9) with respect to AU and AV, together with the local condition (6.12) 
provide a third local condition for the concavity of entropy in the neighbourhood of 
equilibrium [53], 


2 2 2 2 
os Os (soar) +0 (6.13) 


OU dV? OU OV 
The concavity condition (6.13) ensures that the equation of state S (U, V) describes locally 
a concave surface in the state space (S, U, V). The left-hand side of the inequality (6.13) 
corresponds to the Gauss curvature of the surface S'(U, V), up to a constant [54]. 
It is worth noting that the local concavity conditions (6.12) and (6.13), which have to be 
satisfied for AU — 0 and AV - 0, are less stringent that the global conditions (6.5), (6.7) 
and (6.9) that have to be satisfied for any value of AU and AV. 


6.3 The Convexity of Internal Energy 
ae ee Oe ee 


Now we show that the internal energy U of a given amount of substance is a convex 
function of entropy S and volume V. We base our argument on the concavity of the entropy 
Sas a function of internal energy U and volume V. At constant volume, the equation of 
state U(S, V) is the inverse of the equation of state S(U, V). Thus, these functions have a 
symmetry with respect to the bisector of the first quadrant in the (S, U) plane (Fig. 6.2). 
According to the first condition in (6.12), the curvature of the entropy function S (U,V) 
with respect to internal energy U is negative. Therefore, in view of the symmetry with 
respect to the bisector, the curvature of the internal energy U (S, V) as a function of entropy 
S is positive, 


Sh (6.14) 


In order to determine the curvature of U as a function of volume, we use Gibbs 
relation (4.1), which we rewrite as, 


1 P 
= —du+Hav Al 
ds 7 U+ ad (6.15) 
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At constant volume, entropy 5 as a function of internal energy U has a negative curvature (left image). The internal 
energy U as a function of the entropy 5 can be obtained by a symmetry operation with respect to the dotted line 
(bisector). This implies that this function has a positive curvature (right image). 


Since the entropy of the system S (U, V) is a function of internal energy U and volume J, 
its differential is written as, 


dS = —d —dV 6.16 
S= ag + op ee) 
Equating the terms proportional to dU and dV in expressions (6.15) and (6.16) of dS yields, 
os 1 OS p 
Pa = peledeeng 6.1 
aur ot ope My 
In view of definition (2.10) for pressure, the second identity (6.17) can be recast as, 
OU Os 
ee ees 6.1 
OV OV ere) 
The partial derivative of identity (6.18) with respect to volume V yields, 
OU OT OS Os 
(6.19) 


a aV AV” AP? 
The cyclic chain rule (4.81) applied to S, V and T reads, 


OSOVOT_ sg OS __ OT Os 
aV OT OS "SO OVaT 


Using the chain rule (6.3) and the specific heat at constant volume (5.8), the condi- 
tion (6.19) is rewritten as, 


2 T 2 2 
OU Cy (=) os (6.20) 


aT \av av? 
where the ratio Cy/T is expressed as, 
Cr 08 fOTV 7 OO\ 
T OT \dS) — \ das — 
according to condition (6.14). Thus, the first term on the right-hand side of condition (6.20) 
is positive. Furthermore, since the temperature 7 is positive, inequality (6.12) implies that 
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1 
5 (U(S-AS)+U(S+AS)) 


U(S) 


S-AS Ss S+AS 


At constant volume V, a function U (5) of positive or zero curvature satisfies the convexity condition (6.23). 


the second term is also positive. Thus, we found that the curvature of the internal energy 
U(S, V) as a function of volume V is positive in the neighbourhood of equilibrium, i.e. 


22S (6.21) 


In order to ensure that U is a convex function of entropy S and volume V with a positive 
Gauss curvature in the state space (U,S,V), we need to add to the local convexity 
conditions (6.14) and (6.21) the condition, 


&U &U &u \? = 
as a” asov) = 


(6.22) 


As U is a monotonous convex function of entropy S and volume J, its positive curvature 
is also defined globally. Therefore, to the local conditions of convexity (6.14), (6.21) 
and (6.22) we can add the global conditions of convexity, 

U(S— AS,V) + U(S+ AS, V) > 2U(S, V) 

U(S,V— AV) + U(S,V + AV) > 2U(S,V) (6.23) 

U(S— AS,V— AV) + U(S+AS,V + AV) > 2U(S,V) 


These relations mean that U(S,V) is a convex function of entropy S and volume V 
(Fig. 6.3). 


6.4 Stability and Entropy 


Based on the curvature properties of entropy and internal energy derived in the previous 
section, we are now in a position to discuss the stability of a given amount of matter in a 
certain state. In this section, we focus out attention on the concavity condition for entropy. 
In the next section, we will consider stability in terms of the thermodynamic potentials. 
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0 U, Uy U 


Aline going through the points 0, 1, A, B, C, 2 and 3 is defined by an equation of state 5 (U, V) at constant volume 
V. It describes a set of states that are globally unstable. The full line going through the points 0, 1, P, 2 and 3 
corresponds to globally stable states. 


We begin by assuming an equation of state S(U, V) that has a second partial derivative 
with respect to internal energy U that changes sign as U varies (Fig. 6.4). On a plane 
of constant volume V in state space, equation of state S(U, V) corresponds to a curve 
passing through the points 0, 1, A, B, C, 2 and 3 (Fig. 6.4). This curve has a negative 
curvature between points 0 and A, a positive curvature between points A and C, and a 
negative curvature between points C and 3. The points A and C are inflection points, i.e. 
points where the curvature vanishes. The states corresponding to points on the line between 
A and C are locally unstable, since the local condition (6.12) of concavity is not satisfied. 
The states corresponding to the points of the curve passing through 0, 1, A, B, C, 2 and 3 
are globally unstable, as the global condition (6.5) of concavity is not satisfied [55]. 

According to the global concavity condition, in order for the points on the curve to 
correspond to stable states, these points have to saturate the inequality (6.5) from U— AU 
toU+ AU, 


S(U— AU,V)+S(U+ AU, V) = 2S(U,V) (6.24) 


where the values U— AU and U+ AU have yet to be determined. Taking into account 
relations (6.5), (6.10) and (6.12), the local form of (6.24) reads, 


Os 7 

oe 
This means that the curve has to contain a segment of straight line between the points of 
abscissa U — AU and U + AU. Now, we find the ends of the segment by the following 
argument. In order to satisfy the local concavity condition (6.12), the second partial 
derivative of entropy with respect to internal energy U has to be defined. This implies 
that the partial derivative has to be differentiable. Therefore, the segment has to be tangent 
to the curve at its ends, which are the points 1 and 2 of abscissa U; = U — AU and 
U, = U+ AU (Fig. 6.4). The equation of state for the stable states located on this segment 
is given by, 


0 (6.25) 
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S(U,V) =AS(U,,V) + (1 — A) S(Ua,V) where d€ [0,1] (6.26) 


Thus, the curve corresponding to the states that are globally stable passes through the points 
0, 1, P, 2 and 3. This curve is characterised by the property of having no positive curvature 
at any point. 

The stability criteria for entropy Sas a function of volume V follows the same derivation 
as above. It can be obtained by simply replacing the internal energy U by the volume V and 
vice versa. 


6.5 Stability and Thermodynamic Potentials 
OO —e—eeeeeee—CSC*’E 


We establish now the stability criteria for systems characterised by a minimum of one of 
the thermodynamic potentials. We assume an equation of state U(S, V) that has a second 
partial derivative with respect to entropy S that changes sign when S varies (Fig. 6.5). On 
a state space plane of constant volume, i.e. V = const, the equation of state U(S, V) is 
described by a curve passing through the points 0, 1, 4, B, C, 2 and 3. This curve has a 
positive curvature between points 0 and A, a negative curvature between points A and C, 
and a positive curvature between points C and 3. The points A and C are inflexion points, 
i.e. points where the curvature vanishes. The curve between points A and C corresponds 
to locally unstable states, as the local convexity condition (6.14) is not fulfilled. The curve 
passing through the points 0, 1, A, B, C, 2 and 3 corresponds to globally unstable states, as 
the global convexity condition (6.5) is not satisfied. By analogy with the previous section, it 
can be shown that the curve of globally stable states, characterised by not having a negative 
curvature at any point, is the one passing through the points 0, 1, P, 2 and 3. In particular, 
the equation of state that lies on the segment spanning from point | to point 2 (Fig. 6.5) is, 


U(S,V) =\U(S;,V) +(1— d) U(S),V) where -€ [0,1] (6.27) 


0 5, Sy S 


The curve (full and dotted line) passing through the points 0, 1, A, B, C, 2 and 3 is defined by the equation of state 
U (5, V) at constant volume V. It corresponds to a set of states that are globally unstable. The curve (full line) 
passing through the points 0, 1, P, 2 and 3 corresponds to globally stable states. 
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The stability criterium for the internal energy U as a function of the volume V derives from 
a discussion similar to the one just made, in which the entropy Sis replaced by the volume 
V and vice versa. 

We now turn our attention to the thermodynamic potentials free energy F, enthalpy H, 
and Gibbs free energy G. In order to establish stability criteria for them, we define the 
compressibility coefficients at constant entropy and temperature, 


_ 1 OV(S,p) 
Ve Op 


Taking into account the definitions of temperature (2.9), pressure (2.10), specific heat 
at constant volume (5.8) and compressibility coefficient at constant entropy (6.28), the 
conditions (6.14) and (6.21) can be expressed as, 


OU OT T OU Op 1 
ae as Cy = OR AV gs V = ee) 
For positive temperatures, the conditions (6.29) imply that the specific heat at constant 


volume Cy and the compressibility coefficient at constant entropy «5 cannot be negative in 
a stable system, 


Ks = and Krp=-s (6.28) 


Cy > 0 and Ks > 0 (6.30) 


For positive temperatures, the specific heat at constant pressure C, and the compressibility 
coefficient at constant temperature «7 cannot be negative in a stable system either (see 
exercise 6.6), 


Cy = 0 and Kr > 0 (6.31) 


We are now ready to express the conditions of stability expressed in terms of the free 
energy F, the enthalpy H and the Gibbs free energy G. Using the differential (4.25) of 
the free energy F'(7,V), the definitions of entropy (4.26), pressure (4.27), specific heat 
at constant volume (5.8), compressibility coefficient at constant temperature (6.28) and in 
view of the conditions (6.30) and (6.31), we derive the local stability conditions for free 
energy F, 
OF Os Cy OF Op 1 
a ap pO Op oy ne) 
Using the differential (4.32) of enthalpy H (S,p), the definitions of temperature (4.33), 
volume (4.34), specific heat at constant pressure (5.21) and compressibility coefficient at 
constant entropy (6.28), we derive from the conditions (6.30) and (6.31) the local stability 
conditions for enthalpy H, 


OH _OT_T 4 aul OH av 

os OSC, Op? Op 

Finally, using the differential (4.39) of the Gibbs free energy G(T,p), the definitions 
of entropy (4.26), volume (4.41), specific heat at constant pressure (5.21), compressibility 


coefficient at constant temperature (6.28), we derive from the conditions (6.31) the local 
stability conditions for the Gibbs free energy G, 


mee ee, (6.33) 
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PG OO GC, 2G av 
ap a <0 and se KrV <0 (6.34) 


In order to ensure that the Gibbs free energy G is a concave function of temperature T and 
pressure p with a positive Gauss curvature in state space (G, 7,p), we have to add to the 
local concavity conditions (6.34) the condition, 


2 2 2 2 
OG OG (sro) 29 (6.35) 


OT? Op OT Op 


In summary, the local stability conditions (6.14), (6.21), (6.32), (6.33), (6.34) and the 
local concavity condition (6.35) show that the thermodynamic potentials U, F, H and G 
are convex functions of their extensive variables S and V and concave functions of their 
intensive variables T and p. 

The structure of these curvature conditions stems from relation (4.18) which implies 
that when a thermodynamic potential is a convex function of an extensive variable, 
its Legendre transform is a thermodynamic potential that has to be a concave function 
of the corresponding intensive variable. The converse is of course also true: when a 
thermodynamic potential is a concave function of an intensive variable, its Legendre 
transform has to be, according to relation (4.18), a convex function of the corresponding 
extensive variable. 


6.6 Phase Transitions 
ane 


In a thermodynamic system, a phase is a state of matter which occupies a subspace of the 
state space characterised by physical properties of the system. 

As an illustration, let us consider a system consisting of a mixture of water and ice in a 
closed glass container. The ice corresponds to the solid phase, the water in the container to 
the liquid phase and the vapour above the water-ice mixture, to the gaseous phase. A simple 
system is necessarily in a single phase, since by definition it is homogeneous. 

The three main phases of matter are the solid state, the liquid state and the gaseous state. 
If we place a solid in a container, it keeps its volume and its geometrical shape. If we place 
a liquid in a container, it preserves its volume but it adapts to the shape of the container. 
If we place a gas in a container, it fills the entire volume of the container and thus, takes 
the geometrical shape of the container. We call fluid the state of a substance that is liquid, 
gaseous or a mixture of both phases. 

Matter can also be in other phases, such as a plasma, a ferromagnetic state, a 
superconducting state or a superfluid state. In a plasma, matter is ionised; this means 
it consists of electrically charged particles. In a ferromagnetic state, the magnetisation 
is aligned in a certain direction, even when no external magnetic field is applied. In a 
superconducting state, the electrical resistance is zero, implying that electrical currents 
can circulate indefinitely. In a superfluid state, the viscosity is zero, which implies that 
matter currents can circulate indefinitely. 
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Phase transitions between the solid, liquid and gaseous states. 


A phase transition is a change of one or several phases of the substance in response to 
a physical process. According to the Ehrenfest classification, there are two kinds of phase 
transitions, referred to as first and second-order phase transitions [56]. 

First-order phase transitions are characterised by discontinuities in some of the first 
partial derivatives of the Gibbs free energy G, namely, volume V and entropy S. In general, 
phase transitions between solid, liquid and gaseous states are of this kind. 

Second-order phase transitions are characterised by discontinuities in the second 
derivatives of the Gibbs free energy G, that is, the compressibility at constant temperature 
«r and the specific heat at constant pressure C,. For instance, at the critical point defined 
in this chapter, a second-order phase transition takes place. 

The phase transition from a solid to a liquid state is called melting and the reverse 
transition is known as solidification (Fig. 6.6). The phase transition from a liquid to a 
gaseous state is called vaporisation and the reverse transition is known as condensation. 
The phase transition from a solid to a gaseous state is called sublimation and the reverse 
transition is known as deposition. 

Two or more phases can coexist at equilibrium. On the curve defined by U as a function 
of the entropy S (Fig. 6.5), the segment connecting points | and 2 describes the coexistence 
of two phases denoted a and 3. At point 1, the system is in the pure phase a and at point 2, 
it is in the pure phase 3. Between these two points, the system is a mixture of the phases a 
and (3. The internal energy of this state is a linear combination of the internal energies of the 
system in phases a and 3, as shown in equation (6.27). The points on the segment between 
1 and 2 are points of phase coexistence. At these points, the proportion of each phase is 
given by the parameter of (6.27). On this segment, the derivative of internal energy U 
with respect to entropy Sis a constant equal to the temperature of the phase transition. 

In the following, we consider the Gibbs free energy G as a function of temperature 7 for a 
substance that can be ina solid, liquid or gaseous state. The three curves (Fig. 6.7) represent 
the Gibbs free energies of the solid, liquid and gaseous phases. Phase coexistence occurs 
at points VM and V located at the intersections of these curves. According to relation (4.58), 
the state of equilibrium is the one that minimises the Gibbs free energy G. Since the Gibbs 
free energy of the solid phase is the smallest of the Gibbs free energies below T,,,, the 
equilibrium state of the system is a solid below 7,,. Likewise, the liquid phase Gibbs free 
energy is the smallest between temperatures 7, and 7,,. Therefore, the equilibrium state of 
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Curve (full line) representing the minimum of Gibbs free energy G as a function of temperature, at a fixed pressure 
p.|nthe temperature range T < Ti, the system is in the solid phase. In the temperature range Ti, < T < Jy, it 
is in the liquid phase and in the temperature range temperature 7 > 7,, itis in the gaseous phase. 


p 


Critical point 


Liquid 


Triple point 


T 


Phase diagram (p, T) of one substance: the phase coexistence curves denote the limit of the phases, the triple 
point is where the three phases merge, and the critical point is at the other end of the liquid—gas coexistence line. 


the system is a liquid in this temperature range. Finally, since the Gibbs free energy of the 
gaseous phase is the smallest above temperature 7, the equilibrium state above 7, is a gas. 

The phase transition between solid and liquid takes place at the melting temperature 
T, and between liquid and gas at the vaporisation temperature 7,. According to def- 
inition (4.40), the entropy of the system is equal to the opposite of the slope on the 
(G,T) diagram. Since entropy varies suddenly at the melting temperature 7, and at the 
vaporisation temperature 7,, these phase transitions are of first-order. 

On the (G,7) diagram (Fig. 6.7), pressure is constant. The melting point, M, and 
vaporisation point, V, of the (G, 7) diagram become curves when varying p, that is, when 
considering the three-dimensional state space (G, T,p). We can represent the phases on a 
diagram (p, 7) known as a phase diagram (Fig. 6.8). The phase diagram can be divided 
into three regions corresponding to the three phases (Fig. 6.8). 
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In each phase, the chemical potential j1,, (7, p) is defined as the partial derivative of the 
Gibbs free energy with respect to the amount of matter, in accordance with (4.42). We label 
the solid, liquid and gaseous phases by a = s, ¢,g. The solid phase a = s corresponds to 
the region of the phase diagram where, 


Ls < Le and Ms < Mg (6.36) 


The liquid phase a = @ corresponds to the region of the phase diagram where, 


Le < Lg and be % Ls (6.37) 


Similarly, the gas phase a = g corresponds to the region of the phase diagram where, 


He Ste and tg < fy (6.38) 


These regions are separated by curves where the two phases coexist. These lines are called 
phase coexistence lines. Both phases are at equilibrium (3.43) along the phase coexistence 
lines. The solid—liquid coexistence line is defined by, 


Ms = Me < Mg (6.39) 


The liquid—gas coexistence line is defined by, 


He = Mg < Ms (6.40) 


Similarly, the solid-gas coexistence line is defined by, 


Ms = Mg < fe (6.41) 


In the (p, T) phase diagram, there is a particular point where the three phases coexist. This 
point is called the triple point and is defined by, 


Ms = Me = [Mg (6.42) 


There is also a point at which the liquid—gas coexistence curve ends. This point is called the 
critical point and the corresponding state, the critical state. The temperature and pressure 
at which it occurs depends on the substance. When the system pressure and temperature 
are above that of the critical point, the substance is said to be in a supercritical state. 

For a given substance, there can be several solid or liquid phases, hence several 
critical points. But there is only one gaseous phase [14]. It is generally accepted that 
there is no critical point on the solid—liquid coexistence line. However, recent studies on 
nanostructures seem to indicate that this might not always be the case [57, 58]. 

When a system evolves through a phase coexistence line, it undergoes a first-order phase 
transition as its volume and entropy change abruptly. When the state of the system goes 
through the critical point, it undergoes a second-order phase transition and its volume 
and entropy vary in a continuous manner. When the state of the system passes around 
the critical point, it goes continuously from a liquid to a gaseous state, passing through 
supercritical states. There is no phase transition in this case. Therefore, it is not possible to 
define strictly liquid and gaseous phases, since it is possible to go continuously from one 
to the other. 
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6.7 Latent Heat 
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In Chapter 5, we defined the latent heat of expansion Ly and of compression L, in order 
to characterise the thermal response of a simple system to a heat transfer at constant 
temperature. During a phase transition between a solid and a liquid or between a liquid and 
a gas, the temperature remains constant (Fig. 6.7). These phase transitions can be thought 
of as the response of the system to a heat transfer. Latent heat is defined as the heat received 
from the environment during a process at constant temperature. The heat provided to the 
system undergoing a phase transition from solid to liquid phases is called the latent heat of 
melting. The heat provided to the system during a phase transition from liquid to gaseous 
states is called latent heat of vaporisation. 

Thus, in this chapter, we have heat transferred to a system in which two phases coexist. 
This causes some of the substance to pass from one phase to another while the system 
remains at a constant temperature, equal to the phase transition temperature. We can 
express the heat transfer in terms of the entropy of each phase. We note in passing that 
since different parts of the system have different entropies, the system is not simple, even 
though the temperature is the same in every phase. Nonetheless, definition (2.25) applies 
and the heat provided to the system causing melting or vaporisation is given by, 


Ose = T (Se — Ss) and Qn, = T (8, — Se) (6.43) 


where TJ is the phase transition temperature, i.e. the melting temperature 7,, or the 
vaporisation temperature 7,, S, is the entropy of the solid phase, S, the entropy of the 
liquid phase and S, the entropy of the gaseous phase. 

The molar latent heat of melting @,¢ and the molar latent heat of vaporisation fe, 
are defined as the heat required for one mole of the substance to undergo these phase 
transitions, 


Le = T (se = Ss) and Log = T (Sg = Se) (6.44) 


where s, is the molar entropy of the solid phase, s¢ is the molar entropy of the liquid phase 
and sg is the molar entropy of the gaseous phase. We have written molar quantities using 
small letters in order to distinguish them from the corresponding extensive quantities. 

We can illustrate the notion of latent heat by considering a (7,5) diagram representing 
the temperature of one mole of water as a function of its entropy (Fig. 6.9). Between 0K 
and 273 K, the entropy of ice increases with temperature. At 273 K, ice begins to melt. 
This means that it undergoes a phase transition and that it is transforming into liquid 
water as the molar entropy s is increasing at fixed temperature. This phase transition is 
represented by the first step on the (7, s) diagram. According to the first definition in (6.44), 
the area under the first step corresponds to the latent heat of melting ¢,, = 6 - 10° J, that 
is, the heat that has to be provided to the mole of ice so that it becomes a mole of water. 
Between 273 K and 373 K, the entropy of water increases with increasing temperature. At 
373 K, water begins to boil. This means that a phase transition occurs and that some of the 
water becomes vapour. The area under the second step corresponds to the latent heat of 
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s (J-Kt- mol 4) 


100 200 


(T, 5) diagram of H20. The first step corresponds to the melting of ice, and the second step to the boiling of water. 
The shaded areas correspond to the latent heat of melting and of vaporisation. 


Ice at a temperature J = 0°Cis mixed with water at room temperature, 7 = 20°C. The final temperature 7 
of the water once thermal equilibrium is reached is noticeably lower than the weighted average of the absolute 
initial temperatures, because of the latent heat of melting. 


vaporisation lrg = 4- 104 J. It is the heat that has to be provided to the water so that one 
mole of liquid turns into vapour. 

The latent heat of melting can be made evident by considering the simple experiment 
illustrated in Fig. 6.10. If ice at 0°C is added to water at room temperature, the resulting 
mixture will be colder than if an equal amount of water at 0°C is added instead. In order to 
melt ice, a heat transfer from the water to the ice is required. Thus the final temperature is 
lower when starting with ice at 0°C than with water at 0°C. 


6.8 The Clausius—Clapeyron Equation 
—EEEEE—EEEEEE=EE———————E———_——E——E—E_—=z—=Z—————— | 


In this section and the following one, we present two particular features of the phenomenon 
of phase coexistence. First, we derive a relationship between latent heat and the slope of 
the phase coexistence curves in a (p, T) diagram (Fig. 6.8). In the next section, we will see 
that the coexistence of several phases in a system imposes restrictions on the number of 
independent state variables. 

Let us consider a substance where two phases (labelled @ and () coexist. This means that 
the phases are at chemical equilibrium at all points on the coexistence curve. Hence, their 
chemical potentials are equal, 
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Ha = be (6.45) 


This equality was expressed by equation (6.39) for the solid—liquid transition, and by (6.40) 
and (6.41) for the liquid—gas and solid—gas transitions, respectively. While the chemical 
potentials are equal, they are not constant along the coexistence curve. The differential of 
the identity (6.45) implies that along the coexistence curve, we have, 


diy = dig (6.46) 
We apply the Gibbs—Duhem equation (4.9) to one mole of substance in each phase to write, 
diy = —SadT + Ve dp and dug = —SsgdT + vgdp (6.47) 


where v,, and vg are the molar volumes of the substance in the a and ( phases, respectively, 
and a, 3 € {s, £,g}. Combining equations (6.46) and (6.47), we obtain, 


(Sa — 53)dT + (Va — vg) dp =0 (6.48) 
This equation can be recast as, 
dp Sa— SB 
eo 6.49 
dT Va- Vg ( ) 


Thus, we find an expression for the slope of the phase coexistence curve p (7) in terms of 
the molar entropies and the molar volumes of both phases. Inserting definitions (6.44) in 
equation (6.49), we obtain expressions for this slope which are known as the Clausius— 
Clapeyron equations, 


a = tn and @ = = a 

dT T(ve— vs) dT T(vg— ve) 
The slope of a coexistence curve between solid and liquid phases is positive if the molar 
volume ve of the liquid phase is greater than the molar volume v, of the solid phase. This 
is the case for most substances. Water is an exception, as the molar volume of ice is greater 
than that of water, implying that the denominator of the right-hand side of equation (6.48) 
is negative. Therefore, by increasing pressure at constant temperature, it is possible to 
melt ice. 


(6.50) 


6.9 Gibbs Phase Rule 


Let us show now that the equilibrium condition (6.45) between phases imposes a restriction 
on the number of state variables that describe the state of a system. Thus, we consider a 
system consisting of 7 substances that can be present in m phases at thermal, chemical and 
mechanical equilibrium. Each substance can be in any of the phases. Each phase can be 
thought of as a simple subsystem and described by a set of state variables. The system is 
characterised by a temperature 7 and a pressure p. As the Gibbs free energy is an extensive 
quantity, definition (4.37) can be generalised in order to account for the presence of m 
phases, 


G(Tp.{N¢}) = >> ( 


a=1 \A 


ie vs) (6.51) 
=! 
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where N{ is the number of moles of substance A in phase a and pf is the chemical 
potential of substance A in phase a. The number of moles N° of all substances in phase a 
is given by, 


= = Ne (6.52) 


Taking into account definitions (6.52), the Gibbs free energy (6.51) is written as, 


m 


G(T, p, {NF}) = D_ N°g® (Lp, {NF}) (6.53) 


a=1 


where the molar Gibbs free energy g® (7, p, {N?}) of phase a is given by, 
(T,p,{NZ}) ys pe at (6.54) 


The molar Gibbs free energy g® (T,p, {N{}) of phase a is an intensive quantity that must 
satisfy the identity, 


g° (Tp, {Na }) = 8° (Lp tANg}) (6.55) 
which can be recast in terms of the concentration c$ of substance A in phase a defined as, 
Na 
(== 6.56 
C4 = Wa (6.56) 
Taking into account relation (6.56) and evaluating identity (6.55) for \ = 1/N, we find, 
e (Lp; {Ni }) = (7, p, {c7'}) (6.57) 


According to the definition (6.56) of the concentration cj’, the molar Gibbs free 
energy (6.54) becomes, 


” (Tp, {cF}) -> ge? (6.58) 


In view of relation (6.57), the Gibbs free energy (6.53) can be written as, 


m 


G(T.p,{Ni}) = >> N°g* (Dp, fe#}) (6.59) 


Relations (6.52) and (6.56) require, 
Slee Vo a=l,...,m (6.60) 
A=l 
Equation (6.60) imposes a condition on the concentrations c? of each substance in each 
phase. Therefore, there are y — 1 independent variables c{’ for each phase a. Thus, the 
state of the system is defined by m (r — 1) independent variables c for A = 1,...,r and 
a = 1,...,m. The temperature 7 and the pressure p of the system have to be included as 
state variables also. 
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As the system is at chemical equilibrium, the chemical potentials of each substance A 
have to be equal in each phase a. Thus, for each substance, this equilibrium condition 
imposes m — | constraints, i.e. 


p= w=... = VY A=l,...,7r (6.61) 
Therefore, the condition of chemical equilibrium imposes 7 (m— 1) constraints on the r 
substances. The number of degrees of freedom /, that is, the number of state variables that 
can be independently specified, given the number of phases in coexistence, is defined as 
the difference between the number of state variables and the number of constraints [59], 


f=24+m(r—1)—r(m— 1)=r—m+2 (6.62) 


This equation is called the Gibbs phase rule. If the system consists of two substances that 
coexist in two phases, then r = m = 2 and the rule implies f = 2. Therefore, if the pressure 
p and the temperature 7 are given, the composition of each phase is uniquely determined. If 
the system consists of a single substance that is present in three phases, then 7 = 1, m = 3 
and the rule implies f = 0. Therefore, the temperature and the pressure are determined. 
This is the case of the triple point (Fig. 6.8). 


6.10 Van der Waals Gas 


In Chapter 5, we defined the ideal gas model. That model did not take into account the 
interaction forces between the elementary constituents of the gas, that is, its atoms or 
molecules. The ideal gas model describes correctly many features of dilute gases, but 
when a gas is dense, this model is often insufficient to account for actual observations. 
For instance, it cannot describe a phase transition between gaseous and a liquid state. In 
this section, we introduce a more realistic model established by van der Waals because it 
also predicts two phases and their coexistence. 

This model is defined by the van der Waals equation of state [60]. For a gas consisting 
of N moles of substance, it reads, 


(>+ 2) (V— Nb) =NRT (6.63) 


where a and b are constants that depend on the substance. This equation of state can be 
derived in the framework of statistical physics, assuming that the elementary constituents 
are hard spheres of a given radius, subject to mutual attractive forces. Considering hard 
spheres amounts to taking into account the repulsive forces that dominate when the 
elementary constituents of the gas are very close to one another. The order of magnitude 
of this distance at which repulsion dominates determines the size of the hard spheres. The 
term proportional to a expresses the effect of the attractive forces and the constant b in 
(6.63) represents the volume occupied by one mole of hard spheres. 
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Phase coexistence as predicted by the van der Waals isothermal. Points 1 and 2 are the molar volumes of both 
phases. The black line, defined by the locus of points such as 1 and 2, delimits a “forbidden zone” in the (p, v,) 
diagram. Point C is the critical point. The reduced quantities are defined as the ratio of the quantities p and v and 
their corresponding critical values, i.e. v, = V/Vc, Pr = P/Pe. Tr = T/Tc. 


When the attractive and repulsive forces are negligible, ie. N’a/V? < pandNb < J, 
the equation of state (6.63) of the van der Waals gas reduces to the equation of state (5.47) 
of the ideal gas. 

The van der Waals equation (6.63) can be expressed in terms of the molar volume 
v=V/Nas, 

RT a 
carn a, (6.64) 

In order to proceed further without reference to any specific value of the constants a 
and b, we proceed to recast the van der Waals equation (6.64) in a reduced form that 
does not depend explicitly on these two material parameters. As we shall see, the van der 
Waals model predicts a phase transition between liquid and gaseous states. Furthermore, 
it accounts for the existence of a critical point (p,, v-, T.) in the state space (p, v, T). This 
point is defined as an inflection point with a vanishing first derivative in the (p, v) plane of 
which the temperature is equal to the critical temperature 7, (Fig. 6.11). Thus, this point is 
characterised by, 


0 o 
Ee =§ _ =0 (6.65) 
ov PesvesTe ov PesVesT 
Using the van der Waals equation (6.64), these conditions yield, 
RT, 2 2RT,. 6 
p+ =0 and XL (6.66) 
(ve — b) v2 (ve — b) Ve 


We can solve (6.66) for the molar volume 1, 


Ve = 3b (6.67) 
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Substituting expression (6.67) for v, in the first condition in (6.66), we find the critical 
temperature 7’, 
_ 8a 
° 27Rb 
Finally, substituting expression (6.67) and (6.68) for v. and 7, into the van der Waals 
equation (6.64) evaluated at the critical point (p,, v-, T.), we obtain an expression for the 
critical pressure pe, 


(6.68) 


_ a 
Pe 7 
We introduce now dimensionless parameters, namely, a reduced pressure p,, a reduced 
molar volume v, and a reduced temperature 7,. defined as, 


(6.69) 


T 
== ad ,e. ed fee (6.70) 
Pe Ve T. 
Expressing the van der Waals equation (6.64) in terms of these reduced quantities (6.70), 
and taking into account expressions (6.67), (6.69) and (6.68) for the critical quantities, we 
obtain, 
ap, 8aT, a 
= 6.71 
276% =27b?(3v,- 1) 9b? v2 ere) 
Multiplying relation (6.71) by 27b*/a yields the reduced form of the van der Waals 
equation (Fig. 6.11), 


th. 2 
~ 3y,-1 


Pr (6.72) 


This reduced form of the van der Waals equation (6.72) is independent of the composition 
of the van der Waals gas, in the sense that it does not depend explicitly on a and b. 

On the (p,,v,) diagram (Fig. 6.11), the curves drawn with a fine black line describe 
isothermal processes at reduced temperatures 7, with 0.8 < T, < 1.2. The critical point C 
lies on the isothermal curve 7,. = 1.0. 

During a supercritical isothermal process, i.e. 7, > 1.0, when the reduced molar volume 
v, increases, the system evolves continuously from the liquid phase to the gaseous phase, 
and vice versa when the reduced molar volume v, decreases. No phase transition takes 
place in this case. One can show that during an isothermal process which goes through the 
critical point C, i.e. 7 = 1.0, the system undergoes a phase transition of second-order. 

During an isothermal process below the critical point, i.e. 7. < 1.0, there is a portion 
of the curve over which its derivative is positive, i.e. 0p/Ov > 0. This implies that part of 
the isothermal process described by the van der Waals equation (6.72) is unstable, because 
the stability criterium (6.29) requires that Op/Ov < 0. Therefore, this part of the curve has 
to be replaced by a segment of zero slope that saturates the inequality, ic. 0p/Ov = 0. 
According to relations (2.42) and (4.65), the change in free energy variation AF) between 
1 and 2 during an isothermal process is equal to the work Wj. performed on the system. 
For one mole of substance, this equality is written, 


2 
APs =W.== | padv (6.73) 
1 
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Since the free energy F' is a state function, the free energy variation AF}, of one mole 
of substance going from state | to state 2 is independent of the path followed in the 
(p;, V,) diagram. Taking into account definitions (6.70) for the reduced quantities, dividing 
equation (6.73) by the critical pressure p, and the molar volume v, yields, 


2 
/ Pr dv,. = Pri (v2 — Vr) (6.74) 
1 


The left-hand side of equation (6.74) corresponds to the area under the state function p, (v,) 
while the right-hand side corresponds to the area under the segment of zero slope between 
states | and 2 (Fig. 6.11). In order for these two areas to be equal, the area delimited by the 
part of the isothermal curve above the segment has to be equal to the area delimited by the 
part of the isothermal curve below the segment. This geometrical consideration is called 
the Maxwell construction [61]. The equal areas are shaded in Fig. 6.11 for the subcritical 
isothermal curve 7,. = 0.9. 

The locus of points such as | and 2 for all the subcritical isotherms is called the 
saturation curve, marked by a thick black line (Fig. 6.11). Even if the construction 
of this curve seems rather intuitive from a geometrical standpoint, finding its mathe- 
matical expression leads to a transcendental equation. A good approximation can be 
obtained with a function that is the ratio of two cubic polynomials of the reduced molar 
volume v,. [62]. 

For a subcritical reduced temperature, i.e. for 7, < 1.0, the part of the phase diagram 
(p;, V,) that lies to the left of the saturation curve corresponds to the liquid phase and the 
part that lies to the right of it corresponds to the gaseous phase (Fig. 6.11). Inside the 
saturation curve of the (p,,v,) phase diagram, a unique reduced molar volume v, cannot 
be attributed to the system since it is consisting of a liquid phase and of a gaseous phase. 
When the system undergoes a vaporisation, the substance passes from point | of the phase 
coexistence to point 2 without passing through the states of the segment. We could say 
that this part of the (p,,v,) phase diagram corresponds to a ‘forbidden zone’. During a 
subcritical isothermal process, when the system reaches the phase coexistence point 1, the 
gaseous phase starts appearing. The proportion of that phase increases progressively until 
the liquid phase has completely disappeared, and at that point, the system is fully at point 
2 of the phase coexistence segment. During the reverse subcritical isothermal process, i.e. 
during condensation, what happens at points | and 2 is reversed. 

Thus, the van der Waals gas model describes transitions between liquid and gas 
phases. In order to describe phase transitions between solid, liquid and gas phases, a 
three-dimensional phase diagram (p, T,v) can be used, as shown (Fig. 6.12). It contains 
surfaces of phase coexistence between solid, liquid and gas phases. These surfaces can be 
projected into two-dimensional phase diagrams in the (p,7) or (p,v) planes (Fig. 6.12). 
When the phase coexistence surfaces shown on the three-dimensional (p, 7,v) phase 
diagram are projected on a plane of constant v, we obtain a two-dimensional (p, T) 
phase diagram (Fig. 6.8). Likewise, the projection of the phase coexistence curves of 
the (p, T,v) phase diagram on a plane of constant T (Fig. 6.12) provides a generalisation 
of the (p,v) phase diagram of the van der Waals gas (Fig. 6.11) which includes a solid 
phase. 
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Three-dimensional (p, T, v) phase diagram. Solid, liquid and gas phases can be distinguished. They are separated 
by phase coexistence surfaces, of which the projections onto two-dimensional (p, 7) and (p, v) planes give phase 
coexistence curves. An isothermal process is represented on all three phase diagrams. 


6.11 Worked Solutions 


6.11.1 Entropy Concavity, Internal Energy Convexity 


1. Perform a second-order series expansion with respect to AU and AV and show that the 
global condition for the concavity of entropy (6.9) as a function of internal energy and 
volume can be expressed as, 

as 2, Os as 
702 AU +2 auay QUAY + ay 

2. Take into account the local concavity condition for the entropy (6.12) as a function of 

internal energy and deduce from the above result that, 


2 2 2 2 2 2 2 
(28 au, as av) + (Same (shar) )ar>0 


Ar <0 


OU? OUOV OU? AV? OUOV 


3. Deduce from this the local concavity condition for entropy (6.13) as a function of 
internal energy and volume. 

4. Henceforth, consider entropy S(U) as a function of internal energy U only. Then, the 
global condition of concavity for the entropy can be written as, 


AS(U;) + (1 — A) S(U2) < SCAU, + (1 — A) U2) where A€ [0,1] 


Use the property that the inverse of a monotonously increasing function is also 
a monotonously increasing function to show graphically that the global concavity 
condition for entropy implies the global convexity condition for internal energy, 


AU(S}) + (1 — A) U(S2) > U(AS; + (1 — A) So) where A€ [0,1] 
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5. Show that the global conditions of entropy concavity and internal energy convexity can 
be written as, 


S(U— AU) +S(U+ AU) <2S(U) 
U(S— AS) + U(S + AS) >2U() 


Solution: 


1. The global condition for the concavity of entropy (6.9) as a function of internal energy 
and volume is written, 


S(U— AU,V— AV) +S(U+ AU,V + ADV) < 2S(U,V) 


The series expansion of entropy S(U + AU, V + AV) to second-order in AU and AV 


is given by, 
. SUV) x77, SUM 
S(U+ AU, V+ AV) ~ S(U,V) 4 aU AU Vv AV 
1 (@S(U,V) ..9 . , S(U,V) FS(ULV) , +2 
and the series expansion of entropy S(U — AU, V — AV) to second-order in AU and 
AJ by, 
ze dS (U,V) dS (U,V) 
S(U—AU,V— AV) ~S(U,V) aU AU OV AV 
1 (PSV) ..2 4, PS(U,V) #S(U,V) . 19 
I ( au AU +2 Sag AU AV + SF ar 


Substituting these two series expansions into the global condition for the entropy 
concavity, the zeroth-order terms and the first-order terms cancel each other out and 
the inequality, to second-order, becomes, 


07S (U,V) 5 07S (U,V) 0S (U, V) 2 
Se < 
aU AU +2 aU AV AUAV+ ay AV <0 


In order to simplify this expression, the dependence of the partial derivatives on the 


state variables U and V will no longer be indicated explicitly. Thus, the previous result 
is written, 
as Os Os 
apg AU +2=—— AUAV+ —7 AV’ <0 
ae” ** au av oy = 
2. Multiplying this inequality by the local condition for entropy concavity (6.12) as a 
function of internal energy, 
Os 
— <0 
OU> — 
yields the following inequality, 
os\” rs Os Ps Ss 
>) AW+2—5 ~— AUAV+ = 55 AV > 0 
( ) +30 BU AV oe oR = 
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2S, +(1-2) Sp 


U, U(AS,+(1-A)S,) meee 


The entropy 5 (U) is a concave function of the internal energy U. 


It can be recast as, 


2 2 2 2 2 2 2 
(Saute av) + (Sea oe (shar) )ar=0 


OU? OUOV OU? OV? OUOV 


3. The internal energy variation AU and volume variation AV can always be chosen such 
that the terms in the first brackets on the left-hand side vanish. Thus, in order for this 
inequality to be alway satisfied, the difference of terms in the brackets above has to be 


&S os as \? a 
au ave \auav) = 


This corresponds to the local condition for entropy concavity (6.13) as a function of 


non-negative, 1.e. 


internal energy and volume. 

4. Since the inverse of the entropy function S(U) is monotonous and increasing, the 
inverses on both sides of the global condition for the entropy concavity (Fig. 6.13) have 
to satisfy the inequality, 


S-1 (AS, #(1— A) Sx) < AU, +(1— A) U, ~— ands XE [0,1] 
where S, = S(U;), Sy = S(U2), U; = U(S,) and Uz = U(S3). Moreover, 
U(AS; + (1 — A) So) = S71 (AS, + (1 — A) S) where 2€ [0,1] 
These two equations imply the global condition for the internal energy convexity, 
AU (S}) + (1 — A) U(S2) > U(AS; + (1 — A) S2) where A€ [0,1] 


5. In the particular case where X = 1/2, U; = U— AU, Un = U+ AU, S; = S— AS and 
Sp = S+AS, the global conditions for entropy concavity and internal energy convexity 
become, 
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S(U— AU) + 55(U+ AU) < S(U) 


U(s— AS) 4 sus + AS) > U(S) 


rPNle 


2 
and correspond to the inequalities stated in the problem, up to a factor of 2. 


6.11.2 Model of Phase Coexistence 


Let us consider a concrete model of phase coexistence, defined here for a liquid solution 
containing two substances at a given pressure. Let V4 be the number of moles of substance 
A and Nz the number of moles of substance B. The concentration of substance A is defined 
as c = N,/ (N4 + Nz) where 0 < c < 1. The Gibbs free energy of this model is given by, 


N4 Np 
r. = N4RTIn | —*— ) + NgRTIn ( —"_— 
al aa Can aed "(aam) 


N4Npg 
N4+ Neg 
where AU > 0 is an energy term representing the interaction between the substances. The 
first two terms will be derived in the framework of Chapter 8 [63]. The global condition 
of stability requires that the Gibbs free energy of the system G(T, N4, Nz) is a convex 
function of the extensive variables NV, and Np. 


F AU 


1. Analyse the behaviour of the dimensionless function g(8,c) = G(T,Na4,Nzp) / 
(RT (N4 + Np)) with respect to the dimensionless parameters c and 3 = AU/RT > 0. 

2. Draw a graph of the function g (8, c) where 2 < 6 < 4 In (2) is constant. 

3. Show that if 2 < 8 < 4 |n(2), there is a domain of concentrations c in which the 
system splits into two phases. Determine the proportions 7; and rz of phases | and 2 as 
a function of the concentration c, in terms of the concentrations co and 1 — cp at the 
minima of the function g ((, c). 


Solution: 


1. The dimensionless function g (8, c) writes, 
g(6,c)=cln(c) + (1 —- ec) m(1— ce) + Bc(1—- c) 
where the concentration 0 < c < 1. The function g (8,c) is symmetric with respect to 
c = 1/2 8. This can be verified analytically by showing that the function g ({8,c) is 
invariant under the exchange of c and | — c. The function g (3, c) vanishes when c > 0 
and c — 1, 
lim g(6,c) = lim In (c° a_- )-°) =0 
c0 


c0 


lim g(6,c) = lim In (c (_- ys) =0 
el 


cl 


The first derivative of function g (3, c) with respect to c is given by, 


48 (6,c) = Im(c) ~ In(1~ ¢) +8 (1 ~ 20) 
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-0.1 


The function g (/3,c) for < c < 1and 3 = 2.5 has two minima symmetrically located at cg and 1 — co. 


This implies that, 
d. 
“ (Bc) =0 


1m 
c+1/2 de 


Therefore, function g(3,c) has an extremum if c = 1/2 8. The second derivative of 
function g (8, c) with respect to c is given by, 


ag 1 1 
gee. 
which implies that, 
ae 
8 (Bc) =2(2- B) 


li —> 
cif? dc? 
Therefore, if0 < 8 < 2, the point g(8,1/2) is a minimum and if 8B > 2, the point 
g(G,1/2) is a maximum. Furthermore, 
1 B 
li =In{ = — 
Bi ae! ae (5) 4 
Thus, if 8 = 4 In (2), then g(6,1/2) = 0. Therefore, if2 < 8 < 4 In (2), then function 
g(8,c) <0V0<c < 1. Furthermore, this function has a maximum at c = 1/2. So, 
there has to be two minima, located symmetrically with respect to c = 1/2 (Fig 6.14). 
We will label the concentrations of these minima co and 1 — co where co < 1/2. These 


minima are function of 3. The locus of all the minima, obtained by varying (3, constitutes 
the saturation curve. 


2. The graph of g (8,c) for 0 <¢ < 1 is drawn for B = 2.5 in Fig. 6.14. 
. The global condition of stability for the Gibbs free energy requires that g(B,c) is 


a convex function of c. At a concentration c < co where c > 1 — co, the model 
is stable. In this case, the solution is made up of one phase which contains both 
substances A and B. At a concentration cg < c < 1 — Co, the model is unstable. 
This instability manifests itself by the fact that the actual minimum is obtained for 
a solution consisting of two phases, each containing both substances A and B. We 
speak of phase segregation to express the fact that they are located in different spatial 
regions. At concentrations c < cg only phase | exists, containing solute A in solvent 
B, and at concentrations c > 1 — Co only phase 2 exists, containing solute B in 
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solvent A. At concentrations cy < c < 1 — Co, the proportion r; of phase | and the 
proportion rz = 1 — r, of phase 2 vary linearly between 0 and | as c varies between 
the concentrations at both minima, i.e. 


(l-—co)-—¢ 
=S d = ——_ 
m (=2G, ba one for 


This linear variation is known as the lever rule. 


6.11.3 Melting Point of Salt Water 


Let us consider a bloc of ice in equilibrium with salt water. The chemical potential 1, (7) 
of the ice depends on temperature. The chemical potential of water ju, (7, 1 — c) depends 
on temperature 7 and on the concentration of salt c according to the following model, 


ftp (T, 1 — c) = wy (T) + RTIn (1 — c) 


This expression will be justified in Chapter 8. Determine the change AT in the melting 
temperature as a function of the salt concentration c. The latent heat of melting is @,, is 
known. Assume that c < 1 and AT < T,,. 


Solution: 


For pure water, i.e. c = 0, the chemical equilibrium between the water and the ice at the 
melting temperature T,, is written, 


Ls (Tm) = be (Ton) 


For salt water, i.e. c > 0, the chemical equilibrium between salt water and ice at the 
melting temperature T, + AT is written, 


bs (Tin + AT) = pg (Tn + AT) + R (Tm + AT) In (1 = c) 
In the limit c < 1, this expression expanded to \st order in c amounts to, 
Ls (In + AT) = He (Tn + AT) _ R (Tn AT) ¢ 


as In(l—c) = -—c+0O (ce). Taking into account expression (6.47) for the chemical 
potential differential of a phase, in the limit AT/Tm <« 1 the series expansion of the 
chemical potentials jt, (Tm + AT) and p, (Tm + AT) as well as that of R (Tm + AT) c to 
1st order in AT/T,» yield, 


O 
He (Tn + AT) = fe (Tn) + SE AT = fig (Tm) — se AT 
t, (Tn + AT) = th (Tn) + SB8 AT = 1, (Tm) ~ Se AT 


Therefore, taking into account the chemical equilibrium between ice and pure water, 


—sy AT = —se AT— R(T + AT) c 
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which implies that, in the limit AT/T, < 1, 


RT, ¢ 
Se — Ss 


AT= 


Using definition (6.44) for the latent heat of melting €s¢, this temperature change can be 
written as, 
RT ¢ 
bse 
Therefore, the melting point decreases with the concentration of salt in water. This effect is 
the reason for adding salt on icy roads. 


AT= <0 


6.11.4 Liquid—Gas Equilibrium 


Let us consider a mole of a substance at temperature 7) and pressure po such that both 
liquid and gas phases coexist. The gaseous phase can be considered as an ideal gas. The 
molar volume v¢ of the liquid phase is negligible compared to the molar volume vg of the 
gas phase, i.e. ve < vg. Furthermore, we assume that the latent heat of vaporisation le, 
is independent of the temperature and pressure. Determine an expression for the pressure 
p(T) along the phase coexistence curve. 


Solution: 


According to equation of state (5.47) of the ideal gas, the molar volume of the ideal gas 
can be written as, 

VoRT 
“== ss 
Since the molar volume of the liquid phase is negligible compared to that of the gas phase, 
i.€. Ve < Vg, the Clausius—Clapeyron equation (6.50) reduces to, 


ens 
dT Tvz 
and can be recast in the form, 
dp _ lig dT 
p RP 


Integrating between state (po, To) and state (p, T) yields, 


ta P = Log 1 1 
Po R\T 1 


Therefore, the pressure p (T) along the phase coexistence curve is written, 


nn-mn( th (1-5) 


which implies that the pressure increases exponentially with increasing temperature if the 


latent heat of vaporisation is independent of temperature. 
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6.11.5 van der Waals Gas 


1. Determine the expression of the internal energy U(T,V) of the van der Waals gas, 
assuming that the specific heat at constant volume Cy is independent of temperature. 

2. Show that during a Joule expansion, where the volume of gas increases while the system 
is isolated, the temperature T of the gas decreases. 


Solution: 


1. Using Maxwell relation (4.71) and the van der Waals equation of state (6.63), we obtain 
the latent entropy of expansion, 


OS Op __ NR 
OV. OT V—Nb 


Furthermore, taking into account the expression (5.11) for the entropy capacity, the 


entropy differential can be written, 


os Os Cy NR 
dS = Ec dV = —dT dV 
eo or a PNG 
Using the internal energy differential, 
OU dU 
U aT |, dT + av\,, d 


the entropy differential (6.15) is written, 


dU p 1 aU 
dS = dV = 
Sa ate T OT 


T dV 


dT 4 (; dU 


rE) av 
eo 


Equating the equivalent terms in both expressions of the differential dS, and taking into 
account the van der Waals equation of state (6.63), we find, 


V 


aU 

2 || EO 

or. 

dU NRT Ma 


dV 


, V-Nb ? Pp 
Substituting these expressions in the internal energy differential, dU becomes, 


2 
du = Cat + “A av 


Now, we show that the specific heat at constant volume Cy of the van der Waals 
gas is independent of the volume. Taking into account the first principle (1.38), 
the infinitesimal heat (5.4) provided to the system and the infinitesimal work (2.41) 
performed on the gas during a reversible process, we can rewrite the differential of the 
internal energy as, 


dU = 50 + 6W =CydT + (Ly — p) dV 
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The Schwarz theorem applied to the internal energy U (s (7,V), v) reads, 


)- (Zr) 
y) OT \dV\, 


and gives the following Maxwell relation, 


0 { 0U 
OV \ OT 


Taking into account expression (5.10) for the coefficient Ly and the van der Waals 
equation of state (6.63), we obtain, 


Ly p=T 


Thus, the Maxwell relation reduces to, 
OCy _ 0 Na ai 
OV OT\ 2) 


This shows that the specific heat at constant volume Cy of the van der Waals gas is 


independent of volume. Since the van der Waals gas tends towards the ideal gas when 
the volume of the system is sufficiently large, the specific heat at constant volume of the 
van der Waals gas, which is independent of volume, has to be equal to that of the ideal 
gas, i.e. Cy = CNR [64]. Thus, we find that Cy is independent of temperature. Finally, 
we conclude by integrating the differential dU to obtain the following expression for the 
internal energy of the van der Waals gas, 


2 
U(T,V) =cNRT— “ 


. Ina Joule expansion, we note the initial and final volumes V; and V,, respectively, and 


the initial and final temperatures T; and T,, respectively. The internal energy of an 
isolated system remains constant, i.e. U(T;, Vi) = U(Im, Vy). Therefore, during a Joule 
expansion, the temperature variation is related to the volume variation by, 


i 3 
cNR (Im — T;) aly ~) 0 


which can be recast in the form 


Tp es V; — Vr 
cR\ V; Vy 


During a Joule expansion, the volume increases, i.e. Vr > Vj, which implies that the 
temperature decreases, i.e. T, < T;. We note that the introduction of an attractive force, 
characterised by the parameter a, is what accounts for the cooling. For a real gas, this 
represents a temperature variation of about 0.01 % [41]. 
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Exercises 


6.1 


6.2 


6.3 


6.4 


Melting Ice 
A mixture of ice and water is heated up in such a way that the ice melts. The ice 
melts at a rate r and the molar latent heat of ice melting is ,¢. 


a) Determine the thermal power Po transferred to the ice. 
b) Determine the entropy rate of change S. 


Numerical Application: 
Q =2.0 - 10-7 mol s~!, &,¢ = 6.0 - 107 J mol~!. 


Cooling Water with Ice Cubes 

Water is cooled with ice cubes (Fig. 6.10). The water and the ice cubes are considered 
as an isolated system. Initially, the ice cubes are at melting temperature 7) and the 
water at temperature 7;. The total initial mass of ice is M’ and the initial mass of 
water is M. The latent heat of melting of ice per unit mass is £*, and the specific heat 
per unit mass of water is cj. 


a) Determine the final temperature 7,,, of the water. 
b) Determine the final temperature 7,,, of the water if melted ice (i.e. water) had been 
added at melting temperature 7) instead of ice. 


Numerical Application: 


M = 0.45 kg, M’ = 0.05 kg, T; = 20°C, T) = 0°C, &*, = 3.33 - 10° Jkg7! and 
c =4.19 - 10? Jkg!K7!, 


Wire through Ice without Cutting 

A steel wire is wrapped over a block of ice with two heavy weights attached to the 
ends of the wire. The wire passes through a block of ice without cutting the block 
in two. The ice melts under the wire and the water freezes again above the wire. 
The wire is considered a rigid rod of negligible mass laying on the ice block with 
an area of contact A. The two weights of mass M each are hanging at both ends of 
the wire (Fig. 6.15). The entire system is at atmospheric pressure po and the ice is 
held at temperature T,, — AT where T,, is the melting temperature at atmospheric 
pressure. The latent heat of melting of ice is ,7, the molar volume of water vg and 
the molar volume of ice is v;. Determine the minimal mass / of each weight for this 
experiment to succeed, i.e. for the wire to pass through the ice block. 


Dupré’s Law 

A liquid is at equilibrium with its vapour. The vapour is assumed to be an ideal gas. 
The liquid has a molar latent heat of vaporisation y, that depends on temperature, 
with fgg = A — BT, where A and B are constants. Apply the Clausius—Clapeyron 
relation (6.50) and consider that the molar volume of the liquid phase is negligible 
compared to the vapour phase, i.e. ve < vg. Use the ideal gas law (5.47) for the 
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Asteel wire wrapped over a block of ice with two heavy weights hanging on both sides passes through the ice, 
cutting the block in two. 


=. 


A cylinder containing a substance in liquid and gas phases is closed by a spring-loaded piston. The zero of the 
coordinate x is at the rest position of the spring. The mass of the piston is neglected. 


vapour phase. Show that at equilibrium at a temperature 7, the vapour pressure p 
depends on temperature according to Dupré’s law, 


wie) 27) .4\. 8.12 
"ine BAG tT. ROUT 


where po is the vapour pressure at Tp. 


6.5 Hydropneumatic Accumulator 
A container contains a substance in gaseous and liquid phases at room temperature 
(Fig. 6.16). The container is closed by a piston of surface area A, held back by 
a spring of elastic constant k. We neglect the mass of the piston. For simplicity, 
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we neglect the volume of the liquid compared to that of the gas. The atmospheric 
pressure is po and assumed independent of temperature. 


: a d ; 
a) Determine the temperature derivative of the gas pressure 7 when there is no 
liquid phase present in the container. 
: oo. d paeteg 
b) Determine the temperature derivative of the gas pressure — when liquid is 
present. 


Positivity of Thermal Response Coefficients 

To establish the positivity of the specific heat at constant pressure C, compressibility 
coefficient at constant temperature «7 (see relations (6.31)), follow the steps given 
here [65]: 


a) Show that the Mayer relation (5.42) can be recast as, 
2 
C,=Cy+—VT 
AT 


where a is the thermal coefficient of expansion, 
1 OV(T, 
St 


b) Show that 


PUPU ( PUY? 
OF(T,V) dS? aV (ar) 
Ove OU 
OS 
c) Conclude from these two results that h7 > 0 and C, > 0. 


Heat Pipe 

Heat pipes are devices used to transfer heat over a certain distance. A typical heat 
pipe looks like a metal rod, but modern versions, which are used for example to cool 
the hottest part of a phone, have a flat geometry. The principe of heat pipes is also 
considered in aerospace research [66]. Here, we will examine a simple model to un- 
derstand the principle of a heat pipe (Fig. 6.17). The pressure difference Ap is mod- 
elled in a linear approximation, with Ap = R, Q, where 2 is the rate of substance 
flowing down the pipe. The system is considered in a stationary state, so that the heat 
transfer Po is the same (in absolute value) on both sides. The heat of evaporation 
cg is given and assumed independent of temperature. The temperature difference 
AT = T, — T_ is assumed small in order to simplify the calculations. Neglect the 
molar volume of the liquid ve compared to that of the vapour vg and treat it as an ideal 
gas. Express the heat transfer Pg as a function of the temperature difference AT. 


Vapour Pressure of Liquid Droplets 

Consider a cloud of droplets and assume that they all have the same diameter 
r. According to the Laplace formula (exercise 4.8), the pressure p (r) inside the 
droplets of radius r is related to the vapour pressure po (7) by, 


P(r) =po(r) +2 
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p+Ap 
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Principle of a heat pipe: At the hot side, the liquid passes through a wick and vaporises at pressure p + Ap. At the 
cold side, the vapour condenses at pressure p. 


6.9 


6.10 


where ¥ is the surface tension. We note p., the vapour pressure for an infinite radius. 
At temperature 7, show that, 


Po (r) = Poo + — 


where ve is the molar volume of liquid in the limit where p. ve < RT since the 
molar volume of liquid is much smaller than the molar volume of gas. 


Melting Point of Nanoparticles 

The surface tension modifies the melting point of particles. The effect is important 
when the diameter is in the nanometer range. A differential equation has to be 
written for 7, (r), the melting temperature of particles of radius r. In order to 
perform this thermodynamical analysis, assume that the pressure p, inside the 
particles is defined [67]. At atmospheric pressure po and for infinitely large particles, 
the melting temperature is noted 7,,. The surface tension is y, for a solid particle and 
, for a liquid one. According to exercise 4.8, the Laplace pressure p, (r) for a solid 
nanoparticle and the Laplace pressure py (r) for a liquid nanoparticle are given by, 


2, 
Ps (r) = - 
r 


2 
and = pg (r) = — 


Determine the temperature difference T,, — T(r) in terms of the latent heat 
of melting 2 = T (se — ss) and the molar volumes v, and vy that are both 
assumed to be independent of the radius 7. Therefore, perform a series expansion 
in terms of the radius r on the chemical equilibrium condition. This result is known 
as the Gibbs-Thomson equation. For some materials, a lowering of the melting 
temperature can be expected, ie. Ty, (7) < Too. This effect has been observed on 
individual nanoparticles by electron microscopy [68]. It is used to sinter ceramics at 
low temperatures [69]. 


Work on a Van der Waals Gas 
A mole of oxygen, considered as a van der Waals gas, undergoes a reversible 
isothermal expansion at fixed temperature 7) from an initial volume V; to a final 
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volume V;. Determine the work Wj performed on the van der Waals gas in terms of 
the parameters a, and b. 


Numerical Application: 


To = 273 K, V; = 22.3 - 1073 m3, Vy = 3Vi, po = 1.013 - 10° Pa, a = 0.14 Pa m® 
and b = 3.2 - 107° m*. 


Inversion Temperature of the Joule-Thomson Process 
A van der Waals gas is going through a Joule-Thomson process that keeps the 
enthalpy H constant (problem 4.8.3). A van der Waals gas in characterised by the 
following equations of state, 
NRT Na Na 
= eS d U=cNRT-— — 
P<V-Nb PR . V 
and the amount of gas is constant, i.e. N = const. Use the condition dH = 0 in 
T 

order to obtain an expression for the derivative ww Determine the temperature 7p at 


which this derivative changes sign. 


Lever Rule 

A phase diagram is drawn for a mixture of two substances at a fixed pressure p with 
a liquid phase and a gaseous phase (Fig. 6.18). The substances are labelled 1 and 2 
and the diagram is shown as a function of the concentration c; of substance 1. There 
is a range of temperature for which there is coexistence of two phases. Answer the 
following questions, treating the concentrations c# and c? as given values. 


a) Apply the Gibbs phase rule (6.62) to find the number of degrees of freedom when 
two phases coexist at a fixed pressure p. 

b) We distill a substance 1 with an initial concentration cj by heating the liquid 
up to the temperature T7-. Determine the final concentration of substance 1 after 
distillation. 

c) A mixture with a concentration cf of substance | is put in a container. The mixture 
is brought to a temperature Tc while the pressure remains at p. Establish that, 


Ne (cf — ct) = Ng (cf _ cf) 


| 
| 
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| 
| 
I 
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I 
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| 
ql 
| 
| 
I 
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Phase diagram of a binary mixture presenting two phases and an exclusion zone (see § 6.4). 
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Phase diagram of a binary mixture presenting a eutectic point at F. 


6.13 


where N; the amount of mixture in the liquid phase, and N, that in the gas phase. 
This is known as the lever rule. 


Eutectic 

A phase diagram is drawn for a mixture of two substances at a fixed pressure p with 
one liquid phase and two solid phases (Fig. 6.19). The substances are labelled 1 and 
2 and the diagram is shown as a function of the concentration c; of substance 1. 
This diagram presents what is called a eutectic point. At the eutectic concentration 
cf, the freezing temperature is the lowest. In particular, it is lower than the freezing 
temperatures of the pure substances (points C and D). At the eutectic, the liquid 
freezes into a mixture of two solid phases, the a and 8 phases. 


a) Consider a liquid at concentration c/. As the temperature is lowered, the point 4 
is reached. Describe qualitatively what happens then. 
b) Describe what happens if a liquid of composition c/ is cooled. 


Heat Engines 


Nicolas Léonard Sadi Carnot, 1796-1832 


Sadi Carnot trained as an engineer at Ecole Polytechnique (Paris) under the guidance of eminent 
professors such as Ampere, Gay-Lussac and Poisson. He published ‘Reflections on the motive 
power of heat’ at the age of 24. This ground-breaking treatise turned out to be his only publication, 
as he died at a young age during a cholera epidemic. 


7.1 Historical Introduction 
CO 


The first thermal machines were based on the work of Otto von Guericke (1602-1686), who 
built a pneumatic machine, a kind of syringe that evacuates air inside a large enclosure. 
This machine is said to have been presented to Emperor Ferdinand III. Von Guericke 
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Newcomen’s pump (1712) was one of the very first heat engines. A valve lets high pressure vapour in the cylinder. 
A cold water entry causes the condensation of this vapour and the pressure drop causes the fall of the piston. 


also created a partial vacuum inside a metallic sphere consisting of two hemispheres 
assembled together. Despite the poor quality of the joint, 16 horses tried to separate the 
two hemispheres without success. Seven years later, von Guericke built an engine based 
on this vacuum effect. The air was evacuated from a cylinder closed by a piston. The 
piston was connected to a load via a mechanical system. The motion of the piston would 
lift the load. 

Christian Huygens and his assistant Denis Papin used the Von Guericke engine and set 
on fire a small amount of powder inside a cylinder. This provoked an expansion of the gas 
that lifted the piston. Cooling the gas created a depression that brought the piston back to 
its initial position. Later, Denis Papin perfected this machine by using steam and showed 
that the condensation of water vapour induced similar effects to the depression of the gas. 

Another scientist, Thomas Newcomen (1664-1729), had the idea of injecting water in a 
container to condense the vapour (Fig. 7.1). Later on, a proper condenser was invented by 
James Watt (1736-1819). He found through careful observation that vaporisation required 
latent heat. However, Joseph Black (1728-1799) had established its existence before him. 

Carnot spent his youth in Paris and entered the Institute of Technology at the age of 
16. First, he served his time in the military, then he fully devoted his time to research. In 
1824, he published his only book, a landmark in the history of thermodynamics entitled 
Reflections on the Motive Power of Heat and on Machines Fitted to Develop that Power. 
This 100-page-long book contained only five figures and a few equations, which appeared 
in the footnotes. The book was barely noticed by the scientific community until Clausius 
published in 1834 an article in the journal of the Institute of Technology in Paris. In this 
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article, he showed how the ideas of Sadi Carnot could be expressed mathematically. This 
led to a second publication of Carnot’s book that became much more appreciated. However, 
the book quickly went out of print. Lord Kelvin, who struggled to find a copy, eventually 
got it translated in 1890. From then on, the ideas of Carnot widely spread throughout 
the scientific community. Carnot’s work remains remarkable today because it laid the 
foundations of thermodynamics through a reflection that began with technical issues and 
rose to a level of abstraction that would be an inspiration to Clausius and Lord Kelvin. 

In his ‘reflections’, Carnot first pointed out that mechanical power resulted from thermal 
processes: ‘Everyone knows that heat can produce motion. That it possesses vast motive 
power no one can doubt, in these days when the steam engine is everywhere so well 
known. Heat also provokes the vast movements which take place on the earth. It causes 
the agitations of the atmosphere, the ascension of clouds, the fall of rain and of meteors, 
the currents of water that span the surface of the globe, of which man has thus far employed 
but a small portion. Even earthquakes and volcanic eruptions are the result of heat’ [70]. 

Then, Carnot considered an ideal steam engine and focused on its working principle, 
not its actual fabrication. He assumed that the circulating heat was a fluid he called the 
‘caloric’. His view was that the production of motive power in steam engines was due, 
therefore, not to an actual consumption of caloric, but to its transportation from a warm 
to a cold body. ‘It is not sufficient to give birth to an impelling power: it is necessary that 
there should also be cold; without it, the heat would be useless’. 

He made the analogy with a waterfall: ‘We can compare with sufficient accuracy the 
motive power of heat to that of a waterfall. Each has a maximum that we cannot exceed 
[...]. The motive power of a waterfall depends on its height and on the quantity of the 
liquid; the motive power of heat depends also on the quantity of caloric used, and on 
what may be termed, the height of its fall, that is to say, the difference of temperature of the 
bodies between which the exchange of caloric is made’. Carnot illustrated his viewpoint by 
considering a cycle without losses and showed ad absurdum that there could not be a more 
efficient cycle. Thus, he established that the efficiency of the machine was independent 
of the substance inside and that it depended only on the temperatures in between which 
it operated. However, the ‘caloric’ fluid hypothesis was unsuccessful in accounting for 
experimental results and Carnot later reviewed his statement and asserted that this ‘caloric’ 
fluid hypothesis had to be abandoned. 

His thinking contained what would become later the first law of thermodynamics : ‘Heat 
is simply motive power, or rather motion which has changed form [...]. We can then 
establish the general proposition that motive power is, in quantity, invariable in nature; 
that it is correctly speaking, never either produced or destroyed. It is true that it changes 


form [...]”. 
7.2 Thermal Machine 
SS | 


Before engaging in the analysis of the thermal machine originally made by Carnot, let us 
become acquainted with the notion of thermal machines. Formally, a system is called a 
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thermal machine if it performs a heat transfer between two thermal baths, thus allowing a 
mechanical action form the environment on the system and vice versa. In a typical thermal 
machine, heat is effectively transferred between hot and cold heat reservoirs by means 
of a machine that passes periodically through the same states. Thus, the operation of a 
thermal machine is not described by a single continuous process, but by a series of distinct 
processes. The real mechanism can be complex. However, the basic working principle 
of a thermal machine can be understood by identifying the presence of hot and cold heat 
reservoirs, also referred to as a hot ‘source’ and a cold ‘sink’ in this context. In this section, 
we learn to recognise hot and cold reservoirs in some very simple thermal machines. 

For instance, let us consider the so-called ‘vacuum engine’ or ‘flame engine’ (Fig. 7.2). 
The flame is the hot source of the engine and the metallic blade constitutes the cold sink. 
Once hot air near the flame is trapped inside the cylinder, it gets colder by contact with 
the blade. Consequently, its pressure decreases below atmospheric pressure and the piston 
acts on the flywheel, which moves the piston inside the cylinder and provokes the rotation 
of the flywheel. This rotation leads to the opening of the valve. When the valve opens up 
again, hot air rushes inside the cylinder and the cycle starts again. 

Let us now consider a toy steamboat (Fig. 7.3). Here, the flame is considered the hot 
source and the pipes cooled by the surrounding water constitute the cold sink. The steam 
produced in the heated capsule expels the water contained in the pipes. This causes a thrust 
that gives rise to a displacement of the boat. The steam condenses as it is cooled by the 
pipes and the cycle restarts. 

In a hand-held Stirling engine (Fig. 7.4), the hot reservoir corresponds to the palm of 
the hand holding it. The skin has a higher temperature than the surrounding air, which 
corresponds to the cold reservoir. The temperature difference between the hand and the 


In this engine, a flame heats the air in front of a valve that opens and closes using a system of rods linked to a 
flywheel. The decrease of air pressure caused by the cooling fins causes a mechanical action on the piston that 
drives the flywheel. 


In a small toy boat, a flame brings the water, contained in a metal capsule, to boil. The resulting steam ejects the 
water contained in the pipes underneath the boat, providing a thrust to the boat. The steam condenses on the wall 
of the cold pipes, and the cycle ends by a slow inlet of water. 
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Sketch of a Stirling engine working with the heat input of a hand pressed against the metallic base of the device. 
Air inside the cylindrical container alternates between the top where it gets colder and the bottom where 
it gets hotter. 


A duck keeps dipping its beak into a glass of water. The body of the duck contains a pipe filled with a liquid and its 
vapour. Vaporisation cools the beak, causing the liquid to rise until the duck dips to a horizontal position in which 
the liquid flows back down into the body, causing the duck to straighten again. 


air is sufficient for this small engine to drive the rotation of a wheel. We will analyse the 
principle of a Stirling engine in § 7.8. 

Sometimes the operation of a thermal machine can give the illusion of perpetual motion. 
This is due to misleading appearances. In the experiment of the rocking duck (Fig. 7.5), 
the beak cools because water evaporates in the room. This cooling lifts the liquid contained 
inside the duck until the whole duck flips towards the water again. The water is kept at room 
temperature by heat transfer with the atmosphere. The working principle of this heat engine 
can be verified by monitoring the temperature of the beak with a thermocouple mounted 
on it. Furthermore, it can be shown that the duck stops after a while if it is enclosed in a 
container, because the surrounding air becomes saturated with water vapour. 

To conclude this section, we note that there are thermal machines that perform heat 
transfers between several thermal baths. Such is the case of the Diesel cycle which will 
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be analysed in § 7.10.5. In the following section, we will look at machines that come into 
contact only with two heat reservoirs. 


7.3 Carnot Cycle 
SSS SSS SS SS SSS S| 


The thermal processes between thermal machines and heat reservoirs are usually irre- 
versible, in particular because the temperature of the reservoir is different from that of 
the system. As we showed in § 3.2, heat transfer between two regions that have different 
temperatures is always an irreversible process. Thus, in order for a heat transfer to be 
reversible, the temperature of the reservoir has to be identical to that of the system when 
it comes in contact with either one of them. The mechanical processes between the system 
and the environment may also be irreversible. 

Let us now consider a thermal machine that only undergoes reversible processes. Its 
operation is defined by the cycle that was first put forth by Carnot (Fig. 7.6). A gas, 
considered as a simple system, is brought to temperature 7* of a hot reservoir. They 
are then brought into contact with each other (state 1). While in contact, a heat transfer 
occurs and the entropy S of the gas increases from S~ to S*. For this process to be 
reversible it has to happen slowly enough so that there is nearly no temperature difference 
between the reservoir and the gas. The gas is then detached from the hot reservoir 
(state 2) and undergoes a reversible adiabatic process that adjusts its temperature T to 
the temperature 7~ of a cold reservoir. The gas is then brought into contact with the cold 
reservoir (state 3). While in contact, a heat transfer occurs and the entropy S of the gas 
decreases from S* to S~. Again, for this process to be reversible, it has to happen slowly 
enough so that there is nearly no temperature difference between the reservoir and the 
gas. The gas is then detached from the cold reservoir (state 4) and undergoes an adiabatic 
process that adjusts its temperature 7’ to the temperature 7* of the hot reservoir. Thus, the 
system comes back to its initial state (state 1) and the cycle can start again. 

In the thermal machine described by Carnot, this cycle is repeated a large number of 
times. Every reversible cycle consisting of two isothermal and two adiabatic processes is 


Ss” st S 


(T, S) diagram of a Carnot cycle. Processes 1 —> 2and3 —> 4are isothermal, with the gas temperature being 
T* and T~. Processes 2 —> 3and4 —> 1are adiabatic and reversible, with the gas entropy being S* and S~. 
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The four processes of the Carnot cycle performed on a gas enclosed in a bellows. 


called a Carnot cycle (Fig. 7.6). Later on, we will show further that this cycle has optimal 
efficiency [71]. 

In order to emphasise the role of the heat reservoirs in the Carnot cycle (Fig. 7.7) [72], 
let us consider that the gas is contained in a bellows of which the base can easily be set in 
thermal contact with either one of the heat reservoirs. We assume that when the bellows 
is not in contact with a heat reservoir, the system is adiabatic and undergoes reversible 
processes only. Hence, the entropy is constant during the adiabatic processes. When the 
bellows is isolated from the heat sources, the volume is adjusted in order to reach one of the 
temperatures of the heat sources. The bellows is then put into contact with the hot reservoir 
and the volume increases under the effect of the isothermal heat transfer. Thus, according 
to relation (5.73), the entropy of the gas in the bellows increases at constant temperature. 
Then, the bellows is detached from the hot reservoir. The gas is expanded adiabatically to 
adjust its temperature to the cold reservoir. The bellows can then be put into contact with 
that reservoir and the gas can be compressed at constant temperature. Thus, according to 
relation (5.73), the entropy of the gas decreases at constant temperature. The bellows can 
then be detached and the cycle starts again. 

The Carnot cycle represented ona (7, S) diagram (Fig. 7.6) allows an immediate analysis 
of heat transfer and mechanical action. The heat Q provided to the gas during a cycle 
corresponds to the sum of the heat transfers provided to the gas during the four processes, 


O = O12 + Q23 + O34 + Oui (7.1) 
Since processes 2 — 3 and 4 — | are adiabatic, the heat transfers vanish, 
O23 = O41 = 0 (Carnot cycle) (7.2) 


Using definition (2.25), the heat (7.1) provided to the gas during a cycle is given by, 
So 
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= (T+ -T-)(st- S-) (Carnot cycle) 
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Received heat Released heat 


Carnot cycle: The rectangular area on the diagram on the left-hand side represents the heat received per cycle from 
the hot reservoir and the rectangular area on the diagram on the right-hand side represents the heat released per 
cycle to the cold reservoir. 


where the negative sign in front of the second integral comes from the inversion of the 
integration limits. The first integral of equation (7.3) corresponds to the heat extracted from 
the hot source during a cycle. It is illustrated by the shaded rectangular area on the diagram 
on the left-hand side (Fig. 7.8). The second integral corresponds to the heat released to the 
cold source during a cycle. It is illustrated by the rectangular shaded area on the diagram 
on the right-hand side (Fig. 7.8). Thus, the resulting heat O > 0 provided to the gas is 
illustrated by the area of the cycle, as it corresponds to the difference of these two areas. 

The work per cycle W performed on the gas is the sum of the work performed on the gas 
during each process, 


W = Wi2 + Wo3 + Wa + Wai (7.4) 


Since the initial and final states of a cycle are identical and the internal energy is a state 
function, the internal energy variation per cycle corresponding to the sum of the internal 
energy variations of the gas during the four processes vanishes, 


AU = AUj2 + AU23 + AU34 + AU4, = 0 (7.5) 


According to the first law (1.44), the work performed on the gas during a cycle is the 
opposite of the heat provided to the system during this cycle, 


W=-Q (7.6) 


Since the initial and final states of a cycle coincide and the entropy is a state function, the 
entropy variation per cycle, corresponding to the sum of the entropy variations of the gas 
during the four processes, vanishes, 


AS = AS}7 + AS23 + AS34 + AS4, = 0 (7.7) 
Since processes 2 —> 3 and 4 — 1 are adiabatic and reversible, the entropy is constant, i.e. 
AS33 = AS4, = 0 (Carnot cycle) (7.8) 

Thus, relations (7.7) and (7.8) imply, 
AS}o = — AS34 (Carnot cycle) (7.9) 


For a clockwise cycle on a (7, S) diagram (Fig. 7.8), the heat provided to the gas during 
the heat transfer between the reservoirs is positive, i.e. OQ > 0 and the work performed 
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on the gas by the environment is negative, ic. W < 0. Such a cycle is called an engine 
cycle. A thermal machine undergoing a clockwise cycle on the (7, S) diagram, i.e. where 
O = —W > 0, is called a heat engine because this machine receives heat and in return, 
performs work on the environment. 

For a counterclockwise cycle on a (7, S) diagram (Fig. 7.8), the heat provided to the gas 
during the heat transfer between the two heat reservoirs is negative, i.e. QO < 0 and the work 
performed on the gas by the environment is positive, ic. W > 0. Such a cycle is called a 
refrigeration cycle or heat pump cycle. A thermal machine describing a counterclockwise 
cycle on the (7,5) diagram, i.e. where VW = —O > 0, is called a refrigerator or a heat 
pump because work is performed on this machine by the environment. As a consequence, 
it extracts heat from the cold reservoir (refrigerator) or brings heat to the hot reservoir (heat 


pump). 


7.4 Reversible Processes on an Ideal Gas 
a SS | 


In this section, we will calculate changes in physical quantities during reversible processes 
performed on an ideal gas. In the next section, we will apply these results to analyse the 
Carnot cycle in more detail. 

It will be useful to keep in mind how energy changes during the processes we will be 
analysing. Taking into account definitions (1.39) and (5.62), the internal energy variation 
AU during any process that brings the ideal gas from an initial state i to a final state fis 
given by, 


UY Ty 

AU; =| dU=cNR | dT = c NR (Ty— T;) (7.10) 
U; T; 

According to definitions (4.62) and (5.65), the enthalpy variation AH;y during this process 

is given by, 


Hy q 
AHy= [| dH=(c+1)NR | dT=(c+1)NR(G—-T) ~~ (TAN) 
Hy T; 

We will use the word expansion to define a process during which the volume of 
the system increases and contraction the inverse process. Likewise, we will use the 
word compression to define a process that increases the pressure of the system and 
decompression the inverse process. 

In the remainder of this section, we compute the heat O,- provided to the system, the work 
Wi performed on the system and the entropy variation AS; of the system for adiabatic, 
isothermal, isochoric and isobaric processes that take the system from an initial state i to a 
final state f 


7.4.1 Reversible Adiabatic Processes 
Reversible adiabatic processes are isentropic, which means that they occur at constant 


entropy, i.e. dS = 0. Thus, the entropy variation (5.74) during a reversible adiabatic process 
vanishes, 
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Asy= [ dS =0 (7.12) 
Si 


and the heat transfer Qj provided to the system during a reversible adiabatic process 
vanishes as well, 


f 
oy = | TdS = 0 (7.13) 


Since there is no heat transfer between the system and the exterior, the first law (1.44) 
implies that the work performed on the system is equal to the internal energy varia- 
tion (7.10), 


Ty 
Wir = AUy = cNR | dT = cNR(Ty— T;) (7.14) 


Ti 


7.4.2. Reversible Isothermal Processes 


Isothermal processes occur at constant temperature, 1.e. dT = 0. According to defini- 
tions (2.42) and (5.47), the work performed on the system during an isothermal process 
at constant temperature 7 is written as, 


f % dv Vy 
W=— | pdV=—NRT 7 = TART In y (7.15) 


i Vi 
According to (5.62), the internal energy variation at constant temperature vanishes, i.e. 
AU = 0. Taking into account the first law (1.44) and equation (5.92), the heat Oj; provided 
to the system during a reversible isothermal process is given by, 


f Yr ay V, 
Qy=-Wy= | pav=nrr | pO NRT In (Z) (7.16) 
i V; i 


According to (5.62), the internal energy differential of an ideal gas at constant temperature 
vanishes, i.e. dU = 0. Taking into account the Gibbs relation (4.1) and the ideal gas 
equation of state (5.47), the entropy variation ASj of the system during a reversible 
isothermal process is written as, 


dV av V, 
AS = [«- fee- ne | aY Niet (Z) (7.17) 
a ¥ V, 


7.4.3 Reversible Isochoric Processes 


Isochoric processes occur at constant volume, i.e. dV = 0. According to definition (2.42), 
the work performed on the system during a reversible isochoric process vanishes, 


f 
W; --| paV=0 (7.18) 


Taking into account the first law (1.44) and definition (7.10) for the internal energy 
variation, the heat Qj provided to the system during a reversible isochoric process is 
written as, 


Oy= AUy= | dU=cNR | dT = cNR(Ty— T;) (7.19) 


U; T; 
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Taking into account the Gibbs relation (4.1) under the constraint of constant volume, the 
entropy variation ASj; of the system during a reversible isothermal process is written as, 


Sy Tt dT T, 
ASy = | dS =cNR | en (4) (7.20) 
, Si n iT T; 


7.4.4 Reversible Isobaric Processes 


Isobaric processes occur at constant pressure, i.c. dp = 0. According to the defini- 
tions (2.42) and (5.47), the work performed on the system during a reversible isobaric 
process at constant pressure p is written as, 


Sf Vy 
wy=— | pav=—p | dV= D(Vy Vi) = NR (Tr T;) (7.21) 
i Vi 


Taking into account (4.61) and definition (7.11) for the enthalpy variation, the heat Qj 
provided to the system during a reversible isobaric process is written as, 


Ay Ty 
oy = Atty= | aH = (c+1)NR | dT = (c+ 1) NR(Ty— T;) (7.22) 
H; T; 


Taking into account the enthalpy differential (4.32) under the constraint of constant 
pressure and the ideal gas equation of state (5.47), the entropy variation ASj of the system 
during a reversible isothermal process is written as, 


5 dH % dT ie 
asy= [ as= [ Sa (e+ tar f fe ie In (Z) (7.23) 
a ae i re 


L 
i 


7.5 Carnot Cycle for an Ideal Gas 


With the equations established in the previous section, we can now analyse in more detail 
the Carnot cycle performed on an ideal gas. To represent this cycle in the (p, V) diagram 
(Fig. 7.9), we take into account that an isothermal process is characterised by the condition 
pV = const and an adiabatic process by the condition pV’ = const. Since y > 1, the 


V 


(p, V) diagram of the Carnot cycle. The slope differences are exaggerated for clarity. 
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absolute value of the slope of the adiabatic process is larger than that of the isothermal 
process. 

In a (p,V) diagram, the area of a cycle is positive when the cycle is oriented in 
a clockwise manner and corresponds to — W, where W is the work performed by the 
environment on the system. Thus, on a (p, V) diagram, an engine cycle is oriented in a 
clockwise manner and a refrigeration cycle in a counterclockwise manner. Moreover, the 
area of a cycle in a (7,S) diagram corresponds to the heat QO provided to the system per 
cycle. Since O = — W, the area of a cycle is the same in both diagrams. Given that 60 = 
TdS and 6W = — pd\, the cycle has the same orientation in the (p, V) and (7, S) diagrams. 

Equation (7.10) yields the internal energy variation of an ideal gas during the isothermal 
processes | —> 2 (at temperature 7*) and 3 — 4 (at temperature 7—), 


AU jy, = AUyy = 0 (7.24) 


Likewise, equation (7.10) yields the internal energy variation of the ideal gas during the 
adiabatic processes 2 + 3 and 4 —> 1, 


Ts 
AU}3 = c NR i dT = —cNR (Tt - T-) 

a (7.25) 
AUa =cnr | dT = eNR (Tt — T-) 


T4 


Expressions (7.24) and (7.25) for the energy variations during the processes of the Carnot 
cycle satisfy (7.5), which states that the internal energy variation AU per cycle vanishes. 

Equation (7.11) yields the enthalpy variation of an ideal gas during the isothermal 
processes | —> 2 (at temperature 7*) and 3 — 4 (at temperature 7—), 


AAiin = AHx4 = 0 (7.26) 
Likewise, equation (7.11) yields the enthalpy variation of an ideal gas during the adiabatic 


processes 2 + 3 and4 > 1, 


T3 
AFh3 = (c + wr | dT =— (c+1)NR (Tt - T) 
- (7.27) 
AH, = (c+ wr | dT =(c+1)NR(TT-T) 

Ts 


The results (7.26) and (7.27) show that the enthalpy variation AH per cycle vanishes, as it 
should since enthalpy is a state function. 

Using definition (5.68) of the coefficient +, relation (5.78) obtained for any adiabatic 
process i — f yields a relation between the volumes, i.e. 


V, ry" 
TV? =T V7"! ce 2 
ad, = Vy, T; (7.28) 
Identifying equation (7.28) applied to the adiabatic processes 2 — 3 and 4 — 1 yields, 
V3 V2 


Pe 4, 2 
VV, (7.29) 
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Taking into account equations (7.15) and (7.29), we find the work performed on an 
ideal gas during the isothermal processes 1 — 2 (at temperature 7+) and 3 — 4 (at 
temperature 7”), 


- 2 dV V: 
Wa=- f pdV =—NRT* F =—neT* n( 2) 
1 


Vi 1 


7 Ms dV V3 
W34=—- | pdV=—NRT~ — = NRT lIn({ = (7.30) 
‘ V V4 


V3 
Vy 
=NRT l|ln{ — 
“G) 


Equation (7.14) yields the work performed on an ideal gas during the adiabatic processes 
2—>3and4—- 1, 
T3 
Woy = AUn = cnr | dT =—cNR(T*-T-) 
T> 
t (7.31) 
Way =AUy = ene | dT =cNR(T+-T ) 
Ty 
Taking into account definition (7.4), as well as equations (7.30) and (7.31), the work W 
performed on an ideal gas during a cycle is written as, 


1 


W=—NR(Tt— T-)In @ (7.32) 


Taking into account equations (7.16) and (7.30), we find the heat provided to an ideal 
gas during the isothermal processes 1 — 2 at the hot reservoir and 3 — 4 at the cold 
reservoir, 

V2 
On. = — Wiz = NRT* In a, (7.33) 


1 


V3 V> 
O34 = — Wy3 = —NRT In( — ) =—NRT In| = 
V4 4) 


Equation (7.13) yields the heat provided to the ideal gas during the adiabatic processes 
2—>3and4—- 1, 


Qr3 = O41 = 0 (7.34) 


Taking into account definition (7.1), as well as equations (7.33) and (7.34), the heat Q 
provided to the system per cycle is written as, 


V: 
Q=NR(T+-T-)m (2) (7.35) 
1 
We note that equations (7.32) and (7.35) satisfy the first law (7.6) applied to a cycle. 
Taking into account equations (7.17) and (7.29), we find the entropy variation of an 
ideal gas during the isothermal processes 1 —> 2 (at temperature 7+) and 3 > 4 (at 
temperature 7), 
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2 V: 
y ad V. 
ASip = pay ie | oF 2 Wein @ (7.36) 
1 


4 V. 
pdVv 4 av V3 V2 
AS34 = —— = NR — =—NR in| — |) =—NR in| — 
S34 | T N. [ V NR |n V, NR In V, 


Equation (7.17) yields the entropy variation of an ideal gas during the adiabatic processes 
2—>3and4—- 1, 


AS)3 = AS4; = 0 (7.37) 


Equations (7.36) and (7.37) satisfy (7.7), that is, the entropy variation AS per cycle 
vanishes. 


7.6 Efficiency and Coefficients of Performance 
_—————————— | 


The efficiency 7 of a heat engine, running an engine cycle (O > 0), is defined as the ratio 
of the work — W performed by the gas on the environment and the heat O* extracted from 
the hot reservoir at temperature 7*, 


The negative sign is there for the work performed by the system on the environment to be 
positive. Taking into account relation (7.6) between the work W performed on the gas and 
the heat O provided to the gas per cycle, we can write 


_2 
= oF 
where 0 < QO < Q*, thus the efficiency 0 < 7 < 1. 

The heating coefficient of performance <* of a heat pump, running a refrigeration cycle 
(O < 0), is defined as the ratio of the heat — Q* released to the hot reservoir at temperature 
T* and the work W performed on the gas by the environment, 


i (7.39) 


ef =— ie (7.40) 


Taking into account the efficiency (7.39) and relation (7.6) between work W performed on 
the gas and heat Q provided to the gas per cycle, we can write 


gos os (7.41) 
Q 7 
where OF < QO < 0, thus the heating coefficient of performance e+ > 1. 
The cooling coefficient of performance «~ of a refrigerator, running a refrigeration 
cycle (O < 0), is defined as the ratio of the heat O~ extracted from the cold reservoir at 
temperature 7~ and the work W performed on the gas by the environment, 


Ee = c (7.42) 


180 


Heat Engines 


where Q~ > 0. Taking into account the efficiency (7.39) and relation (7.6) between work 
performed on the gas W and heat provided to the gas Q per cycle, we can write, 


e =- a (7.43) 


These definitions apply to any thermal machine running between two heat reservoirs. In 
the next two sections, we determine the efficiency and the coefficients of performance for 
the Carnot cycle. 


7.6.1 Carnot Engine Cycle 


Taking into account the results (7.33), (7.35) and (7.36), we can write the heat O* extracted 
from the hot reservoir, the heat — O~ released to the cold reservoir and the heat O provided 
to the gas during a Carnot engine cycle (Fig. 7.10) as, 
Ot =QOn =Tt AS» > 0 
O =0y4 =T AS34 = — T” AS}2 <0 (7.44) 
O= (T+ - T~) AS. > 0 
Thus, for a Carnot cycle running as an engine cycle, we have indeed, 


Q=07T+Q >0 (7.45) 


Applying equations (7.44) to the efficiency definition (7.39), we obtain the Carnot 
efficiency 1c, 


— ea (7.46) 


Ss st S 


Carnot engine cycle (left) and Carnot refrigeration cycle (right). 
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7.6.2 Carnot Refrigeration Cycle 


Taking into account the results (7.33), (7.35) and (7.36), we write the heat O~ extracted 
from the cold reservoir, the heat Q* released to the hot reservoir and the heat O provided 
to the gas during a Carnot refrigeration cycle (Fig. 7.10) as, 

om = 03, =T AS34 = —T ASi2 >0 

Ot =Q0pn =T* AS, <0 (7.47) 

Qg=(rt- T~) AS; <0 
Thus, for a Carnot cycle running as a refrigeration cycle, we have indeed, 
Q=0 +0* <0 (7.48) 


Applying equations (7.47) to the definitions 7.41 and 7.43, we obtain expressions for 
the Carnot heating coefficient of performance et and the Carnot cooling coefficient of 
performance €¢, 


7.49 
PH 7" ee 


= >0 
Nc as a 


Ec = 


7.7 Endoreversible Carnot Cycle 
| 


Until now we have considered only reversible Carnot cycles. In this section, we include 
irreversible heat transfers between the heat reservoirs and a system that runs a Carnot 
engine cycle. Thus, heat transfers are driven by temperature differences between the 
reservoirs and the system during the isothermal processes of a Carnot cycle (Fig. 7.11). 


Irreversible 


Reversible 


Carnot cycle 


Ss” gst S 


Endoreversible Carnot engine cycle : the temperatures of the reservoirs and isothermal processes are assumed to 
be different in order to take into account the irreversibility of heat transfers between the reservoirs and the engine. 
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The heat extracted from the hot reservoir is Ot > 0 and the heat released to the cold 
reservoir O~ < 0. The temperature of the hot reservoir is 7 and the temperature of the 
cold reservoir 7~. The system undergoes a Carnot cycle in which the isothermal processes 
occur at temperature 7; when the system is in contact with the hot reservoir and 77 when 
it is in contact with the cold reservoir. The temperatures satisfy the order relation, 


ie a ie oe ee ae (7.50) 


As this cycle contains a Carnot cycle within irreversible heat transfers with heat reservoirs, 
it is called an endoreversible Carnot cycle. The prefix ‘endo’ means ‘inside’ in Greek. 

In order to analyse the endoreversible Carnot engine cycle and determine its efficiency, 
we consider that the heat transfers between the reservoirs and the system are stationary. 
Thus, taking into account definition (1.41) and the transport equation (3.16), we obtain, 


Att A 

oa) Podt = 5% (Tt Tf) Ait >0 
Das (7.51) 
At A 

o =| Podt=K G(T — 1) Ar <0 
0 


where Art and At are the durations of the heat transfers with the hot and cold reservoirs. 
In (7.51), we consider that the parameters «, A and @ are the same for the heat transfers to 
both reservoirs. The duration of adiabatic processes is negligible compared to the duration 
of the isothermal processes. Based on this approximation and (7.51), the duration of a cycle 
At is given by, 


é gr Qu 
At=Att+Atr = + 7.52 
KA & —-Tf T--Ty ie) 
Since we have a Carnot cycle occur running between the temperatures 77 and Ty, we 
can use the expressions (7.46), (7.38), (7.42) and (7.49) for the efficiency and the cooling 
coefficient of performance in order to obtain the relations, 


Ty — To W % Go 


= —4 d a a 
Tt oe Eee 


Applying the expressions of O* and O~ derived from equation (7.53) to equation (7.52), 
we find, 


(7.53) 


At= a Ty + ft (7.54) 
nd (= 1) (he) (HH) -T) 
where W < 0 for an engine cycle. The average mechanical power of this engine cycle is 
defined as the ratio of the work performed on the environment and the cycle duration, i.e. 
— W/At. We consider that the temperatures 7* and T~ of the two reservoirs are given. 
Thus, the average mechanical power is a function of the temperatures 7{ and 7> of the 
isothermal processes. The efficiency of the engine cycle is maximum when its average 
mechanical power is maximum. The average mechanical power is maximum when the 
partial derivatives of — W/At with respect to the variables 7 and Tj) vanish. Thus, we 
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obtain two equations from which we can deduce expressions for the temperatures 7; and 
Tp in terms of the temperatures of the reservoirs 7* and T~ [73], 


T* ie tr [T+ 
m= E (14 F) and m= E(u P) (7.55) 


The entropy variation (7.7) per cycle vanishes, because the entropy is a state function. 
Using equations (7.37) and (7.44), we find, 


AS = AS). + AS34 = gr Q =0 (7.56) 
Ty 1) 
thus, 
Q- To 
= = — — TOT 


Taking into account definition (7.39) as well as equations (7.45), (7.55) and (7.57), the 
efficiency 7) ,c of the endoreversible Carnot engine cycle of maximum power is given by, 
ome ‘ie 


ep ee a = (7.58) 


Taking into account the order relation (7.50) for the temperatures, the results (7.46) 
and (7.58) imply that the efficiency of the endoreversible Carnot cycle is lower than that of 
the Carnot cycle, ie. Nec < Ne. 

Let us apply the efficiency formula (7.58) to the case of a nuclear power plant. We 
model it by an endoreversible Carnot cycle established between a hot reservoir, a nuclear 
reactor, and a cold reservoir, a river or some other water source. The temperature of the 
heat-transfer fluid at the exit of a typical nuclear reactor around 300° C. The cooling water 
temperature is about 20° C. The efficiency of the reversible Carnot cycle running at these 
temperatures is 7~ = 0.49 and the maximum efficiency of the endoreversible Carnot cycle 
is Nzc = 0.28. Measured efficiencies for nuclear power plants are typically 7 ~ 0.3. 
Clearly, an irreversible cycle is much more realistic than a reversible cycle to model a 
working nuclear power plant. 


7.8 Stirling Engine 


So far we have considered an idealised machine that runs a Carnot cycle. Then we have 
improved the model by introducing the irreversibility that occurs during the heat transfers 
at the hot and cold reservoirs. Let us now look at some of the particular features of a typical 
heat engine. We take as an example the engine designed by reverend Stirling. By definition, 
a Stirling engine is one in which a fixed amount of gas undergoes cycles consisting of two 
isothermal and two isochoric processes. We will consider that the system is closed, that it 
contains an ideal gas and that the following processes are reversible: 
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1. The gas is heated and dilates at constant temperature 7* (isothermal expansion). 

2. The gas is cooled at constant volume V* by flowing along the regenerator (isochoric 
decompression). 

3. The gas is cooled and contracts at constant temperature 7~ (isothermal contraction). 

4. The gas is heated at constant volume V~ by flowing along the regenerator (isochoric 
compression). 


The Stirling engine (Fig. 7.12) contains two cylinders, a heating element, a cooling 
element and a ‘regenerator’. Fuel is burned in a continuous manner outside the engine. 
Thus, this method has the advantage of allowing an optimal chemical combustion quality. 
Two rods are used at a dephasing angle of 90° between the two motions. The two disks 
acting on the rods are mounted so that they rotate together. In the quarter turn after 
the position of the wheels as shown, the gas gets into the hot zone. The volume of the 
gas is constant in cylinder 1. Then, the piston of cylinder 2 causes a pressure drop of 
the gas during a process, which is approximatively isothermal at temperature 7+, and 
performs work on the environment. During the isothermal contraction at temperature 7, 
the environment performs a work on the gas, but it is smaller than the work performed by 
the gas on the environment during the isothermal expansion at temperature 7+. Therefore, 
during a cycle, the machine has performed work on the environment. 

During the isochoric processes, the internal energy of the gas changes. Since no work is 
performed on the gas, there has to be a heat transfer. Typically, heat is transferred to and 
from a powder or a grid, called a regenerator, through which the gas flows (Fig. 7.13). 


Working principle of a Stirling engine with separate cylinders. 


Z Hot source TT 


Metallic grid Cold source T- 


Isolation walls 


Displacement piston 


Work piston 


Ina Stirling engine with a single cylinder, the displacement piston plays the role of the piston 1 (Fig. 7.12) and the 
work piston is equivalent to piston 2. The gas has to pass through a metallic grid called the regenerator. 
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Stirling cycle ina (p, V) diagram and position of the two pistons at the four corners of the cycle. 


The temperature of the regenerator varies with each passage of the gas. During isochoric 
processes, the thermal power characterising each heat transfer depends on the specific heat 
of the regenerator. If a Stirling engine is used to reach low temperatures, the regenerator 
specific heat decreases at low temperatures and consequently, the power of the Stirling 
refrigerator diminishes. In cryogenic applications, Gifford-McMahon machines are used. 
They are made of several cooling stages, each containing a powder that is optimised for a 
certain temperature range. 

The Stirling engine (Fig. 7.13) operates with two pistons moving in the same cylinder. 
The position of the pistons during the cycle is represented in a (p, V) diagram (Fig. 7.14). 


7.9 Heat Pump and Refrigerator 
Sa en, 


So far, we have analysed thermal machines in which a gas undergoes a thermodynamic 
cycle. Here, we briefly allude to the possibility of using a two-phase flow to run a thermal 
machine. In practice, heat pumps and refrigerators for example, take advantage of the latent 
heat of vaporisation (Fig. 7.15). The fluid is in its liquid state and at a temperature 7~ — AT 
when it enters an evaporator, which is immersed in a cold reservoir at a temperature 7”. 
Heat is transferred from the reservoir to the liquid, thus causing it to evaporate. 

The vapour at the outlet of the evaporator is compressed to higher pressure and 
temperature. Thus, the temperature of the gas 7+ + AT is higher than that of the condenser, 
which is immersed in a hot reservoir at temperature 7*. Heat is transferred from the gas to 
the hot reservoir, thus causing condensation of the gas. At the outlet of the condenser, the 
liquid passes through an expansion valve and reaches a lower pressure and temperature. 
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Pressure 
P Heat-transfer ? +Ap regulator 


2 ny? alti 


Compressor 
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Evaporator + Condenser 
Heat-transfer 


liquid 
Ina heat pump or refrigerator, the heat-transfer fluid turns into a liquid at the condenser and into a gas at the 
evaporator. With permission from Mechatronik Schule Winterthur -MSW, 8400 Winterthur, Switzerland, 
application note NT0028. 
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A refrigeration cycle on the (p, V) diagram of a typical biphasic fluid. 


Thus, the liquid is brought back to its initial state at the inlet of the evaporator and the cycle 


starts again (Fig. 7.16). 


In a refrigerator, the evaporator is meant to be cooled. In a heat pump, the condenser 
is meant to be heated up. The compressor and the expansion valve are usually electrically 
powered. The pressure difference has to be sufficiently high for the gas to condense on the 
hot side and for the liquid to evaporate on the cold side. An exercise is given to analyse the 


operation of a Rankine engine (§ 7.9). 


187 


7.10 Worked Solutions 


7.10 Worked Solutions 
SESE —EE——————————————————_—<—<—<——-a) 


7.10.1 Heat Pump 


We would like to heat a building using a heat engine that performs work on a heat pump. 
During each cycle, the heat engine extracts an amount of heat oF from a hot reservoir 
at temperature 7;', releases an amount of heat Q; to a cold reservoir at temperature 7~ 
and provides work W to a heat pump (Fig. 7.17). During each cycle, the heat pump uses 
the work W performed by the thermal machine to extract an amount of heat Q, from the 
cold reservoir at temperature 7~ and releases an amount of heat QO to a hot reservoir at 
temperature 7}, which represents the building that is to be heated up. The temperatures 
satisfy the order relation 7 > T{ > T~. We consider that the heat engine and the heat 
pump run reversible Carnot cycles. Show that |OS| > |Q;|. 


Solution: 
Taking into account definitions (7.38) and (7.46), the efficiency of the heat engine is written, 


T- 


= | Tf 


pa 
Nc = 
oor 


Taking into account definitions (7.40) and (7.49), the heating coefficient of performance of 
the heat pump is written, 


Thermal 


machine 


Heat pump driven by a thermal machine. 
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1 T~ 

4+ _ | Tr 
NcEC = ma => >1 

7 0; ee T 

Ty 


The inequality is true because Tf > T}. This means that the heat provided to the hot 
source at temperature T; by the heat pump is larger than the heat extracted by the heat 
engine from the hot source at temperature T}. 

For example, some buildings can be heated up by a heat pump operating according to 
the scheme described in this problem. Water from a lake is brought to a heat pump, where 
heat is extracted from the water and released the buildings. The water is returned to the 
lake at a temperature 2° C less than that of the incoming water. 


7.10.2 Cleément—Desormes Experiment 


It is possible to determine the y coefficient of an ideal gas by measuring the pressures 
obtained during a sequence of processes known as the Clément—Desormes experiment 
[74]. Contrary to its common implementation, here the gas remains inside an enclosure 
of variable volume (Fig. 7.18). 

The U-shaped tube provides a way to measure the gas pressure with respect to that of 
the atmosphere by a displacement of the liquid inside the tube. The volume of the tube is 
negligible with respect to the volume V of the sphere. At first, the valve is open and the 
pressure po is the atmospheric pressure, the temperature Ty is the room temperature and 
the volume Vp is the total volume of gas inside the sphere and the syringe. Then, the valve 


Ina special implementation of the Clément—Desormes method to measure the +y coefficient of a gas, a U-shaped 
tube is used to measure pressure variations, and a syringe ensures that the processes occur with a fixed amount 
of gas. 
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is closed and the gas in the syringe is slowly injected into the sphere. This process is an 
isothermal compression. The pressure difference Ap, between the intermediate pressure 
Pp, and the initial pressure pp is then measured. Finally, the piston of the syringe is pulled 
out as fast as possible in order to bring the pressure of the gas in the sphere back to its 
initial value po. This process is an adiabatic decompression. At this point, the volume of 
gas in the sphere and the syringe is V2 and the system reaches thermal equilibrium during 
an isochoric compression. The pressure difference Ap between the final pressure p2 and 
the initial pressure po is measured. Show that the measured pressure differences can be 
used to determine the + coefficient according to the formula, 
ee 

— Ap, — Apo 
The approximation holds in the limit where Ap; < po and Ap. < po. Use series 
expansion to first-order in Ap, /po and Ap> /po to find this result. 


Solution: 
In the initial state, the ideal gas has a volume Vo, a pressure po and a temperature To. 
According to the equation of state (5.47) of an ideal gas, 


PoVo = NRTp 


At the end of the isothermal compression process at temperature To, the ideal gas has a 
pressure p, and it is entirely contained in the sphere of volume V. According to the ideal 
gas equation of state (5.47), 


P\ V= NR To 
At the end of the adiabatic decompression process, the pressure of the ideal gas is equal 


to the initial pressure po and the total volume of gas in the sphere and the syringe is V2. 
According to equation (5.90), 


a =poV3 


At the end of the isochoric compression process, the gas occupies a volume V> at pressure 
P2 and its temperature is equal to the initial temperature Ty. According to equation (5.47), 


P2V2 = NRT) 
The previous equations imply that, 
a) oe ae) ae 
Po a p2 NRT Po P2 


Using definitions py = po + Ap; and p2 = po + Ap2, the previous expression becomes, 
A Ap, \” Ap.\~” 
1+ SE = (14 224) (1+ 22) 


Since the pressure variations are small compared to the initial pressure, i.e. Ap < po and 
Ap2 < po, the first-order series expansion in Ap, /po and Ap2/po are written, 


A A A 
14 h~ (147 a) (1 ya) 
PO Po Po 
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or alternatively, 


Api i (= =P) 2 Ap: Apa 
Po 
where the second term is a second-order term that can be neglected. Thus, 
Ap, ~ (Api — Ap) 
which implies that, 
yt Api 
~ Api — Apo 


7.10.3 Brayton Engine Cycle 


An ideal gas undergoes four reversible processes known as the Brayton engine cycle 
(Fig. 7.19): 


1 > 2 adiabatic compression, 

2 — 3 isobaric expansion, 

3 — 4 adiabatic decompression, 
4 — | isobaric contraction. 


The pressures p; and p2 and the volumes VY; and V3 are given. 


1. Determine W34, the work performed during the adiabatic decompression 3 —> 4. 
2. Determine Q3, the heat provided during the isobaric expansion 2 — 3. 

3. Determine AS4), the entropy variation during the isobaric contraction 4 > 1. 

4. Draw the (7, S) diagram of the cycle. 


Solution: 


1. According to expression (7.14) for the work performed during an adiabatic process, 


T4 
Way = AUyy = CNR | dT = c NR (Ts — T3) 
T; 


Taking into account the ideal gas equation of state (5.47), 


D3V3 = NRT; and paVa = NRT, 


(p, V) diagram of a Brayton engine cycle. 


7.10 Worked Solutions 


the properties of isobaric processes, 


P3 =P2 and pa=p 


and the property (5.90) of adiabatic processes, 


D3 1/y po 1/y 
macnnt +n (2)"n-(2)"s 


the work W34 can be recast as, 


1/y 
Wa = c (paV4 — p3V3) = (piV4 — poV3) = cV3 (° (2) - r| 


2. According to expression (7.22), the heat provided during an isobaric process is, 


T3 
Or = Atty = (0 +1)NR | dT = (c+ 1) NR(T3 -— Tr) 


Th 


Taking into account the ideal gas equation of state (5.47), 
P2V2 = NRT) and =s 3 V3 = NRT; 
the property of an isobaric process, 
P3=P2 


and the property (5.90) of adiabatic processes, 


Pi 1/y¥ 
PVi=pyy => r= (2) Yi 
the heat Q3 can be recast as, 


Qx3 = (c +1) (W3V3 — prV2) = (¢ + 1) pr (Vs — V2) 


=e+nm(n- (2) "n) 


3. According to definition (7.23) of the entropy variation during an isobaric process, the 


ideal gas equation of state (5.47) and the property of adiabatic processes stated above, 
we have, 


1 T; 
dH ' aT T\ 


“(apie (2) = (c-+1)NR n((2) 1) 


4. According to equation (7.12), the adiabatic processes are vertical lines on a (T,S) 
diagram. Solving equation (7.23) for the temperature shows that isobaric processes 
are exponentials on a (T,S) diagram (Fig. 7.20). 
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(p, V) diagram of the Stirling refrigeration cycle. 


7.10.4 Stirling Refrigeration Cycle 


An ideal gas undergoes four reversible processes known as the Stirling refrigeration cycle 
(Fig. 7.21): 


1 > 2 isothermal compression, 

2 — 3 isochoric decompression, 
3 — 4 isothermal decompression, 
4 — | isochoric compression. 


The minimum volume V~, the maximum volume V’, the temperatures of the hot reservoir 
T* and that of the cold reservoir T~ are given. 


1. Determine the work values W\2 and W34 performed during the isothermal compression 
1 — 2 and decompression 3 — 4. 

2. Determine the heat values Qi2, Q23, Q34 and Q4, during all the processes and deduce 
the heat O provided per cycle. 

3. Determine the cooling coefficient of performance e~ of the refrigeration cycle. 

4. Draw the (7, S) diagram of the cycle. 
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Solution: 


1. According to definition (7.15), the work performed during the isothermal processes at 
temperatures Tt and T~ are given by, 


2 V~ ps 
dV V 
1 


y+ € 


4 yt a 
V V 
Wa =— | pav=—nrT~ [ av __ ere n() 
3 - V V- 


2. According to definition (7.16), the heat provided during the isothermal processes at 
temperatures T* and T~ are given by, 


O1 =S_ Wi2 = NRTt In (F) 


yt 
O34 = — W4 = NRT In (=) 


According to definition (7.19), the heat provided during the isochoric processes at 
volumes V* and V~ are given by, 


Qo; = AUz3 = cNR dT =cNR(T — T*) 
T+ 
rt 

On =AU ay =enr | aT = oNR(T* — T-) 


According to definition (7.1), the heat provided per cycle is, 
Vr 
O = O12 + Oo3 + O34 + O41 = —NR(Tt- T-)In (=) <0 


3. Taking into account the fact that the heat extracted from the cold reservoir at 
temperature T~ is Q~ = Qs3a, the cooling coefficient of performance (7.43) is given by, 


Vr 
NRT ln 
es O34 é _ 
- 7 a ee ee 
g NR (T+ — T-)In (=) 


which is equal to the cooling coefficient of performance (7.49) of the Carnot cycle. 

4. By definition, the isothermal processes are horizontal lines on the (T,S) diagram. 
Solving equation (7.20) for temperature, we find that the isochoric processes are 
exponentials on a (T,S) diagram (Fig. 7.22). 


7.10.5 Diesel Engine Cycle 


An ideal gas undergoes four reversible processes known as the Diesel cycle (Fig. 7.23): 


1 > 2 adiabatic compression, 
2 — 3 isobaric decompression, 
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(p 


, V) diagram of the Diesel engine cycle. 


3 — 4 adiabatic decompression, 
4 — | isobaric compression. 


The pressure p, and the volumes V;, V2 and V3 are given. 


I’, 
2, 


Determine the pressures p> and pa. 
Determine the entropy variations AS},, AS)3, AS34 and AS4; during all four processes 
and deduce the entropy variation AS per cycle. 


. Determine the internal energy variations AU}, AU23, AU34 and AU4, during all four 


processes and deduce the internal energy variation AU per cycle. 


Solution: 


1. 


Taking into account the property (5.90) of an adiabatic process, the pressure p> is 
written as, 


V y 
rVi =mV3 > pm=pi (2) 


Moreover, an isobaric process is characterised by equal pressures, i.e. py = p3, and an 
isochoric process by equal volumes, i.e. V4 = V\. Thus, the pressure pa is written as, 
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V3 . V3 : V3 ‘ 
Dp V = ?p. VI => p4=p —)|)=pD —.)} = 7 a 
a3 a8 . (FZ) (FZ : V> 


2. Using definitions (5.68), (7.12), (7.20) and (7.23), the entropy variations AS\7, AS>;, 
AS34 and AS, during all four processes are given by, 


3 
dH dT ie 
AS; ‘ = (e+ nr f pact). o(2) 


" aT TT 

w =e [ = n() 
=ewrin (2) 
P4 


This implies that the entropy variation AS per cycle vanishes, 


> 
i 
lI 
so, 
Q 
S&S 


AS = AS}2 + ASy3 + AS34 + AS4; = 0 


which is a consequence of the fact that the entropy S is a state function. 
3. Taking into account the ideal gas equation of state (5.47) and definition (7.10), the 
internal energy variation AUjg during a reversible process i — f is given by, 
Ty 
Avy =eNnR | aT = eNR(Tp— T) =e(¥y— pM) 


T; 


Thus the internal energy variations AU\2, AU z3, AU34 and AU4, during all four 
processes are given by, 


AU 34 = c (p44 — p33) =cpi 


V Y 
AU4 = ¢(p1Y%, — paVa) = epi (n = (2) n) 


This implies that the internal energy variation AU per cycle vanishes, 
AU = AUjn + AUa3 + AU34 + AU4, = 0 


which is a consequence of the fact that the internal energy density U is a state function. 
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71 


7.2 


73 


Refrigerator 

A thermoelectric refrigerator becomes cold by expelling heat into the environment 
at a temperature 7+. The power supplied to the device is Py and the thermal power 
corresponding to the rejected heat is Pg. Determine the lowest temperature T~ that 
the system can reach if it had an optimal efficiency. 


Numerical Application: 
Py = 100 W, Po = 350 W and Tt = 25°C. 


Power Plant Cooled by a River 

A power plant operates between a hot reservoir consisting of a combustion chamber 
or a nuclear reactor and a cold reservoir consisting of the water of a river. It is 
modelled as a thermal machine operating between the hot reservoir at temperature 
Tt and the cold reservoir at temperature 7~. Analyse this power plant by using the 
following instructions: 


a) Determine the maximum efficiency 7¢ of this power plant and the thermal power 
Po+, describing the heat exchange with the combustion chamber. 

b) Assume that its real efficiency is 7 = kn and find the thermal power Po-, 
describing the heat exchange with the river. 

c) Determine the temperature difference AT of the water flowing at a rate V down 
the river. The water has a density m and a specific heat at constant pressure per 
unit of mass c,,. 


Numerical Application: 
Py = —750 MW, T+ = 300°C, T- = 19°C, k = 60%, V = 200m3/s, m = 
1,000 kg/m? and cy = 4, 181J/kgK. 


Braking Cycle 

A system is made up of a vertical cylinder which is sealed at the top and closed by a 
piston at the bottom. A valve A controls the intake of gas at the top and an exhaust 
valve B (also at the top) is held back by a spring that exerts a constant pressure pz on 
the valve. The system goes through the following processes: 


* 0 —-+ 1: the piston is at the top of the cylinder; valve A opens up and the piston is 
lowered into it so that some of the gas at atmospheric pressure pp = p, is added to 
the cylinder. The gas is at room temperature T,. Valve B is closed. The maximum 
volume occupied by the incoming gas is V;. 

« | —+2: Valve A is now closed and the piston moves upward, fast enough so that 
the process can be considered adiabatic. Valve B remains closed as long as the 
pressure during the rise of the piston is lower than p>. As the piston continues 
in its rise, the gas reaches pressure pp = 10/7, at a temperature 7, in a volume 
V,. Assume a reversible adiabatic process for which equations (5.90) and (5.83) 


apply. 
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« 2—+3: As the piston keeps moving up, valve B opens up, the pressure is p3 = pz 
and the gas is released in the environment while valve A still remains closed until 
the piston reaches the top, where V3 = Vo = 0. 

« 3 —-+ 0: Valve B closes and valve A opens up. The system is ready to start over 
again. 

Analyse this cycle by using the following instructions: 

a) Draw the (p, V) diagram for the three processes that the system is undergoing. 


b) Determine the temperature 7) and the volume /. 
c) Find the work W performed per cycle. 


Numerical Application: 
Vo = V3 = 0, po = py = 10° Pa, V; = 0.251, T; = 27° C and y = 1.4. 


Lenoir Cycle 

The Lenoir cycle is a model for the operation of a combustion engine patented by 
Jean Joseph Etienne Lenoir in 1860 (Figs. 7.2 and 7.3). This idealised cycle is defined 
by three reversible processes: 


« | —-> 2 isochoric compression 

* 2—-+ 3 adiabatic expansion 

¢ 3 —-+ | isobaric contraction 

Assume that the cycle is performed on an ideal gas characterised by the coefficient c 
found in relation (5.62). The following values of some state variables of the gas are 
assumed to be known: the pressure p;, volumes V; and V3, temperature 7, and the 
number of moles of gas NV. Analyse this cycle by using the following instructions : 


a) Draw the (p, V) and (7, S) diagrams of the cycle. 

b) Determine the entropy variation AS). of the gas during the isochoric process 
1—>2. 

c) Express the temperature 7) in terms of the heat exchanged Qj) during the 
isochoric process | —> 2. 

d) Determine the pressure p2 in terms of the pressure p;, the volume V, and the heat 
exchanged Q)p. 

e) Determine the pressure p3 in terms of the pressure p> and volumes V7 and V3. 

f) Determine the work W 3 performed during the adiabatic process 2 —-+ 3 and the 
heat O23; exchanged during this process. 

g) Find the work W3, performed during the isobaric process 3 —-+ | and the heat 
Q3; exchanged during this process. 

h) Find the efficiency of the cycle 7, defined in conformity with relation (7.38) as, 


— Wa3 + Wi 
On 


Express the efficiency 7, in terms of the temperatures 7), T> and 73. 


= 


Otto Cycle 
The Otto cycle is a model for a spark ignition engine and represents the mode of 
operation of most non-diesel car engines. It consists of four processes when the 
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system is closed, and of two additional isobaric processes when the system is open, 
corresponding to air intake and exhaust. Thus, we have, 


* 0 —-+ 1 isobaric air intake 

¢ | —+2 adiabatic compression 
* 2—-+ 3 isochoric heating 

* 3 —-+ 4 adiabatic expansion 

*« 4—-+ 1 isochoric cooling 

¢ 1 —-+ O isobaric gas exhaust 


Assume that the adiabatic processes are reversible and that the gas is an ideal 
gas characterised by the coefficient c found in relation (5.62) and coefficient y = 
(c+ 1)/c. The following values of state variables are assumed to be known: the 
pressure p,, the volumes V; = V4 and V2 = V3, the temperature 73, and the number 
of moles N of air at the intake. Analyse this cycle by using the following instructions: 


a) Draw the (p, V) and (7, S) diagrams of the cycle. On the (p, V) diagram, show 
also the intake and exhaust processes. 

b) Describe what the engine does in each of the processes. 

c) Explain why an exchange of air with the exterior is needed. 

d) On the (p,V) and (7,S) diagrams determine the relation between the area 
enclosed in the cycles and the work W and the heat O per cycle. 

e) Determine all the state variables at points 1, 2, 3 and 4 of the cycle, 1.e. find po, 
P3, Pa, Tr and T4. 

f) Compute the work W performed per cycle and the heat O exchanged during a 
cycle. 

g) Determine the efficiency of the Otto cycle, 


W 
lo =~ OF 


where OF = Q)3. 


Atkinson Cycle 


James Atkinson was a British engineer who designed several combustion engines. 
The thermodynamic cycle bearing his name is a modification of the Otto cycle 
intended to improve its efficiency. The trade-off in achieving higher efficiency is 
a decrease in the work performed per cycle. The idealised Atkinson cycle consists of 
the following reversible processes: 


« |—+2: adiabatic compression 
* 2—+ 3: isochoric heating 

*« 3 —-+ 4: isobaric heating 

* 4—-+ 5: adiabatic expansion 

* 5 —+6: 1sochoric cooling 

* 6—+ |: isobaric cooling 
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(p, V) diagram of a refrigeration cycle 


77 


Assume that the adiabatic processes are reversible and that the cycle is operated on 
an ideal gas characterised by, 


c+l1 
Cc 


pV=NRT U=cNRT — 


The following physical quantities that characterise the cycle are assumed to be 
known: volumes V;, V2 and V6, pressures p; and p3, temperature 75, and the number 
of moles N of gas. Analyse this cycle by using the following instructions: 


a) Draw the (p, V) diagram of the Atkinson cycle. 

b) Determine the pressures p2, p4, Ps, Po, the volumes V3, V4, Vs and temperatures 
T, To, T3, Ts, Ts, in terms of the known physical quantities. 

c) Find the works Wi2, W23, W34, Was, Wse, Wo and the work W performed per 
cycle. 

d) Find the heat transfers O12, 023, O34, O45, Os, Oo and the heat OF = Q73 + O34 
provided to the gas. 

e) Determine the efficiency of the Atkinson cycle, 


W 
14 = — O* 
Refrigeration Cycle 
An ideal gas characterised by the coefficient c found in relation (5.62) and the 
coefficient y = (c+1)/c undergoes a refrigeration cycle consisting of four 


reversible processes (Fig. 7.24): 

« |—>2: adiabatic compression 
*« 2—-+3-: isobaric compression 
* 3 —-+ 4: isochoric cooling 

« 4—-+ |: isobaric expansion 


Analyse this cycle by using the following instructions: 
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(T, 5) diagram of a Rankine cycle operated on an ideal gas 


7.8 


a) Determine the volume V2 in terms of the volumes V; and V3 and the pressures p; 
and p>. 

b) Find the entropy variation AS»3 during the isobaric compression. 

c) Determine the heat exchanged Q23 during the isobaric compression. 

d) Assume now that instead of an ideal gas a fluid is used, which is entirely in a 
gaseous state at point 2 and completely in a liquid state at point 3. The isobaric 
compression 2 —+ 3 is then a phase transition occurring at temperature T and 
characterised by the molar latent heat of vaporisation £¢,. Determine the entropy 
variation AS; during the phase transition in terms of the number of moles N of 
fluid, the volume V2, the pressure p> and the molar latent heat of vaporisation C7, 
assuming that p V = NRT in the gas phase. 


Rankine Cycle 

An ideal gas characterised by the coefficient c found in relation (5.62) and the 
coefficient y = (c+ 1) /c undergoes a Rankine engine cycle consisting of four 
reversible processes: 


« | —+2.: isobaric expansion 

* 2—+3: adiabatic expansion 

*« 3 —+4: isobaric compression 
« 4—-+ 1: adiabatic compression 


Thus, the cycle is represented by a rectangle in a (7, S) diagram (Fig. 7.25). 
Analyse this cycle by using the following instructions: 


a) Draw the (p, V) diagram of a Rankine cycle for an ideal gas. 

b) Determine the works performed W12, W23, W34 and Wa, and the work performed 
per cycle W in terms of the enthalpies M1, Hy, H3 and Hy. 

c) Find the heat provided by the hot reservoir OT = Q) in terms of the enthalpies 
A, Fd, Ay and Ag. 


Exercises 


Turbine 


Vapour 


Boiler Condenser 


Liquid 


Heater Water pump 


Diagram of the Rankine engine for a biphasic fluid. 


Si 53 Ss 


(T, S) diagram of the Rankine cycle for a biphasic fluid. 


d) Determine the efficiency of the Rankine cycle for an ideal fluid defined as, 


W 


R= ~ OF 


7.9 Rankine Cycle for a Biphasic Fluid 
An engine consists of a boiler, a condenser, a turbine and a water pump (Fig. 7.26). 
This engine is operating a Rankine cycle on a biphasic fluid (Fig. 7.27). The cycle 
consists of five processes: 


« | —-+ 2: The fluid coming out of the turbine is completely condensed (1). The 
liquid goes then through an isentropic compression from an initial pressure p, to 
a final pressure pp. 
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« 2—+3: The liquid is heated up at constant pressure p> by the boiler. It undergoes 
an isobaric heating until it reaches the vaporisation temperature (3). 

*« 3 —+4: The liquid is vaporised at constant pressure p>. It goes through a phase 
transition until saturation is reached (4). 

« 4-—-+ 5: The fluid undergoes an isentropic expansion from an initial pressure p> 
to a final pressure p. 

« 5 —-+ 1: The fluid is condensed at constant pressure p;. It goes through a phase 
transition until full condensation is reached (1). 


Analyse this cycle by using the following instructions: 


a) Determine the heat provided by the boiler OF = Q23 + Q3q, the heat released at 
the condenser Q~ = Qs, in terms of the enthalpies per unit mass hj, A>, hz and 
hz and the M of fluid undergoing this cycle (Fig. 7.27). 

b) Find the work performed by the pump W;, and the work performed on the turbine 
W4s in terms of the enthalpies per unit mass h}, hy and A; and the mass M by using 
the results obtained for the open system presented in § 4.11 and assuming that the 
mechanical power is due to the chemical power Pc of the fluid flowing through 
the pump and the turbine, i.e. Py = Pc. 

c) Determine the efficiency of the Rankine cycle for a biphasic fluid defined as, 


W 


IR =~ OF 
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Josiah Willard Gibbs, 1839-1903 


J. W. Gibbs received the first engineering PhD degree of the USA from Yale University. 
After spending 13 years throughout Europe, he came back to Yale as a professor of theoretical 
physics. He published in 1876 his work on reactive mixtures and, in 1902, a book in which he 

laid the foundations of statistical physics. 


8.1 Historical Introduction 
CBC EE 


As we will see in this chapter, thermodynamics is also well suited to describe chemical 
reactions and electrochemical processes. In order to appreciate how thermodynamics has 
contributed to the field of chemistry, we have to be aware of the long journey undertaken 
by generations of scientists before chemical concepts could be expressed naturally in the 
framework of thermodynamics. 

Newton tried to interpret the apparent affinity among substances as resulting from mutual 
attractions between particles. The phlogistic principle was meant to give an understanding 

203 


204 


Chemistry and Electrochemistry 


of chemical interactions that was distinct from the mechanistic views of seventeenth- 
century Newtonian physics. For Georg Stahl (1660-1734), chemist and personal doctor of 
the king of Prussia, phlogistic was a very subtle matter emanating from the combustion of 
coal or the corrosion of metals. The more a material would contain phlogistic, the more 
likely it would burn. The theory was proved wrong, in particular when it was shown 
that magnesium gained weight while burning whereas it had to be assumed that it was 
loosing some phlogistic. It was Antoine Lavoisier (1743-1794) who brought to light the 
role played by oxygen in combustion, thus solving the paradox concerning magnesium. 
He set the foundations for a calorific understanding of combustion. 

In the eighteenth century, chemists were seeking a unifying concept that would play a 
role in chemistry analogous to that of force in Newtonian mechanics [75]. The concept 
that emerged in the nineteenth century was affinity [76]. It was the catalog of observations 
collected during the sixteenth and seventeenth centuries that allowed chemists to define 
the notion of affinity: a tendency of substances to form bonds. Famous scientists such as 
Berthollet, Davy, Ampére and Faraday undertook the task of generating an ordered list 
of relative affinities of substances. A Swiss chemist named Germain Henri Hess (1802— 
1850) found also that the heat of a reaction was the same whether the process occurred in 
one or more intermediate steps. 

At the end of the nineteenth century, thermodynamics had systematised the notions of 
internal energy and entropy, and described how systems exchange energy in the form 
of heat and work. Thermodynamic quantities that would account for chemical reactions 
had yet to be introduced. This was achieved by J. W. Gibbs, a physicist, chemist and 
mathematician. In order to do so, he introduced the notion of chemical potential. 

As we will see in this chapter, the notion of osmotic pressure identified by Jacobus 
Henricus van’t Hoff (1852-1911), is closely related to that of chemical potential. For this 
discovery, he was awarded in 1901 the first Nobel Prize in Chemistry. In 1922, Théophile 
de Donder (1872-1957) gave the mathematical definition for the affinity of a chemical 
reaction, which is used to this day, in terms of chemical potentials and stoichiometric 
coefficients. 


8.2 Chemical Reactions 
| 


In the previous chapters, we described the thermodynamics of simple systems or sub- 
systems in the absence of chemical reactions. Here, we formalise the notion of chemical 
reaction and in the next section we define the affinity of a chemical reaction. A chemical 
reaction is a matter transformation whereby chemical substances are modified. The initial 
chemical substances are called the reactants and the final substances, the products. 

For instance, let us consider the chemical reaction that transforms molecular hydrogen 
H; and molecular oxygen O2 into molecular water H2O and vice versa, 


of 0s = 2HG0 (8.1) 
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where the arrows denote the directions of the reactions. The chemical reaction (8.1) can be 
recast by moving all the terms on the left-hand side to the right-hand side and by changing 
their signs, 


0 2-78) = 654910 (8.2) 


The coefficients —2, —1, 2 appearing in equation (8.2) are called the stoichiometric 
coefficients. This reformulation is a convention. For any chemical reaction, the chemical 
symbols can be represented by (X1,X2,X3) = (H2,02,H2O) and the stoichiometric 
coefficients of the chemical reaction (8.2), labelled a, by (Vai, V¥a2,Va3) = (—2,—1,2). 
Thus, the equation (8.2) associated to the chemical reaction a is written, 


0 Sova Xs (8.3) 
A=1 


8.2.1 Extent of Reaction 


Let us now consider a chemical reaction a in a system consisting of r chemical substances 
labelled by the index A = 1,...,7. We denote the numbers of moles of chemical substances 
by {Ny} = {M,...,N,}. Ina chemical reaction a, the infinitesimal variation of the number 
of moles of each substance is in proportion to their stoichiometric coefficient, that is, 


dN, dN, dN, 


Val Vq2 Var 


dé, (8.4) 


This can be recast as, 
dN4 = Vas dE, VA=1,...,r (8.5) 


where the dimensionless quantity €, is called the extent of the chemical reaction a. If 
dé, > 0, the chemical reaction a occurs from left to right and if dé, < 0, it occurs from 
right to left. Integration of (8.5) yields, 


Ng (t) = Na (0) + Vas & (8) (8.6) 


where €,(0) = 0. According to expression (8.6), for a chemical reaction a, the only 
parameter that governs the time evolution of the number of moles Ny of a chemical 
substance A is the extent €, of this reaction. The chemical reaction rate (1, associated to the 
chemical reaction a is defined as the time derivative of the extent of the reaction (8.5) [77], 


Os, (8.7) 

The time derivative deduced from (8.5) yields the variation rate of the numbers of moles 
of substance A, 

Ng = Vas Qa (8.8) 

We can think of the extent €, of the chemical reaction a as the analog in chemistry to the 

position r of a point mass in mechanics, and the chemical reaction rate Q, as the analog of 


the velocity v. Indeed, the chemical reaction rate is sometimes called the chemical reaction 
velocity. 


206 


Chemistry and Electrochemistry 


In chemistry, it is common for some substances to take part in several chemical reactions. 
Let us consider that in addition to the chemical reaction (8.1), there is a reaction that 
transforms carbon monoxide CO into carbon dioxide CO) and vice versa, 


2CO0+0, = 2C0, (8.9) 


Molecular oxygen O> takes part in both chemical reactions (8.1) and (8.9). Hence, they are 
coupled reactions. The variation of the number of moles of oxygen is equal to the sum of 
the variations due to both chemical reactions (8.1) and (8.9). Thus, for a system consisting 
of r chemical substances A = 1,...,7 coupled by n chemical reactions a = 1,...,7, the 
differential (8.5) becomes, 


dN, =S> veal, (8.10) 


a=1 


Integration of equation (8.10) yields, 


Na (t) =Na (0) + $5 vas €a (0) (8.11) 
a=1 
where €, (0) =0 Va =1,...,n. Taking into account definition (8.7), the time derivative 


of equation (8.10) is written as, 


Ng =>) ak Me (8.12) 
a=1 


8.2.2. Affinity 


Chemical reactions often occur in an environment where the temperature 7 and the 
pressure p are constant. This means that the system environment can be considered as 
a heat and work reservoir. To describe the thermodynamics of a chemical system in 
such an environment, we choose as thermodynamical potential the Gibbs free energy 
G(T,p, {N4}). According to definitions (4.39) and (8.10), the differential of the Gibbs 
free energy is written as, 


a 7 
dG =—SdT+Vdp+ S~ (>: i, vt dé, (8.13) 
a=! \d=1 
where the sums with respect to the chemical reactions a and substances A commute. The 
last term of the differential describes the infinitesimal variation of the Gibbs free energy 
due to chemical reactions a. 

For a system coupled to a heat reservoir at temperature 7 and to a work reservoir at 


pressure p, the chemical equilibrium is given by, 
OG 
ba 
Taking into account the differential (8.13), we can write equation (8.14) in terms of the 
chemical potentials j:,, and stoichiometric coefficients v,4, 


0 Va=1,...,n (chemical equilibrium) (8.14) 


S- [bg Vas = 0 Va=1,...,n (chemical equilibrium) (8.15) 
A=1 
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It is common practice in chemistry to characterise a chemical reaction a at constant 
temperature and pressure by the Gibbs free energy of reaction defined as, 


r 


OG 
AWG= = a 8.16 
26, » 4 Vad (8.16) 
The Gibbs free energy is minimum at equilibrium, as stated in equation (4.58). Therefore, 
the sign of A,G determines the direction in which a chemical reaction a occurs at constant 
temperature and pressure: 


1. A,G < 0: reaction a evolves spontaneously from left to right, 
2. AG = 0: reaction a has reached equilibrium, 
3. A,G > 0: reaction a evolves spontaneously from right to left. 


Alternatively, a chemical reaction a is characterised by its affinity, defined as the 
opposite of the the Gibbs free energy of reaction, 


OG 
a=- 1 
A BE, (8.17) 
Taking into account equation (8.16), the affinity reads, 
A, = - ) [Vad (8.18) 


The chemical notion affinity allows us to draw a parallel with the mechanical notion 
of force. We can assimilate the extent of a chemical reaction a to a coordinate €,, as one 
assimilates a vector r to a position in mechanics. Then, according to equation (8.17), the 
affinity A, of the chemical reaction a is the opposite of the derivative of the Gibbs free 
energy G, just like a conservative mechanical force F is the opposite of the derivative of 
the potential energy U, 

Feavies22 (8.19) 
Or 

Chemical reactions can also occur in an environment where the temperature T is variable 
and the pressure p is constant. This means that the environment can be considered as a 
work reservoir. To describe the thermodynamics of a chemical system in such an environ- 
ment, we choose as thermodynamical potential the enthalpy H (s (7, p, {Na}) Pp, {Nat). 
According to relation (8.10), the variation of the number of moles of substance A is entirely 
determined by the extent €, of the chemical reaction a, the enthalpy can be written as 


H (s (T, p, {Na (Ea) $) ps {Na (E.)}). The enthalpy variation with respect to the extent of 
the chemical reaction a at constant pressure is written as, 


dH (0H OS AN, OH ONg 
= 2 
He, & ON, 8, * ON, a om 
Applying Schwarz theorem (4.67) to the Gibbs free energy G (T, p, {N1}) we obtain, 
0 (0G 0 (0G 
= 21 
ar (wz) = am (ar) 21 


Using definition (4.40) for entropy S(7,p,{N4}) and definition (4.42) for chemical 
potential 4, (T,p, {N4}), the differential equation (8.21) yields the Maxwell relation, 
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Ou, OS 


Moreover, using expressions (4.33) for temperature 7, (4.35) for chemical potential 
44,(8.10) for the extent of the reaction and the Maxwell relation (8.22), we can rewrite 
equation (8.20) as, 


dH oie 2 
dé, — Tan (> Ly va 2 [b4 Vad (8.23) 


We have taken into account the fact that the stoichiometric coefficients v,4 are constant. 
In the neighbourhood of a chemical equilibrium, the second term is negligible with respect 
to the first. Thus, equation (8.23) reduces to, 


dH of 
dé, = —T oan (> Ly va (8.24) 


It is common practice in chemistry to characterise a chemical reaction a at pressure p by 
the enthalpy of reaction defined as, 


dH 
A,H= dé, (8.25) 
In view of equations (8.16) and (8.25), the enthalpy of reaction A,H can be determined if 
the Gibbs free energy of reaction A,G is known for different temperatures. 
As expressed by equation (4.55), enthalpy is minimum at equilibrium, which implies 
that the sign of the enthalpy of reaction determines the direction in which a reaction at 
constant pressure occurs: 


1. A,H < 0: it evolves spontaneously from left to right, 
2. A,H = 0: it has reached equilibrium, 
3. AH > 0: it evolves spontaneously from right to left. 


According to equation (4.61), the enthalpy variation AH during an isobaric process from 
an initial state i to a final state fis equal to the heat Qj provided to the system, i.e. 
AH = Qi. Thus, the reaction is said to be exothermic when A,H < 0 and endothermic 
when A,H > 0. 


8.3 Matter Balance and Chemical Dissipation 
SS aaa 


In this section, we expand on the general results established in Chapter 2 for a simple 
system consisting of r chemical substances, in order to determine the dissipation due to 
n chemical reactions occurring in a simple open system. The causes of the variation of 
the amount of matter of every chemical substance 4 are the chemical power Pc and the 
chemical reactions a occurring in the system. Thus, in view of equation (8.12), the matter 
balance equation implies, 
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S- uyNa=Pct+ S- [by (> Vad °,) (open system) (8.26) 
A=1 A=1 a=l 


Using the definition (8.17) of the chemical affinity, the matter balance equation (8.26) 
implies, 


Po= > pyNat S- AgQa (open system) (8.27) 
A=1 a=1 


after taking into account the fact that the sums commute. Expression (8.27) for the chemical 
power Pc is a generalisation of expression (2.17) for a reversible matter transfer in the 
presence of chemical reactions. Matter transfers are irreversible processes, as we will see 
later. The general expression (8.27) will be established from a description of continuous 
media in § 10.3.5. 

When a simple system is subjected to a reversible mechanical action, then according to 
relation (2.26), i.e. Py = —p V, the entropy production rate (2.15) becomes, 


1 A : 
Ils = 5. (Pe- b> 1X) >0 (8.28) 


A=1 


In view of equation (8.27), equation (8.28) reduces to, 
] n 
l= s A, 20 (8.29) 
Thus, the entropy production rate IIs; of the system is entirely due to the chemical reactions 
occurring inside the system. 


In the particular case of a closed system, i.e. Pc = 0, the matter balance equation (8.27) 
is reduced to, 


» pyNa=- ye A,Qa (closed system) (8.30) 
A=1 a=1 


8.4 Molar Volume, Entropy and Enthalpy 


8.4.1 Molar Volume 


Let us consider the volume V (7, p, {N4}) as a function of temperature 7, pressure p and 
number of moles {N,} of chemical substances A = 1,...,7. The volume V (7, p, {Ni}) 
and each number of moles N, are extensive quantities, whereas temperature T and pressure 
p are intensive quantities. Thus, the volume V (7, p, {N4}) multiplied by any real number 
A must satisfy the identity, 


AV (T,p, {Na}) = V (Tip, {ANa}) (8.31) 


Differentiating equation (8.31) with respect to \ and evaluating it for \ = 1, we obtain, 
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“. OV 


V (Typ, {Na}) = ON, 
A=1 


Ng (8.32) 


The molar volume defined as, 


OV (T,p, {Na}) 


T,p,{Na}) = : 
va (Tp, {Na}) ON, (8.33) 
Since the molar volume v, (T,p, {N,4}) is an intensive quantity, it must satisfy the identity, 
VA (Tp, {Na}) = VA (T,p, {A Na}) (8.34) 
The concentration of substance A in the system is defined as, 
N. 
CA = (8.35) 


Ns 
B=1 


Taking into account relation (8.35) and evaluating identity (8.34) for \ = (Spat Nz) - 
we find, 


v4 (T,p, {Na}) = va (Tp, {e4}) (8.36) 


In view of relations (8.33) and (8.36), the expression (8.32) for the volume can be 
written as, 


r 


V (T.p,{Na}) = S— va (Tap, {ca}) Na (8.37) 
A=1 


8.4.2 Molar Entropy 


Let us consider the entropy S(T7,p, {N4}) as a function of temperature 7, pressure p and 
number of moles {N4} of chemical substances A = 1,...,7. The entropy S(T, p, {N4}) and 
the number of moles Ny of each chemical substance A are extensive quantities, whereas 
temperature T and pressure p are intensive quantities. Thus, the entropy S(T, p, {N4}) 
multiplied by \ must satisfy the identity, 


AS (T,p,{Na}) = S(Tsp.{>Na}) (8.38) 
Differentiating equation (8.38) with respect to and evaluating it for 1 = 1, we obtain, 


os 


S(T.p,{Na}) = D | aay Na (8.39) 
zt 4 
The molar entropy is defined as, 
OS (T, p, {N. 
sa (Tp, {Na}) = eon (8.40) 


Since the molar entropy s4 (T,p, {N}) is an intensive quantity, it must satisfy the identity, 


sa (Typ, {Na}) = 84 (T,p, {A Na}) (8.41) 
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Taking into account relation (8.35) and evaluating identity (8.41) for A = (4 Nz) ae 
we find, 


Sa (T.p,{Na}) = $4 (Tp, {e}) (8.42) 


In view of relations (8.40) and (8.42), the expression (8.39) for the entropy can be 
written as, 


S(T,p,{Na}) = S© 84 (Tip, {ca}) Na (8.43) 


A=1 
8.4.3 Molar Enthalpy 


In order to define the molar enthalpy, we first consider the enthalpy H (s (T, p, {Na}) sp, 
{Na}) as a function of temperature 7, pressure p and number of moles {N4} of 


chemical substances A = 1,...,7. The enthalpy H (s (T,p,{Na}),D, {Na}) , the entropy 


S(T,p,{N4}) and the number of moles N,4 are extensive quantities. Temperature T and 
pressure p are intensive quantities. Thus, taking into account equation (8.38), the enthalpy 


H (s (7, p, {Na}) p, {N, st) multiplied by \ must satisfy the identity, 


AH (S (Tp, {Nab) p.{Nab) =H (S(Lp. {ANA} P{ANa}) 8.44) 
Differentiating equation (8.44) with respect to and evaluating it for \ = 1, we obtain, 


H(9(1,p,{Na}) .p.{Nab) = > Na (8.45) 


= dN4 

where the pressure p is kept constant while performing the partial derivative with respect 
to N. ‘As 

dH _ OH OS + OH 

dN4 OS ON, ONg 


(8.46) 


The molar enthalpy is defined as, 
dH 
ha (s4 (T,p, {Na}) »P; {Na}) = ON, (8.47) 


Since the molar enthalpy 4 (s4 (7, p, {Na}) Pp, {Na}) is an intensive quantity, it must 
satisfy the identity, 


ha (sa (Tsp, {Na}) sp. {Nab) =a (sa (Top, {ANA}) ss {ANAH) (8.48) 


Taking into account relation (8.35) and evaluating identity (8.48) for \ = (ask Nz) - 


we find, 


ha (sa (Tp. {Na}) Ps {Na}) = ha (sa (Trp. teah)sPsteat) (8.49) 
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In view of relations (8.47) and (8.49), the expression (8.45) for the volume can be 
written as, 


H(S(1,p,{Na}) .p.{Nat) = So ha (sa(Tips fea) psfeat) Na (8.50) 


Using expressions (4.33) for temperature, (4.35) for chemical potential, (8.40) for molar 
entropy and (8.47) for molar enthalpy in equation (8.46), we obtain the following 
expression for the chemical potential, 


by =ha— Tsa (8.51) 
8.4.4 Enthalpy of Formation 
In order to compute the enthalpy of a chemical compound, \et us consider a chemical 


reaction a between r — | reactants, Xi,...,X;,—1, that yields as a single product the 
compound C, 


= Va X1 SS ac Dip XA > C (8.52) 
The stoichiometric coefficients v,4 are negative since the substances A = 1,...,r — 1 are 
reactants. The difference between the molar enthalpy hc of the compound C and the sum of 
the molar enthalpies i, of its constituents X), ...,X;—1 is called the enthalpy of formation, 
r-1 
An® = he +S > vaaha (8.53) 
A=1 
where vz4 < 0 (VA = 1,...,r —1). In practice, enthalpies of formation are calculated 


by invoking Hess’s law that states that the enthalpy of a global chemical reaction is inde- 
pendent of the existence of intermediate chemical reactions. The enthalpy of a reaction can 
then be calculated by splitting this reaction in a series of reactions that can effectively occur, 
or not. The enthalpy of the global reaction is therefore the sum of the enthalpies of the 
intermediate reactions [78]. Hess’s law is a consequence of the fact that enthalpy is a state 
function, which implies that its variation depends only on the initial and final states [79]. 


8.5 Mixture of Ideal Gases 
i ——— a ee | 


In this section, we establish an expression for the chemical potential of a substance that 
belongs to a mixture of several substances. We will use the simplest possible model, 
according to which, the substances are independent from one another and each one can 
be considered as an ideal gas. 


8.5.1 Chemical Potential of a Pure Ideal Gas 
First, we need to establish the expression for the chemical potential su (7, p) of a pure ideal 


gas as a function of pressure p. Applying Schwarz theorem (4.67) to the Gibbs free energy 
G(T, p, N), we find, 
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0 (0G - 0 (0G (8.54) 
Op \ ON ON \ Op 
Using definitions (4.41) for the volume V (7, p, N) and (4.42) for the chemical potential 
u(T,p,N) of the ideal gas, the differential equation (8.54) leads to the Maxwell relation, 


3) OV 
os = Sy (8.55) 
Applying the equation of state (5.47) of the pure ideal gas to the Maxwell relation (8.55), 
we find the differential equation, 
On _ 0 (St) -2 (8.56) 
Op ON\ p 2) 
When integrating the differential equation (8.56) from a pressure po to a pressure p while 


keeping temperature T constant we obtain, 


u(Tp) Poot 
/ du = arf (8.57) 
H(T,po) po P 
This yields the expression for the chemical potential of an ideal gas, 
U(T,p) = w(T,po) + RTIn (2) (8.58) 


8.5.2 Chemical Potential of an Ideal Gas Mixture 


Now, we would like to determine the chemical potential of a mixture of 7 ideal gases 


A=1,...,rina system of volume V. According to the ideal gas equation of state (5.47), 
we can define the partial pressure p4 of each gas as, 
NaRT 

pa= 5 (8.59) 


The pressure p of the gas mixture is the sum of the partial pressures, 


p=) = > v,) aad (8.60) 
A=1 A=1 


This means that the pressure p is entirely determined by the set {p4} of partial pressures. 
Applying Schwarz theorem (4.67) to the Gibbs free energy G (7 .P ({pa}),{N, 4}) we find, 


0 OG 0 OG 
Opa & ~ ONg G wee 


Taking into account (8.60), we have, 
0G _ Op OG __ OG 
Opa 7 Opa Op 7 Op 
Using the definitions (4.41) for the volume V(T,p ({p4}),{Na}) and (4.42) for the 
chemical potential 1, (T,p4, Na.) of the ideal gas A and in view of identity (8.62), Schwarz 
theorem (8.61) leads to the Maxwell relation, 
OL, OV 
Opa ONa 


(8.62) 


(8.63) 
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Applying expression (8.59) for the partial pressure p, of an ideal gas A to the Maxwell 
relation (8.63), we find the differential equation, 

On,  O (“<) _ RT 

Ops ONa\ Pa PA 


When integrating the differential equation (8.64) from a pressure p to a pressure py while 
keeping the temperature T constant we obtain, 


H4(Tpa) PA dy! 
; dj, =RT / ee (8.65) 
be(Tp) p Pa 


This yields the expression for the chemical potential, 


(8.64) 


ptt) =a, Op) RT (=) (8.66) 


Taking into account definitions (8.59), (8.60) and (8.35) for the partial pressure py, the total 
pressure p and the concentration cy, their ratio is written as, 


DA A, yy (8.67) 


? ——j =. 
dUNs 
B=1 

which means that the partial pressure py, is a function of the pressure p and of the 


concentration c4. Thus, the chemical potential in equation (8.66) becomes a function of 
T, p and cy, 


M4 (T,p, c4) = by (7,p) +RTIn (ca) (8.68) 


where 1, (T7,p) is the chemical potential of the pure ideal gas 4. According to equation 
(8.68), when the ideal gas A is pure, ie. cg = 1, the chemical potential u,(T,p) = 
Ma (7. DP» 1). 

In practice, many mixtures can often be described in a first approximation by making 
the drastic assumption that each constituent of the mixture is an ideal gas. The ideal 
mixture is defined as the mixture where the chemical potential of each constituent satisfies 
relation (8.68) [80]. Notice we adopt the convention according to which a property of a 
substance is that of the pure substance when the concentration is not found in the list of 
state variables of that property. 


8.5.3 Molar Entropy of an Ideal Gas Mixture 


Using definition (8.40) for molar entropy, the Maxwell relation (8.22) is written as, 
= OMs (T,p, ca) 


s4(T,p,c4) = aT (mixture) 
0 T, 
sa (Tp) =— CHalTP) (pure) (8.69) 


The partial derivative with respect to temperature 7 of the expression (8.68) for the 
chemical potential yields, 


O 0 
ar vA (T,p, Ca) = ar A (7,p) +R in (ca) (8.70) 
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Taking into account the identities (8.69), equation (8.70) is recast as, 
sa(T,p,ca) = 54 (T,p) — R In(ca) (8.71) 


where s4 (7, p) is the molar entropy of the pure ideal gas 4. The second term on the right- 
hand side of expression (8.71) is called the entropy of mixing. This result is known as the 
‘Gibbs theorem’ [81]. 

A colligative property of a chemical solution is a property that is due to the mixing 
of constituents, but is independent of the nature of these constituents. The entropy of 
mixing (8.71) is an example of such a property. 


8.5.4 Molar Enthalpy of an Ideal Gas Mixture 


According to expression (8.51) for the molar enthalpy, we have, 
hy (s4 (Typ, C4) »P> ca) = Ha CP; C4) + Ts4 (Typ, C4) (mixture) 


ha (sa (Z.p).p) = Ha (Tsp) +Ts4(T.p) (pure) (8.72) 


Applying expressions (8.68) for the chemical potential yu, (7,p,c4) and (8.71) for the 
molar entropy s4(7,p,c4), we can combine the first and second equations of (8.72) to 
write, 


ha (s4 (T,p,c4) .P, ca) ty (s1 (Tp), p) (8.73) 


This means that the molar enthalpy of an ideal gas in an ideal mixture is independent of its 
concentration cy. 


8.5.5 Law of Mass Action 


Taking into account equations (4.37) and (8.68), the Gibbs free energy G(T, p, {N4}) can 
be written as, 


G(T.p,{Na}) = >> Natta (T.p.ca) = >> Na (14 (T,p) +RTIn (ca) ) (8.74) 
A=1 A=1 


Calculating the partial derivative of the Gibbs free energy with respect to the extent €, of 
the chemical reaction a, taking into account definition (8.35) for the concentration c4 and 
using equation (8.10), we can recast dN, in terms of d€,, and find, 


dG 
og 


r r 


— pe Vad [Ly (T,p) +RT>~ Vaa In (C4) 
A=1 A=1 


a 


Ny (8.75) 


r a ae 
+RT N4 = In e 
de, SNe 
B=1 


The second term on the right-hand side of equation (8.75) can in turn be recast as, 


RTY© vas In (C4) = RT In ( II “) (8.76) 
A=1 


A=1 
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Taking into account equation (8.10), the third term on the right-hand side of (8.75) can be 
written as, 


ary E, 2 (imo (Na) — n( ovo) 


. ”" Ss tiie (8.77) 
=RTS Ng SI =0 
A=1 Na S Na 
B=1 


At chemical equilibrium, equation (8.14) holds. Thus, the right-hand side of equation 
(8.75) vanishes. Taking into account identities (8.76) and (8.77), the chemical equilibrium 
is therefore written as, 


S> Vas tg (T,p) + RT In (11 ci =0 (chemical equilibrium) (8.78) 
A=1 A=1 


The equilibrium constant K, of the chemical reaction a is defined as, 


1 r 
Ky = exp (- RT S- Vad [4 0) (8.79) 
A=1 


Substituting this definition into equation (8.78), we find what is known as the mass 
action law, 


K,= =I] a (chemical equilibrium) (8.80) 


This is also called the Guldberg and Waage law. It can be used to estimate the Gibbs free 
energy of a mixture from measurements of its concentrations at equilibrium. 


8.6 Osmosis 
OSS ee 


Using the expression we established for the chemical potential of a substance in a mixture 
as a function of its concentration, we can now explain the phenomenon known as osmosis, 
which we define as follows. Consider a system consisting of two simple subsystems 
separated by a fixed permeable membrane. One subsystem contains a solvent and the other 
the solvent and a solute. When the membrane has the particular property that it lets the 
solvent pass through it, but not the solute, it is said to be an osmotic membrane. The 
spontaneous transfer across the membrane of solvent from the side where it is pure to the 
side which has the solute is called osmosis. 

Let us assume that one subsystem is a large container of pure water and that a cell 
containing salt water is immersed in the pure water. The cell is separated from the container 
of pure water by an osmotic membrane (Fig. 8.1). The salt water in the cell and the pure 
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Osmotic 
membrane Cell 


An osmotic cell is immersed in a container filled with pure water. The left wall of the cell is a fixed osmotic 
membrane that lets pure water pass through, but not the ions in solution in the cell. The osmotic cell contains salt 
water with a salt concentration c. The pressures is ext in the container and p in the cell. 


water in the container can be considered as two simple subsystems. The container is 
large enough with respect to the size of the cell that the pure water in the container can 
be considered as a heat and work reservoir at temperature T and pressure Pp ext. The cell 
comprises a long and vertical open-ended tube. The cell is supposed to be shallow enough 
with respect to the height of the tube so that we can assume that the pressure p is uniform 
in the part of the cell where the membrane is located. The tube is thin enough so that the 
volume of liquid in the tube remains low compared to the volume of liquid in the cell. 
Thus, when the liquid rises in the tube, it can be assumed that the concentration c of salt in 
the cell does not change significantly. 

The transfer of pure water across the membrane stops when the two subsystems reach 
the chemical equilibrium (3.43) characterised by the equality of the chemical potentials of 
the solvent on either side of the osmotic membrane, 


A(T, Pext) = w(T,p,1— c) (chemical equilibrium) (8.81) 


In the approximation of an ideal mixture, equation (8.68) implies that the chemical 
potential is written as, 


w(T,p,1— c)=u(T,p)+RTIn(1—- c) (8.82) 


where | — c is the concentration of water in the cell. As the salt concentration is low, i.e. 
c < 1, we can use the following series expansion in c, 


In(1— c) =—c +O (c’) (8.83) 
Thus, at chemical equilibrium, to first-order in c, relations (8.81) and (8.82) imply that, 
(T,Pext) = w(T,p) — cRT (chemical equilibrium) (8.84) 


We need to work out how the chemical potential of pure water depends on pressure. 
Since pure water is incompressible, its molar volume v is independent of pressure. The 
definition (8.33) of the molar volume and Maxwell relation (8.55) imply that for pure 
water, 


P Ou Dp 
we (T,p) — w(Tpex) = f se dp =v | dp = v(p — Pex) (8.85) 
Pext P Pp 


ext 
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Comparing relations (8.84) and (8.85), we find the law first established by van’t Hoff [82], 
V(p — Pext) =CRT (chemical equilibrium) (8.86) 


The pressure difference p — Pext between the cell and the container is called the osmotic 
pressure. The osmotic pressure p — Pext is equal to the hydrostatic pressure of the water 
column in the tube. 

It can also be interpreted as the partial pressure of an ideal gas consisting of N, moles in 
the volume V of the cell. Indeed, using definition (8.35), the salt concentration c < 1 in 
the cell can be written in terms of the number JN, of salt moles and the number N, of water 
moles, where N, < N., 


Ns Ns 
= an 8.87 
©" Ne+N, Ne oe) 
The pure water molar volume is written as, 
V 
alee 8.88 
Ve ae (8.88) 


Taking into account equations (8.87) and (8.88), equation (8.86) can be expressed in terms 
of the number of moles N, of salt as, 


N,RT 
P-Pext= 7 (8.89) 


Notice that the equality of the chemical potential of the water on both sides of the 
membrane implies the equality of the partial pressure p — N,RT/V of water inside the 
cell and the pressure p ext of the surrounding pure water. 


8.7 Electrochemistry 
—————SS————————e————————— ee 


Until now, we considered that the system consisted of substances without net electric 
charge. In this section, we extend our thermodynamic description of chemical systems by 
introducing electrically charged substances. The study of the interplay between chemical 
and electrical phenomena is called electrochemistry. It is an important research field since 
energy storage and electricity production using electrochemical cells could potentially play 
an important role in regard to the energy crisis. 


8.7.1 Electrochemical potential 


When electrically charged substances are in equilibrium, the quantity that characterises 
equilibrium is a generalisation of the chemical potential called the electrochemical 
potential ji. It is defined as the sum of the chemical potential yz and an electrostatic term, 
which is the product of the molar electric charge z Fr of the substance and the electrostatic 
potential vy, 


p=pe+zF ry (8.90) 
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Fis the Faraday constant, defined as the electric charge of a mole of electrons, 
Fr = —Nye = 96,487 C mol! (8.91) 


where Ny is the Avogadro number, e = — 1.602 - 107 !° C is the charge of an electron. 

In equation (8.90), z is the electrovalence, defined as the number of electrons to add 
(z > 0) or take away (z < 0) from each ion to make the substance electrically neutral. 
Equation (8.90) will be established on a rigorous basis in Chapter 9. It may be helpful to 
remember that the electrochemical potential and the electrostatic potential yy are intensive 
quantities. 


8.7.2 Oxidation and Reduction 


Electrochemical reactions transform neutral substances into electrically charged substances 
and vice versa. For instance, let us consider the chemical reaction between copper atoms 
Cu, zinc atoms Zn, and their ions Cu?* and Zn°t, 


JatGr = Za + Cu (8.92) 


This electrochemical reaction takes place spontaneously in the indicated direction. In order 
to benefit from such a reaction, two electrodes consisting of copper and zinc respectively, 
are immersed into electrolytic baths, which are solutions containing the ions of both metals. 
The electrochemical reaction is either an oxidation or a reduction. An oxidation produces 
electrons and consumes electrons. Equation (8.92) is an example of such a reaction, which 
is called a redox reaction. In this reaction, the Zn atom undergoes an oxidation and 
transforms into a Zn’* ion giving two electrons 2 e, 


Ti > Zar? es (8.93) 


and the Cu’ ion undergoes a reduction and transforms into a Cu atom by consuming two 
electrons 2 e, 


Cut +2e > Cu (8.94) 

The electrode where the oxidation occurs is called the anode and the electrode where the 
reduction occurs is called the cathode. 

In order to analyse the equilibrium of an oxidation or reduction reaction, the atoms, 

ions and electrons are treated as distinct ‘chemical’ substances. By replacing the chemical 


potential by the electrochemical potential in the equilibrium condition (8.15), we obtain 
the equilibrium of the zinc oxidation reaction (8.93), 


— Ez + Lezp2+ oP 2 He =0 (8.95) 


where the stoichiometric coefficients are determined by the oxidation (8.93). Similarly, the 
equilibrium condition for the copper reduction (8.94) is given by, 


Hou ~~ Pecy2+ _ 2 fhe =0 (8.96) 


where the stoichiometric coefficients are determined by the reduction (8.94). 
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8.7.3 Nernst Potential 


We are now in a position to analyse what is happening in a battery. In order to keep our 
reasoning and the notation clear, we follow two steps. First, we consider a hypothetical 
battery where the electrolytes on the anode and cathode sides differ only by their 
concentration of Cu ions. This allows us to introduce the notion of Nernst potential. Then, 
we will consider a battery with both Cu and Zn ions. 

Let us first consider two separate cells, which both consist of a Cu electrode in an 
electrolytic bath containing water, Cu’* ions and SO;” ions. The two electrodes are 
identical, and likewise, the electrolyte pressure and temperature is the same on both sides. 
The electrolytic baths of both cells are connected by a salt bridge that only lets the SO;” 
ions pass. This ensures electric neutrality of the electrolytic baths, except, as we will see, 
at the interfaces with the electrodes (Fig. 8.2) [83]. 

The concentration c+ of ions Cu** is assumed higher in the (+) cell than the 
concentration c~ of ions Cu** in the (—) cell. The chemical reactions between water and 
ions and between the water and the copper electrodes can be ignored because their influence 
on the equilibrium state is negligible. At equilibrium, an electrostatic potential difference 
Ag is measured between the two electrodes. We show now how this electrostatic potential 
difference Ay can be expressed in terms of the concentrations c+ and c~. 

At equilibrium, the reduction of copper (8.94) at the (+) and (—) electrodes are 
expressed as, 


GN 


Cu Cu 


An electrostatic potential difference Aw is measured by a voltmeter between two electrodes of Cu immersed into 
electrolytic baths of Cu? ions with concentrations c~ (left) and ct (right), with cr > c—. The salt bridge only 
allows the SO; ions to pass from one electrolytic bath to the other. 
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Figy) — Figs — 28s") =0 


= = = (8.97) 

BiG,’ — Biggs — 2fig ? = 0 
Using definition (8.90), the electrochemical potentials can be expressed in terms of the 
chemical potentials and the electrostatic potentials. The copper atoms of the two identical 
electrodes are neutral. Thus, their electrostatic potential energy can be taken to be zero and 
their chemical potentials are equal, 


—(+) (-) 


Ben = Hen and fig,” = Uy (8.98) 
The electrochemical potentials of the ions are given by, 
Tee = a. +2Fr oun and Tee = Hes +2Fr Cen (8.99) 


The chemical potential of the electrons jz, is the same for the two electrodes since they 
consist of the same metal, 


(+) (+) je 


pS? =p.— Frys? and pS? =u, — Frey” (8.100) 


Taking into account relations (8.98), (8.99) and (8.100), equations (8.97) become, 


jig = Bd, = 2 Op (of? - eh.) =0 


(-) 


es (8.101) 
Mou Heyt+ 2 pu, +2 Fr (o a ee) =0 


The presence of electrically charged SO” ions in the electrolytic bath largely ‘neutralises’ 
the electrostatic fields generated by the ions around the electrodes. This phenomenon is 
called electrostatic screening. Thus, the electrostatic potentials of the ions in the baths are 
negligible with respect to the electrostatic potentials of the conduction electrons on the 
electrodes, 


py < yt and oo < yo? (8.102) 
According to equation (8.68), the chemical potential of the copper ions ae and joe 
depends on their respective concentrations ct and c~ in the electrolytic baths, 
CH) = ugar +RTIn (ct 
ee Mow ( ) (8. 103) 
Meyg+ = Mowt +RTIn (ic) 


where jic,2+ is the chemical potential of the pure copper ions. Using relations (8.103) in 
equations (8.101) and taking into account the screening (8.102) of the electrostatic potential 
of the ions, we obtain, 


Heoy — How+t — RTIn (c*) — 2p, oF =0 


(8.104) 
Loy — Pot — RT In (c”) =O A Fey? _~0 


Subtracting both equations (8.104) from one another yields the electrostatic potential 
difference between the two electrodes, 


4 RP. fe 
Ag = of? -— 9 = oan (<) (8.105) 


Cc 
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This concentration-dependent potential is called the Nernst potential. It can be understood 
as follows: in the cell containing the highest concentration ct of Cu’* ions, the reduction 
is more important than in the cell containing the lowest concentration c~ of Cu’* ions. 
Thus, the copper electrode in the cell with a concentration ct has a larger electric charge 
than the electrode in the other cell. This asymmetry induces the Nernst potential. 


8.7.4 Electric Battery 


In this section, we would like to describe the working of a particular electric battery, called 
the Daniell cell, that consists of a Cu electrode and a Zn electrode. The Daniell cell is an 
electrochemical system that is analogous to the system presented in § 8.7.3 in which the 
left Cu electrode has been replaced by a Zn electrode (Fig. 8.3). 

The oxidation (8.93) that occurs at the Zn anode implies that this electrode consumes 
electrons. The reduction (8.94) that occurs at the Cu cathode implies that this electrode 
releases electrons into the electrolytic bath. The left electrolytic bath, where the Zn anode 
is immersed, contains Zn’* and SO;- ions, and the right electrolytic bath, where the 
Cu cathode is immersed, contains Cu’* and SO7~ ions. At equilibrium, an electrostatic 
potential difference Ay is measured between the cathode and the anode. It can be used by 
closing the electrical circuit outside the cell. 


Anode Cathode 


+ 


Oxidation Reduction 


An electrostatic potential difference Aw is measured by a voltmeter between a Cu cathode and a Zn anode. 
The cathode is immersed in an electrolytic bath containing Cu2* and 50;— ions. The anode is immersed in an 
electrolytic bath containing Zn°* and 50; ions. The salt bridge only allows 50; ions to pass from one 
electrolytic bath to the other. 
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At electrochemical equilibrium, the copper reduction at the cathode (+) yields the 
condition (8.101). Taking into account the screening (8.102), the condition (8.101) is 
written as, 


Hoy — HGR, — 2p +2F RY =0 (8.106) 


Replacing the copper by zinc in equation (8.106) yields the equilibrium condition at the 
anode (—), 


fan — Hes — 2 bp +2F rvs) =0 (8.107) 
Subtracting equations (8.106) and (8.107) yields the electrostatic potential difference 
between the two electrodes, 


x 1 z 
Mata ge om (ce _ Hou) _ (ae _ Ha) ) (8.108) 


When the electric circuit is closed outside the battery, the electrons (of negative electric 
charge e) move in the outer circuit from the anode (—) to the cathode (+). By convention, 
the electric current is defined for positive charges. The signs (+) and (—) with which 
the electrodes are labeled correspond to this convention according to which an electric 
current (of positive charges) goes from the anode (+) to the cathode (—) through the 
external electric circuit. In order for the charge circuit to form a closed loop, a current 
of SOZ- ions of negative electric charge must run through the salt bridge connecting the 
electrolytic baths. The SO{~ ions move from the cathode (+) side to the anode (—) side 
of the Daniell cell. 


8.8 Worked Solutions 
_—$—$—————— SSS 


8.8.1 Dissipation of an Ideal Gas 


Consider an isolated system consisting of two subsystems, labelled 1 and 2, containing 
an ideal gas. The two subsystems are separated by a fixed diathermal and permeable 
wall (Fig. 3.3). The system is kept at a constant temperature T. Assume that the pressure 
P2 of subsystem 2 is slightly larger than the pressure p; of the subsystem 1, Le. 
Ap = p2—Pp <p2. Determine the entropy production rate Is of the system in terms of Ap. 


Solution: 


At constant temperature T, the entropy production rate (3.44) is written 


1 


Ts = — =F (14 — fa) M > 0 


Equation (8.58) is written in terms of the chemical potentials 4, = u(T,p,) and py = 
1 (T,p2) as, 


A 
w(T,p1) = w(T,p2) + RT In (2) =p(T,po)+RT In (1- =) 
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Since Ap < pz the following series expansion can be used, 


2 
in(1 = ee AG (= ) 
P2 P2 P2 


Thus, to first order in Ap/po, 


Ap 
My — by =—RT 
P2 


which implies that, 


Ars 
ea R— Ny SO 
P2 


This implies also that N; > 0. Thus, the gas moves from the subsystem 2 towards the 


subsystem 1. 


8.8.2 Isothermal Mixture 


An isolated system of volume V consists of two simple subsystems of volumes V; and V7 
initially separated by a fixed diathermal wall. The temperature T and the pressure p are the 
same in both subsystems. The temperature T is constant and the total volume V is fixed. 
Initially, there are VN; moles of an ideal gas of substance 1 in one of the subsystems and N2 
moles of an ideal gas of substance 2 in the other. The wall is removed and the ideal gases 
diffuse and mix [84]. There is no chemical reaction between the ideal gases. 


1. 
. Determine the enthalpy variation AH of the system during the mixing. 
. Determine the entropy variation AS of the system during the mixing in terms of the 


Determine the internal energy variation AU of the system during the mixing. 


ideal gas concentrations c; and c> in the mixture and show that it is positive. 


. Determine the Gibbs free energy variation AG of the system during the mixing in terms 


of the ideal gas concentrations c; and c, in the mixture and show that it is negative. 


Solution: 


1. 


Since the system is isolated, the internal energy variation (1.30) during the mixing 
vanishes, 


AU=0 


. According to expression (5.65), the enthalpy variation of an ideal gas during an 


isothermal process vanishes. Thus, the total enthalpy variation during the mixing 
vanishes, 


AH =0 


. Taking into account the expression (7.17) of the entropy variation for an isothermal 


process, the entropy variation of the system is written, 


V V 
AS = AS, + AS> = N, R ln (=) + NR In (=) 
Vi V2 
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Before the mixing, the ideal gases satisfy the equations of state (5.47), 
NRT NoRT 
=— and Vo = : 
P P 
Summing the two previous equations yields an expression for the total volume V, 
(Ni + Np) RT 
P 
Substituting the two previous equations in the expression of AS yields, 


hea Rin ( @2™ anginal 
N No 


Vy 


Va=Vi+ V2 = 


According to expression (8.35), the ideal gas concentrations are defined as, 
MM — NM 
7 N+ No a Ni + No 


Substituting the two previous equations in the expression of AS yields, 


AS = —N,R In(c1) — N2R In(c2) = —RIn (c}'c3?) 


Cl and (op) 


Since the concentrations 0 < c; < land0,< c@ <1, 
In (q's) <0 => AS > 0 


Thus, the entropy increases during the mixing. 


. According to equations (4.31) and (4.38) for an isothermal process, the Gibbs free 


energy variation AG is related to the enthalpy variation AH 
AG = AH-— TAS— SAT=—TAS = RTIn (c}'c3?) <0 


Thus, the Gibbs free energy variation during an isothermal mixing is negative. 
Moreover, the previous inequality means that the mixture at constant pressure and 


temperature is a Spontaneous process. 


8.8.3 Chemical Equilibrium 


In a cylinder, there are Ny, moles of molecular nitrogen Nz and Ny, moles of molecular 
hydrogen H, that can be considered as ideal gases. The system is closed by a piston 
of negligible weight. The ideal gases are initially separated by an impermeable wall of 
negligible mass (Fig. 8.4). They are kept at constant temperature 7 and at constant pressure 
p. When the wall is removed, a chemical reaction, denoted a, occurs due to a catalyst that 
can be ignored in the analysis. The chemical reaction produces ammonia NH; that can be 
considered as an ideal gas. We assume that temperature and pressure are constant during 
the chemical reaction. 


1. Define the chemical reaction a and determine the stoichiometric coefficients vgn,, Van, 


and VqNH3- 


2. In the particular case where the system consists initially of N moles of molecular 
nitrogen and 3N moles of molecular hydrogen that transform entirely into ammonia, 


determine the ratio of the volumes Vyu,/ (Vx, + Vu). 
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Initial state Final state 


T = const [ee 
p=const 

H, 

N, 

NH. 


Initially, molecular hydrogen H and molecular nitrogen N> are separated by a wall in a cylinder closed by a piston. 
After removing the wall, a chemical reaction produces ammonia NH3. 


3. Determine the equilibrium condition. 
4. Express this equilibrium condition in terms of the molecular nitrogen concentration cn, 
and the molecular hydrogen concentration cy,. 


Solution: 


1. The stoichiometric coefficients of the chemical reaction a are Van, = — 1, Van, = — 3 
and VaNH; = 2; 


N,+3H,) — 2NH;3 
2. In the particular case where the chemical reaction transforms entirely the molecular 


nitrogen and hydrogen into ammonia, the initial volumes of ideal gases Vx,, Vy, and 
the final volume of ideal gas Vx, are given by, 


NRT 3 NRT 2NRT 
Vn, = —— and Vy, = —— and Vxn, = ——— 
P P 
Thus, the volume ratio of the ideal gas is given by, 
oa 
Vu, +Vu, 2 


This implies that the chemical reaction a causes the decrease of the gas volume during 
the production of ammonia. 

3. Taking into account the explicit expression of the stoichiometric coefficients, the 
equilibrium condition (8.15) of the chemical potentials is written as, 


— Ux, — 3 Hn, +2 Un, = 9 
4. According to equation (8.68), 
LN, (Typ, CN; ) = LN, (T,p) +RT In (cn, ) 


Ly, (Typ, CH) = LN, (T,p) +RT In (cH, ) 
UNH, (Tp. CNH; ) = LNH, (T,p) +RT In (CNH; ) 
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and since the ammonia concentration is related to the molecular nitrogen and hydrogen 
concentrations by, 


CNH; = 1 -— CN = CH 


the chemical equilibrium condition is recast as, 


CN, Ch 
= tin, (6 P) = 3 a (TP) 2 tg, (= RT | ——— 
(1 — CN, — CH, ) 


8.8.4 Osmotic Cell 


Determine the time evolution of an osmotic cell by considering a system consisting of 
two subsystems labelled 1 and 2, separated by an osmotic wall of area A. Subsystem | is 
an osmotic cell that contains salt water with a low initial salt concentration, i.e. c< 1. 
Subsystem 2 contains only pure water and constitutes a heat and work reservoir. The 
number of moles of pure water in the osmotic cell is N; and the number of moles of salt is 
N;. The two subsystems are kept at constant temperature 7 and pressure p. 


1. Determine the time evolution of the number of moles of salt N, (¢) in the osmotic cell. 

2. Determine the time evolution of the number of moles of pure water N, (t) in the osmotic 
cell, assuming that the time derivative of this quantity is proportional to the chemical 
potential difference of water in the two subsystems. 


Solution: 
1. The osmotic wall does not let salt pass. Thus, the number of moles of salt in the salt 
water is constant, 1.e. 
N, = const 
2. According to relation (3.45), the rate of change of the number of moles of pure water in 
the osmotic cell N, is given by, 
A 


M=F> (Hy — £4) 


where F is Fick's diffusion constant and € is the characteristic diffusion length. The 
chemical potentials of water in the cell 1, and in the reservoir 1, are related by equation 
(8.82), 


by =p+RTIn(1— c) 


Since the salt concentration in the salt water is low, i.e. c < 1, the following series 
expansion in terms of c can be used, 


In(1 — c) =-c+O(c’) 
It implies that, 
My — fy =RTc 
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and, for a low salt concentration, 
= Ny, 


Thus, the evolution equation can be recast as, 


Cc 


where the characteristic time T is given by, 


l 
T= AFN,RT 


The integral of the evolution equation reads, 


Ni (t) 1 t 
/ N, dN, = -{ dt 
M(0) T JO 


which implies that the solution is given by, 


; (mi (My (0)’) = 


Thus, 


8.8.5 Thermogalvanic Cell 


Consider an isolated system consisting of two simple subsystems labelled 1 and 2 separated 
by a diathermal, permeable and fixed wall of area A (Fig. 3.5). Both subsystems contain 
the same electrically charged substance. In view of § 3.6.5, the thermal power Po” and 
the chemical power pe )) exerted by subsystem 2 on subsystem 1 and the rate QC) of 
substance entering subsystem | are given by the coupled system of equations, 


pe) + poy _ (100 Lon i 
2!) Lyo Lyn rates 


1. Show that the entropy production rate can be written as a positive quadratic form, i.e. 


SESH 


Hs =x’Lx>0 where x40 


Deduce from this inequality that det (L) > 0 and Tr (L) > 0. Show that the eigenvalues 
A; and Az of matrix L are positive. 

2. When the wall is impermeable and diathermal, show that the system of coupled 
equations predicts the existence of the ‘discrete’ Fourier law (3.16) and express the 
thermal conductivity « in terms of the empirical coefficients. 

3. When the temperature 7 is uniform and the system contains a neutral substance, 
show that the coupled system of equations predicts the existence of a ‘discrete’ Fick 
law (3.45) and express the diffusion coefficient F in terms of the empirical coefficients. 
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4. When the temperature difference between the two subsystems is kept constant, i.e. 


T, = T— AT/2 and T) = T + AT/2 (AT < T), and when the substance consists 
of electrons of temperature-independent chemical potential 4, and electrochemical 
potentials i, = uw. — ge Ay/2 and fi, = pw, + qe Ay/2, show that in the stationary 
regime (N, = 0), the electrostatic potential difference Ay is given by, 


Ay =-—e«AT 


The existence of this potential difference is called the Seebeck effect. Find an expression 
for the Seebeck coefficient ¢ in terms of the empirical coefficients, in the limit where 
Me < Lyo/Lwn. 


. When the electrochemical potential depends on temperature, i.e. fj; = uw — gAy/2 — 


sAT/2 and fp = w+ qAy/2 +s AT/2 where p is the temperature-independent 
chemical potential and s = — 0/OT the molar entropy of the substance, find under 
the condition N; = 0 an expression for the Seebeck coefficient € in terms of s, in the 
limit where 1p. << Ts and Lyo/Lyy < Ts. 


Solution: 


1. Since the wall is fixed, the volume of subsystem | is constant, i.e. V;, and the mechanical 


power exerted by subsystem 2 on subsystem | vanishes, i.e. pe = 0. Thus, the internal 
energy variation rate is equal to the sum of the thermal power and the chemical power 
exerted by subsystem 2 on subsystem |, i.e. U; = Po + pe). Expression (3.50) for 
the entropy variation rate S of the isolated system, where the chemical potentials are 
replaced by the electrochemical potentials, is equal to the entropy production rate, 


1 1 21) (21) Hy fy 21 
IIly=({(—- — (P| P ) Be a PE a PSG 
‘ (= =) gira ir In T 


This can be expressed as a scalar product, i.e. 


i 1 fg fy pee 
Tc = ; Q >0 
: (= CE Qe) 


Using the coupled system of equations, the entropy production rate can be written as a 


positive definite quadratic form, 


1 1 fg p) ( Log Lon ) Eos 
IIs = ; a as >0 
° (7, Th’ T, MT) \ lye lw) \ B- % 


Defining vector x and matrix L as, 


a 

II 
a 
SE S)- 
I | 
SES|- 
nn—’_”” 

gS 

= 

Q 

— 

| 
a 
aS 
sc 6 
Ss 
22 
NS 


the positive definite quadratic form is written as, 


Ty =x’ Lx >0 
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where the exponent T denotes the transpose obtained by transforming rows into columns 
and vice versa. In order to determine the determinant and the trace of the positive 
definite matrix L, we express this matrix using an invertible 2 x 2 matrix, 


in the following manner [85], 
x Lx = x7 M™Mx = (Mx)"- (Mx) = ||Mx|2>0 Vx 40 
Then, we show that the determinant of the matrix | is positive, i.e. 
det (L) = det (M’M) = det (M)” > 0 
Writing the positive definite matrix | = M' M explicitly in components yields, 


( Loo Lon ) = ( Mi, + Mj, M\, Miz + Mo, M2 ) 
Ino Lyn Mi M2 + Mz M2 M+, + M3, 


Thus, the empirical coefficients satisfy the following conditions, 
Log = Mj, + M3, > 0 
Lyn = M2, + M2, > 0 
Lon = Lyng = My, My2 + M1 M2 


Hence, the trace of the matrix | is positive, i.e. 

Tr (L) = Log + Lyn > 0 
Since the determinant is the product of the eigenvalues and the trace is the sum of the 
eigenvalues, we find, 


det (Ll) =A,»2>0 = Tr()=A+X2>0 


This implies that the eigenvalues are positive, i.e. 41 > Oand A2 > 0. 
) 


= 0, the amount 
of matter is constant in each subsystem, i.e. 2°!) = 0. Thus, the system of coupled 
equations reduces to, 


(21) 1 1 Ha by 
Po’ =L = - > L eae 
= wo (7, ae = & 7) 
1 f Hy My 
0 NO (+ =) + ENn (2 T, 
The second equation implies that, 
(2 A) _ _ £no ( 1! i ) 
T» T| Lyn \T) T 


Substituting this relation into the first equation yields the equation, 


pen — Loolww — Lon Lng ( 11 ) 
2 Lyn T; Th 
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This corresponds to the ‘discrete’ Fourier law (3.16), 
21 A 
fas = KF (Mh - Ti) 


where the thermal conductivity « is expressed in terms of the empirical coefficients of 
the wall area A and characteristic length ¢ as, 


_ L (“ee aise | _ £ det (L) 


A T, Ty Lun AT, T) Ly 


. For a system at uniform temperature T, i.e. T; = T, = T,consisting of an electrically 


neutral substance, i.e. [ty = [t, and [ty = fly, the second equation of the system of 
coupled equations reduces to, 


‘ L 
ne) =N,= a (My — fy) 


which corresponds to the ‘discrete’ Fick law (3.45), 


MN = F— (py — Hy) 


where the diffusion coefficient F is expressed in terms of the empirical coefficients of the 
wall area A and characteristic length £ as, 


€ Lyn 
F=-—— 
AT >0 


. The series expansion of 1/T, and 1/T> to first order in AT/T is given by, 


| 


nS oe eee 14 AT) 6 (AP 
i. f 27) Ff 2T ‘i 


neo re aes Come te 
tT T i) © aT T 


Thus, to first order in AT/T, 


i o1_AT and Hg PA, as LL eS deg Ay 
T; Tp P T, T, ay ie oT 
Substituting these relations into the equation of point 2 yields the equation, 
Lyo AT 


where in the limit 1, < Lyo/Lwn the Seebeck coefficient € is expressed in terms of the 
empirical coefficients as, 
1 L 
E= “NO 
qeT Lyn 
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5. To first order in AT/T, 


Be ee n _ t t 
ay, fe * Ee 8 ees 
Substituting these relations into the equation of point 2 yields the equation, 
T Lyo AT 
tgqAy+sAT = — — — 
Le T qayrs Dar F 


that describes the Seebeck effect, 


where in the limit 1 < Ts and Lyg/Lnn « Ts the Seebeck coefficient € is expressed in 
terms of the coefficient s as, 


e= 
q 


and represents the thermogalvanic effect (§ 8.13). This effect is used in thermogalvanic 
cells [86, 87, 88]. 


Exercises 


8.1 


8.2 


Oxidation of Ammonia 
The chemical reaction of ammonia oxidation reads, 


4NH3 +502 — 4NO+6H20 


Consider that initially this reaction is taking place with Nyx, (0) moles of NH3 and 
No, (0) moles of O. Find the amount of NH3, O2, NO and HO at the end of the 
reaction. 


Numerical Application: 
Nyn; (0) = 2 mol, No, (0) = 2 mol, Nyo (0) = 0 mol and Ny,o (0) = 0 mol. 


Acetylene Lamp 
Acetylene (C2H2) can be produced through a chemical reaction between water (H20) 
and calcium carbide (CaC3): 


CaC>(s) +2H20 (1) + CoH> (g) + Ca(OH), (s) 


where (s) and (1) indicate whether the substance is solid or liquid. A cave explorer 
considers using an acetylene torch, known to consume this gas at a volume rate of V 
(at standard conditions of temperature and pressure). As the expedition is due to last 
a time ¢, find the amount of calcium carbide that the explorer would need if he chose 
this type of light source. Determine the amount of water used by this torch during 
this time. 
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8.4 


8.5 


Exercises 


Numerical Application: 
T = 0°C, p = 10° atm, V = 10 In and t = 8h. 


Coupled Chemical Reactions 
The oxidation of methane can take place according to either one of the following 
reactions: 
CHy+20, —+ CO,+2H,0 
2CHy+30. —» 2C0+4H,0 


When the reactions stop at time ty because all the methane is burned, the total mass 
of the products (CO2, CO, H20) is 


m (tf) = mMco, (tf) + mco (ty) + mu,0 (4) 


Determine the initial mass of methane mcy, (0) in terms of the total mass of the 
products m (ty) and the mass of water my,0 (ty). 


Numerical Application: 
m (ty) = 24.8 g and my,0 (ty) = 12.68. 


Variance 

The variance v is the number of degrees of freedom of a system consisting of r 
substances in m phases taking part in n chemical reactions. The variance v is obtained 
by subtracting 7 constraints from the number of degrees of freedom f determined by 
the Gibbs phase rule (6.62), 


v=f—-n=r—m—n+2 


The pressure p and the temperature 7 are not fixed. Otherwise, there are additional 
constraints to fix p and 7. Apply this concept to the following situation. 


a) Determine the variance v of methane cracking described by the chemical reaction: 
CHa (g) = C(g) + 2 H2(g) 


b) A system consists of three phases and there is one chemical reaction between 
the substances. The variance is known to be two. Determine the number r of 
substances in the system. 

c) A system is at a fixed temperature and consists of three phases. Its variance is 
known to be two and there are two chemical reactions between the substances. 
Determine the number r of substances in the system. 


Enthalpy of Formation 


a) There are two isomers of butane: butane (C4H)9) and isobutane (methylpropane) 
(iso-C4Hj9). Determine the standard enthalpy of isomerisation Ah° of butane to 
isobutane in terms of the enthalpies of formation of the two isomers, ic,y,, and 


Niiso-C4Ho : 
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b) The lunar module ‘Eagle’ of the Apollo mission was propelled using the energy 
released by the reaction: 


H2NN(CH;),(1) + 2 N204(1) > 3 No(g) + 2 CO2(g) + 4H2O(g) 


Determine the molar enthalpy Ah° of this exothermic reaction in terms of the 
enthalpies of formation of the reactants, hy,NN(CH,),(I)> hyo, and of the products 


Ana (2) Mc0x(g)> Mv, 0- 
c) The combustion of acetylene (C2H2) is described by the chemical reaction: 


CoHo(e) + 20x(8) + 2 CO2(e) + H20() 


Determine the enthalpy of formation fc,y, of acetylene (C,H) in terms of the 
molar enthalpies ho,(g), Aco,(g), MH,0(g), the molar enthalpy of the reaction Ah° 
and the vaporisation molar enthalpy of water /yap. 


Numerical Application: 


a) AcyHyo =— 2; 877 kJ/mol, Ri-cyHyo =— 2. 869 kJ/mol, 

b) hyovg) = — 242 kJ/mol, hcos(g) = — 394 kJ/mol, 

hya(g) = 0kJ/mol, hy, 04(1) = 10 kJ/mol, hiyyNN(CH,),(1) = 52kJ/mol 
c) AA° = — 1,300kJ/mol, yap = 44 kJ/mol, ho,(g) = 0kJ/mol, 


Work and Heat of a Chemical Reaction 

Steel wool is placed inside a cylinder filled with molecular oxygen O2, considered as 
an ideal gas. A piston ensures a constant pressure of the gas. The steel wool reacts 
with the molecular oxygen to form iron rust Fe2O3, 


3 
2Fe+ 5 O2 — Fe.03 


The reaction is slow, so that the gas remains at ambient temperature 7). Determine 
the heat Qj, the work Wj and the internal energy variation AU; in terms of the 
enthalpy of reaction AH for a reaction involving two moles of iron. 


Numerical Application: 
AH = — 830kJ, Ty = 25°C. 


Mass Action Law: Esterification 
The Fischer esterification reaction is given by, 


R-(C=0)-OH + R-OH = R-(C=0)-OR + 120 


Determine the equilibrium constant K of this reaction in terms of the concentrations 
of the reactants cr.(c-0)-oH, Cron and of the products cr_(c=o)—or and cy,0 at 
equilibrium. 


Numerical Application: 


Cr-(C-0)-0H = 1/3, Cron = 1/3, Cr-(c=0)-or = 2/3, Cro = 2/3. 
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Exercises 


Mass Action Law: Carbon Monoxide 

In a reactor of volume Vp, initially empty, solid carbon is introduced in an excess 
amount together with Nco,g) (0) moles of carbon dioxide. The reactor is brought to 
temperature 7) and the system reaches a chemical equilibrium, 


CO2(g) + C(s) = 2 CO(g) 


At equilibrium, which occurs at time tf = ¢y, the density of the gases relative to air 
is 6. Determine: 


a) the pressure p (t) in the reactor. 
b) the equilibrium constant K. 
c) the variance v as defined in exercise (8.4). 


Numerical Application: 
Vo = 11, Ty = 1, 000°C, Neo,g) (0) = 0.1 mol, 6 = 1.24, Mair = 29 g. 


Entropy of Mixing 

A gas container of fixed volume V is divided into two compartments by an 
impermeable fixed wall. One compartment contains ideal gas 1, the other ideal gas 2. 
Both sides are at pressure p and temperature 7. When the wall is removed, the system 
reaches equilibrium. During this process, going from an initial state 7 to a final state 
f, the system is held at constant temperature 7. There is no chemical interaction 
between the two gases. Therefore, the mixture is an ideal gas also. 


a) Determine the internal energy variation AU; during this process. 
b) Show that the total entropy variation ASj is given by (Fig. 8.5), 


2. 
ASiy = — (NM) +.N2) RS © ca In (ca) 


A=1 


Raoult’s Law 
A container at a pressure p and temperature 7 contains two substances 1| and 2, 
present both in liquid and gas phases. Estimate the partial pressure p4 of substance 


0.8 
0.6 
0.4 


0.2 


ASi/[(N1 + No) RI 


0 0.5 1 
Concentration c, of gas 1 


Entropy of mixing, as a function of the concentration c, of gas 1. 
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A in the gas phase (A = 1,2) as a function of the concentrations of and of of 
substances | and 2 in the liquid phase. Raoult’s law relates the partial pressure p4 of 
substance A to the saturation pressure p4, 
Pa=P4 ey 

where the saturation pressure p% is the pressure that the pure substance A would 
have in the gas phase in equilibrium with the liquid phase at temperature 7. Establish 
Raoult’s law by assuming that the liquid and gas mixtures can be treated as ideal 
mixtures (§ 8.5.2) and by considering that molar volumes in the liquid phase are 
negligible compared to molar volumes in the gaseous phase. 


Boiling Temperature of Salt Water 

Consider a mixture of water and salt with a low salt concentration. Use the ideal 
mixture law (8.68) to evaluate the chemical potential of water in the salt solution. 
Recall that according to relation (8.51), for any substance A in any given phase, 
tg (T) = hg — Ts. Assume that near the boiling temperature 7) of pure water, 
the molar enthalpy h4 and the molar entropy s4 of the liquid and vapour phases do 
not depend on temperature. Determine the boiling temperature variation 7 — To asa 
function of salt concentration c4. 


Battery Potential 
Apply the general definition of the battery potential, 


1 
Ay = - — ) - 
- ZF 7 ae 


to the Daniell cell (§ 8.7.4) and show that it yields relation (8.108). Show that the 
battery potential can be written as, 
Ad AG A,H-TA,S 
ZF r zero ZF r 


where 
AH => vaaha and = AS =O Vaasa 
A 


A 
Thermogalvanic Cell 
Consider an electrochemical cell made of two half-cells that are identical except that 
they are maintained at different temperatures. This is called a thermogalvanic cell. 
Determine the thermogalvanic coefficient, 


OAyp AS 
Q = 


OT ZF re 
using the definition of the battery potential introduced in exercise (8.12). 


Gas Osmosis 

An isolated system consists of two rigid subsystems of volumes V; and V2 separated 
by arigid and porous membrane. Helium (He) can diffuse through the membrane, but 
oxygen (O2) cannot. We label the gases as A for helium and B for oxygen. The whole 
system is in thermal equilibrium at all times. Each gas can be considered an ideal 
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Initial Final 


B: Np 


I 1 
Pressure: pj; 1 Pressure: Dj Pressure: p,1Pressure: p29 
I 1 


A system is divided into two by an osmotic membrane which lets substance A diffuse through it, but not 
substance B. 


8.15 


gas, 1.e. they satisfy the equations of state (5.46) and (5.47), namely, p V = NRT and 
U =c NRT. The gas mixture obeys the ideal mixture relation (8.68), that is, 


bug (T,p,Ca) = My (T,p) + RTIn (cy) 
LB (T,p, cp) = bp (T,p) +RTIn (cz) 


where yu, (T,p) and {1g (T, p) are the chemical potentials of substances 4 and B when 
they are pure, cy and cg are the concentrations of A and B. Initially, the system 
contains No moles of helium in subsystem 1, and Ng moles of oxygen in subsystem 
2 (Fig. 8.6). The numbers of moles No and Nz are chosen so that the initial pressure 
pi is the same in both subsystems. At all times, each subsystem is assumed to be 
homogeneous. Designate by NV; and N2 the number of moles of helium in subsystems 
1 and 2, respectively. 


a) At equilibrium, show that 1, (7, p1) = M4 (7, p2,¢4). 

b) Deduce from the previous result a relation between the pressures p; and p2 when 
the two sub-systems reach equilibrium. Express c4, p, and p> in terms of N>. 
Determine p; and p> in terms of the initial pressure p; under the condition of 
equal volume, i.e. Vj = Vz = Vo. 


Osmosis Power Plant 

At sea level, water from the outlet of a river is diverted to a power plant that operates 
on the principle of osmosis. A turbine is installed in the pipe that brings the river 
water to an osmotic membrane separating the clear water from the salt water of the 
sea. The sea water at the location of the membrane is assumed to have a constant 
low salt concentration c, i.e. c << 1. The pure water pressure in the river and in the 
sea is po. Because of osmosis, water is driven from the river through the turbine and 
then across the osmotic membrane into the sea. Just after the turbine and before the 
membrane the pressure is p1 = po — Ap. Calculate the mechanical power of the 
water flowing through the turbine, 


Py = ApNv 


where v is the molar volume of water and N is the number of moles per unit time 
flowing through the osmotic membrane. The hydrodynamics of the turbine is such 
that we can assume, 
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_ RN 


Vv 


Ap 


so that Pw = Ry N?, ie. it is similar to the form of the Joule power for electrical 
heating. Use the ideal mixture relation (8.68) to determine the mechanical power Py. 
Since the salt concentration c is low enough, we can assume at ambient temperature 
that Ay >> RTc. Show that the mechanical power is given by, 


where Ay is the chemical potential drop between the river and the sea water. 


CONTINUOUS MEDIA 


Matter and Electromagnetic Fields 


Joseph Larmor, 1857-1942 


J. Larmor was appointed professor at the University of Cambridge in 1885. In 1897, while doing 
research on ether, he derived what are now called the Lorentz transformations of space-time 
coordinates, two years before Lorentz did. Larmor was particularly interested in the interactions 
between matter and electromagnetic fields. In 1896, he established that a magnetic dipole density 
subjected to a magnetic induction field undergoes a precession that bears his name. In 1903, he 
became ‘Lucasian Professor of Mathematics’, 234 years after Sir Isaac Newton and 76 years 
before Stephen Hawking. 


9.1 Historical Introduction 
OO ee 


Before engaging in a formal thermodynamic description of matter interacting with 
electromagnetic fields, a historical perspective will illustrate the significance of this topic in 
our modern world. First, we describe certain aspects of magnetic and dielectric materials. 
Then, we retrace the development of the concept of energy associated with materials in 
electromagnetic fields. 

According to Chinese writings dating back to 4000 B.C., the first compasses were made 
of meteoric iron [89]. They were shaped as spoons and could freely rotate on a polished 
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copper surface. These experiments were the first observations of the orientation of a 
magnetised rod in a magnetic induction field. William Gilbert published in 1600 a treatise 
on magnetism, a remarkable example of the emerging modern experimental sciences [90]. 
Gilbert observed and analysed the mutual attraction forces exerted between two magnetic 
objects. 

The conception of a scale used to measure magnetisation is attributed to Faraday. 
The operating principle of this scale is based on the force exerted on a magnetic object 
immersed in an inhomogeneous magnetic field, a subject we will address in this chapter. 
While nowadays it is more common to measure the field induced by a magnetic sample, 
there are instruments of very high sensitivity that expand on the concept of Faraday. For 
example, some magnetometers detect the oscillations of an elastic blade holding a sample 
under test and resonating at the frequency of an applied field gradient. There are also 
devices that measure the torsion that a magnetic sample exerts on its support as a result 
of its interaction with an applied field [91]. 

In 1889, the German Georg Quincke observed that the meniscus of a magnetic liquid 
changed shape in the presence of an applied magnetic field. The Frenchman Louis-Georges 
Gouy derived an expression for the interaction force exerted on a cylinder containing a 
paramagnetic liquid immersed in a uniform magnetic field. His considerations are at the 
core of a susceptibility measurement method that bears his name. Following on the same 
ideas, nowadays magnetic fluids called ferro-fluids are used to visualise magnetic domains 
at the surface of a magnetic solid. 

The Stern and Gerlach experiment, performed for the first time in 1922, tested and 
motivated the fundamental concepts of quantum mechanics. In that experiment, the 
interaction force between an atomic magnetic dipole and a magnetic induction field 
gradient was measured by observing the deviation of a beam of magnetic dipoles passing 
in between magnetic poles. 

Let us now turn our attention to dielectric materials. The dielectric properties of 
materials have a more limited history and remain further away from daily-life experience. 
The ancient Greeks already observed pyroelectricity in tourmaline, i.e. the appearance of 
electric charges when heating a solid. In the nineteenth century, Pierre Curie and his brother 
Jacques observed that the charge of a pyroelectric material is not the same depending 
on whether the sample had a uniform or a non-uniform temperature. They realised that 
this effect was due to piezoelectricity, that is, the coupling between the electrical and 
mechanical properties of a solid. 

In 1920 Valasek discovered ferroelectricity, that is, the spontaneous alignment of electric 
polarisation analogous to that of magnetisation in ferromagnetism. He observed this in a 
hydrated sodium potassium tartrate crystal, called nowadays Rochelle salt. This substance 
remained the only known example of ferroelectricity until professors Scherrer and Busch, 
at the Federal Institute of Technology in Zurich, discovered ferroelectricity in numerous 
other substances [92]. 

Dielectrophoresis refers to the means of moving objects that rely on the force exerted 
by an electric field gradient on electric dipoles. It was around 1950 that this effect was 
discovered by H. Pohl [93]. Since biological cells have dielectric properties, this effect can 
be used in medical applications. 
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It is also possible to manipulate dielectric objects with intense laser beams which are 
referred to as optical tweezers in this context. Depending on the respective refraction 
indices of the object and the medium in which it is immersed, the object is attracted 
or repelled by an optical beam. This technique was described in detail in an article in 
1986 [94]. One of the authors, Steven Chu, showed later that the method could trap and 
cool neutral atoms. In 1997, he was awarded the Nobel Prize for his work with Claude 
Cohen-Tannoudji and William D. Philips. 

As we will see in this chapter, the notion of energy associated with matter in electromag- 
netic fields is complex. To get a historical perspective on its development, let us go back 
to the nineteenth century. In order to ensure the continuity of the electric current between 
the plates of a capacitor, James Clerk Maxwell [95] introduced a displacement current term 
to the magnetostatic equation of Ampére. The theoretical justification of the displacement 
current was actually based on a thermodynamic argument. Indeed, this current ensures the 
continuity of the electromagnetic energy flux through a dielectric medium. Using this cur- 
rent, Maxwell established a set of equations that bear his name and describe the evolution 
of electromagnetic fields in interaction with matter. He noted that these equations predicted 
the existence of electromagnetic waves that propagate in vacuum at the speed of light. The 
existence of these waves was experimentally demonstrated by Heinrich Hertz in 1887. 

Based on the works of Maxwell, John Henry Poynting established in 1884 the 
electromagnetic energy balance equation in a theorem named after him [96]. Nikola Tesla, 
a great inventor, was concerned with the transport of electromagnetic energy. 

Peter Debye [97] was interested in the dielectric properties of matter and completed 
Poynting’s description by adding a term to the expression of the electromagnetic energy 
density in order to account for the interaction between electric polarisation of matter and 
electric fields. His analysis was based on the works of Clausius [98] and Mossotti [99], who 
independently had established a relationship between the dielectric properties of vacuum 
and matter, thus characterising the electric polarisability of matter. 

Similarly, Joseph Larmor [100] introduced an additional term in the energy density 
which accounted for the interaction between magnetisation and magnetic fields. 

This term implies the Larmor precession that dominates nuclear magnetisation dynam- 
ics. The Bloch equations [101] describe this and predict magnetic resonance, a phenomenon 
that enables the development of numerous technological applications, notably, magnetic 
resonance imaging. 


9.2 Insulators and Electromagnetic Fields 
—SCSCSCSCSCSCéCA 


9.2.1 Electromagnetic Fields and State Fields 
In this section, we would like to describe the thermodynamics of a material system 


consisting of a homogeneous rigid sample, made of r electrically neutral chemical 
substances A, in the presence of electromagnetic fields. In a thermodynamic description 
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of electromagnetic phenomena, all electric charge carriers, such as conduction electrons in 
a metal, have to be treated as distinct substances. Since here the substances are neutral, the 
material is an electric insulator. 

Electromagnetism is a local theory in the sense that the fields at a position x and a time 
t are defined for local systems of infinitesimal volume centred around a spatial point x. 
The volume of a local system is actually not physically infinitesimal but, compared to 
the macroscopic scale of the whole system, it is small enough to be considered as such. 
On this macroscopic scale, the thermodynamic system is treated as a continuous medium 
consisting of local systems of infinitesimal volume. 

The description that we will adopt involves six different fields, namely: electric field E, 
magnetic field H, electric polarisation P, magnetisation M, electric displacement field D 
and magnetic induction field B. Electromagnetic fields E and B are intensive quantities 
and electromagnetic fields D, H, P and M are specific quantities [102]. 

In general, electric polarisation P and magnetisation M consist of two parts: one part 
that is induced by intensive electromagnetic fields E and B and a permanent part. In order 
to have constitutive relations that are bijective, we do not treat systems with electric or 
magnetic hysteresis. In other words, we consider only the part that is induced by the 
fields. Furthermore, we assume that there are no magnetoelectric effects. Thus, the electric 
polarisation P of matter is induced by the electric field E [103], 


P=«0x,:E (9.1) 


where x, is the symmetric electric susceptibility tensor of matter and €o is the electric 
permittivity of vacuum. Likewise, the magnetisation M of matter is induced by the 
magnetic induction field B [104], 


M = Uy! Xm°B (9.2) 


where x,,, is the symmetric magnetic susceptibility tensor of matter and jy ' is the inverse 
of the magnetic permeability of vacuum. In this chapter, we consider only the case of 
linear electromagnetism. Then, the electric susceptibility tensor y, and the magnetic 
susceptibility tensor x,,, are independent of the electromagnetic fields E and B. 

The electric displacement field D represents the electric dipole density induced by the 
electric field FE. Since the field D is a specific quantity, it can be considered as the sum 
of the electric dipole densities in vacuum €9 E and in matter P, which are induced by the 
electric field E [105], 


D=<E+P (9.3) 


We proceed now in a similar fashion to determine a relationship between fields that 
characterise magnetism, i.e. we take into account the intensive or specific character of 
these fields. The opposite of the magnetic field — H represents the magnetic dipole density 
induced by the magnetic induction field B. Since the field — His a specific quantity, it can 
be considered as the sum of the magnetic dipole densities in vacuum — [U9 ' Band in matter 
M, both being induced by the magnetic induction field B [106], 


—~H=-,,'B+M (9.4) 
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The negative signs appearing in equation (9.4) are a consequence of the historical 
developments that led to the definition of the magnetisation M [107]. Equations (9.3) 
and (9.4) express a relation between electric fields D and E, and magnetic fields H and B. 
They are called the constitutive relations of electromagnetism. 

The thermodynamic variables of the local system are chosen in order to account for 
the local properties of matter. In order to describe the thermal, electrical and magnetic 
properties of matter, we choose as local state fields the entropy density s, the set of densities 
{n4} of the chemical substances A, the electric polarisation P and the magnetisation M. The 
intensive electromagnetic fields E and B cannot be chosen as state variables of the local 
system since they do not necessarily vanish in the absence of matter. In view of the local 
description explained above, the local state fields are specific quantities that are functions 
of position x and time ¢. 


9.2.2 Energy 


We would like to establish an expression for the internal energy density wu (s, {n4}, P, M) of 
the local material system in terms of the state variables we have chosen. In order to do so, 
we need to use some results from the theory of electromagnetism. The state is determined 
by the state fields D and B for the following reasons. There is no need to provide energy 
to the system in order to maintain a distribution of electric charges that is related to the 
field D through Gauss’ equation. Thus, field D can be taken as the electric state field. 
To the contrary, energy needs to be provided in order to maintain a distribution of electric 
currents that is related to the field H through Ampére’s equation. Therefore, we need to 
choose field B, that is, the field conjugated to the field H, as the magnetic state field. It 
can be shown that the total internal energy density wu‘ (s, {24}, D, B) of the local material 
system and of the electromagnetic fields is given by [108, 109], 


tot “ 1 1 
u a aa = pana t+ 5E-D+ HB (9.5) 
The first term in the right-hand side of equation (9.5) corresponds to the thermal energy 
density. The second term corresponds to the chemical energy density. The third and fourth 
terms represent the total electromagnetic energy density of the local material system 
interacting with the electromagnetic fields. 
Moreover, it can be shown that the internal energy density u°™ (E, B) of the electromag- 
netic fields in vacuum is given by, 
2 
u°™ (E, B) = 1 oo ie (9.6) 
2 2 Lo 
The internal energy density u°" (E, B) of the electromagnetic fields in vacuum does not 
belong to the local material system and has to be subtracted from the total internal energy 
density u‘* (s, {n4,},D,B) in order to conform to our choice of local thermodynamic 
system. 
It is apparent that we need to be able to change state variables and we will do so 
following the general procedure established in § 4.3. By analogy with enthalpy, which 
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is a state function of the intensive field pressure p, we define a magnetic enthalpy as a 
state function of the magnetic induction field B, which is an intensive field, whereas the 
conjugated field, the magnetisation M, is a specific field. Thus, we define the magnetic 
enthalpy density h,, (s, {n4},P, B) as the difference between the total internal energy den- 
sity u'' (s, {n4}, D, B) and the internal energy density u°" (E, B) of the electromagnetic 
fields in vacuum, i.e. 


hm (s, {na}, P, B) =u (s, {ng}, D, B) — u°™ (E, B) (9.7) 


Using the constitutive equations (9.3) and (9.4) of electromagnetism, we obtain an 
expression for the magnetic enthalpy density /,, (s, {m4}, P, B), 


“ 1 1 
iE AT eat PEGE (9.8) 


The internal energy density u(s,{n,},P,M) of the material system is obtained by 
Legendre transformation of the magnetic enthalpy density ,, (s, {n4}, P,B) with respect 
to the magnetic induction field B, i.e. 
0 hy 

u(s, {ng}, P,M) = hy (s, {na}, P, B) — OB -B (9.9) 
This procedure introduces a derivative of a scalar field with respect to a vector field. We 
define the partial derivative of an arbitrary scalar field S (V, .. .) with respect to an arbitrary 
vector field V= V,¥+V, p+ V,Zas, 


as aS. aS. as, 
dV. OV, AV, dv,* 


Taking into account the magnetic constitutive relation (9.2), the partial derivative of the 
magnetic enthalpy density h,, (s, {n4}, P, B) is given by, 


Thus, the internal energy density u (s, {n4}, P, M) of the material system is given by, 


° 1 1 
P.M) =Ts ~P-E+—M-B 9.10 
u(s, {ng}, P,M) et anes +5 (9.10) 


where fields E and B are respectively, functions of fields P and M that can be deduced 
from equations (9.1) and (9.2). The third term in equation (9.10) is the interaction energy 
density between the local electric dipole density P and the electric field E. The last term 
is the interaction energy density between the local magnetic dipole density M and the 
magnetic induction field B. 

The internal energy density of the system u (s, {n4},P,M) is the state function we 
initially wanted to determine. Since it is a function of the local state fields of the system s, 
{na}, P and M, its differential du (s, {n4}, P, M) can be expressed as, 
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0 3-0 
du (s, {n4}, P, M) = 5, s+ S- an "4 
A=1 


Ou Ou 
+ sp WP + a aM 


The state fields s, {n4}, P and M are specific quantities. The intensive fields conjugated to 
the state fields are given by, 


(9.11) 


Ou Ou Ou Ou 
Os” ng 4” OP” OM oo 
Applying definitions (9.12) to the differential (9.11), we obtain, 
du (s,{n4},P,M) = Tds + S~ ydny+E-dP+B-dM (9.13) 


A=1 
The infinitesimal variation of the internal energy density (9.10) is obtained by differentia- 
tion of equation (9.10), 


du =Tds+sdT+ 5° (ydng+njduy)+P-dE+E-dP+B-dM+M-aB (9.14) 


A=1 


Taking into account equation (9.13), equation (9.14) requires that, 


sdT +S ~ ngdpy+P-dE+M-dB=0 (9.15) 
A=1 
which is a generalisation of the volume-specific Gibbs—Duhem equation at constant 
pressure. 

Having established the above results for a local system, the expression for the internal 
energy of a homogeneous uniform system can now be determined. The state variables of 
the system are the entropy S, the number of moles Ny of chemical elements A, the induced 
electric dipole p and the induced magnetic dipole m. These variables are defined as the 
integral over the volume of the state fields, which are specific quantities, 


s= | avs, Nas f dyn, p= fave, m= | avm (9.16) 
V V V Vv 


The internal energy U(S, {N4}, p,m) of the system is defined as the integral of the internal 
energy density u (s, {n4}, P, M) over the volume V of the system, i.e. 


U(S{Nahpom) = f aVu(s,tna) PM) (9.17) 


Since temperature 7 and chemical potential 41, are homogeneous intensive state functions 
and electric field E and magnetic induction field B are uniform intensive state functions, 
then the integral of the internal energy density (9.10) reads, 


[a (s,{n4}.P.M) =7 | dvs+S~ us | dVn4 (9.18) 
V V 4=1 V 


+5( [ave)-e+5([am)-s 
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Using definitions (9.16) and (9.17), the internal energy of the homogeneous uniform system 
is expressed as, 


- 1 1 
Oe eas Wy4Na+ 5p E+ 5m-B (9.19) 


9.2.3 Free Energy, Enthalpies and Free Enthalpies 


We now define several thermodynamic potentials, obtained from the energy density 
u (s, P,M) by various Legendre transformations (see § 4.3). 
Using relations (9.10) and (9.12), the free energy density f(T, {24}, P, M) is defined as, 


f(Ti{na},P,M) =u a s=u-—Ts 


(9.20) 


“ 1 1 
=o pyna+5P E+>M-B 


Relations (9.13) and (9.20) imply that the differential of the free energy density is given by, 


df(T,{na},P,M) =—sdT+S~ pydny+E-dP+B-dM (9.21) 


A=1 


Using relations (9.10) and (9.12), the electric enthalpy density h, (s, {n4},E,M) is 
defined as, 


Ou 


he (s, {n4},E,M) =u— a5-P=u—E-P 
: : , (9.22) 
=i _-P-E+=M-B 


Relations (9.13) and (9.22) imply that the differential of the electric enthalpy density is 
given by, 


dhe (s, {na}, E,M) =Tds + 5° pydny— P-dE+B-dM (9.23) 
A=1 
Using relations (9.10) and (9.12), the magnetic enthalpy density ,, (s, {n4},P,B) is 
expressed as, 
Ou 


hm (s, {na}, P, B) =u — au “ae BM 
r I I (9.24) 
aa pyna+5PE->M-B 


This corresponds, as it should, to the definition given in equation (9.8). Relations (9.13) 
and (9.24) imply that the differential of the magnetic enthalpy density is given by, 


dhm (s, {n4},P,B) = Tds+S~ pydng+E-dP— M-dB (9.25) 


A=1 
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Free enthalpies can be defined similarly by performing Legendre transformations of the 
enthalpies above with respect to entropy density s. Using relations (9.12) and (9.22), the 
electric free enthalpy density g, (T, {n,}, E, M) is defined as, 


Ohe 
ge (T, {ng}, E,M) =h-. 5 s=h.— Ts 
s 
r I 1 (9.26) 
=) —-P-E+=M-B 
A=1 2 7 2 


Relations (9.22) and (9.23) imply that the differential of the electric free enthalpy density 
is given by, 


dg. (T,{n4},E,M) =—sdT+ 5 ~ pydng— P-dE+B-dM (9.27) 
A=1 
Using relations (9.12) and (9.24), the magnetic free enthalpy density g,, (T, {n4}, P, B) 
is defined as, 


gm (T, {na}, P, B) = hn — ain s =h, — Ts 
r 1 1 (9.28) 
= 2 uit ake 5S 
Relations (9.13) and (9.24) imply that the differential of the magnetic free enthalpy density 
is given by, 


gm (T, {n4},P,B) =—sdT +S pydna+E-dP— M-dB (9.29) 
A=1 


9.2.4 Force Densities 


The numerous functions defined in the previous section may become useful in several 
contexts. Here, we determine electromagnetic forces based on the spatial variation of these 
functions. Then, in § 9.5, we will discuss in detail an example of homogeneous and uniform 
systems in terms of these functions. 

In order to determine the force density f, exerted by the electric polarisation P of the 
system in the presence of an electric field E, we consider that only the electric field 
E varies spatially. In this case, fields s, {m4} and M are fixed. Taking into account the 
differential (9.23) of the electric enthalpy density, the electric enthalpy density gradient 
V he (s, {n4},E,M) reduces to, 

_ Oh. 
- OE 
We use the notation VV W to represent a vector field oriented in the direction of the 


gradient V and defined in terms of a scalar product between the vector fields V = V,*% + 
V,9 + V,Zand W= W,X + Wi + W-Z, 


V he (E) VE=-—PVE (9.30) 


VV WH). We + Vy VW, 4020 W 
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The force density f, (Z) is defined as the opposite of the gradient of the electric enthalpy 
density, where the electric enthalpy density plays the role of the potential energy 
density [110], 


f, (E) =—Vh.(E) =PVE (9.31) 


The resulting force F, (E) exerted on the system is defined as the integral of the force 
density f, (EZ) over the volume V of the system, 


F, = | avy, (©) = [ aveve) (9.32) 


In order to determine the force density f,, exerted by the magnetisation M of the system 
in the presence of a magnetic induction field B, we consider that only the magnetic 
induction field B varies spatially. In this case, the fields s, {m4} and P are fixed. Taking 
into account the differential (9.25) of the magnetic enthalpy density, the magnetic enthalpy 
density gradient V A», (s, {n4}, P, B) reduces to, 


Ohm, 
Vm (B) = On VB=-MVB (9.33) 
The force density f,, (B) is defined as the opposite of the magnetic enthalpy density 
gradient, where the magnetic enthalpy density plays the role of the potential energy 


density [111], 


f, (B) = —V lm (B) =MVB (9.34) 


The resulting force F, (B) exerted on the system is defined as the integral of the force 
density f,,, (B) over the volume V of the system, 


Fn B)= | ary (8) = [ aviv) (9.35) 


9.3 Conductors and Electromagnetic Fields 
| 


So far, we have described electric insulators consisting of electrically neutral substances in 
the presence of electromagnetic fields. Now, we consider electrically charged substances 
that can move in the system. Thus, the system is a conductor. In view of the laws of 
electromagnetism, when dealing with a conductor, we need to include the electromagnetic 
fields in the system in order to treat properly the interactions between matter and 
electromagnetic fields. Thus, the system consists now of electrically charged matter and 
electromagnetic fields. We choose as local state fields the entropy density s, the set of 
densities {n4} of the chemical substances A, the electric displacement field D and the 
magnetic induction field B. 

In general, the choice of state fields of a thermodynamic system depends on the 
description to be made. For instance, for an insulator, we chose the state fields s, {n,}, 
P, M that describe only the properties of matter. In the case of an electric conductor, given 
the laws of electromagnetism, the state fields s, {n4}, D, B are chosen to describe the 
properties of matter, of the electromagnetic fields and of their interaction. 
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The electric constitutive relation (9.3) and the linear relation (9.1) yield, 
D=c-E (9.36) 
where the electric permittivity tensor € is related to the electric susceptibility tensor x, 
by [103], 
€=e)9(1+x,) (9.37) 


Similarly, the magnetic constitutive relation (9.4) and the linear relation (9.2) yield, 


H=p!-B (9.38) 


where the inverse of the magnetic permeability tensor w~! 


susceptibility tensor x,, by [104], 


pe = pg! (1 — Xm) (9.39) 


For a homogeneous sample, the electric permittivity tensor ¢ = e1 and the inverse 
of the magnetic permeability tensor u~'! = py! 1 are multiples of the identity tensor 
1. The scalars ¢ and y~! are the electric permittivity and the inverse of the magnetic 
permeability of the matter. In this case, the electromagnetic constitutive relations (9.36) 
and (9.38) reduce to [112], 


is related to the magnetic 


D=cE (9.40) 
H=,'B (9.41) 


The internal energy density of the system u (s, {n4},D,B) is a state function, namely 
a function of the local state fields of the system s, {n4}, D and B. For a local system 
consisting of matter and electromagnetic fields, the internal energy density is given by 
the expression (9.5). Therefore, the total energy density u™ (s,{n4},D,B) is renamed 
here u(s, {n4}, D, B). Differentiating this expression with respect to the state fields and 
taking into account the constitutive relations (9.40) and (9.41) yields the internal energy 
density differential du (s,{n4},D,B) of the local system that consists of matter and 
electromagnetic fields, 


du (s, {n4},D,B) =Tds+ 5° pydng+E-dD+H-dB (9.42) 
A 
where the electric field E and the magnetic field H are fields conjugated to the electromag- 
netic state fields of the system D and B. This is mathematically expressed as, 


Ou Ou 
E=> H=—, 4 
aD and 5B (9.43) 
Taking into account the constitutive equations (9.40) and (9.41), the internal energy 
density u (s, {n4}, D, B) that satisfies the integrability relations found in (9.43) is given by, 
“ D B 
eS ere (9.44) 
The first term on the right-hand side of equation (9.44) corresponds to the thermal energy 
density. The second is the chemical energy density. The last two terms represent the 
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energy density of the electromagnetic fields and their interaction with matter. In contrast 
to expression (9.10) for the internal energy density, equation (9.44) contains the energy 
density of the electromagnetic fields, because in this section the electromagnetic fields are 
an integral part of the system. 


9.3.1 Conductors and Electrostatic Fields 


Let us consider here the particular case of an isolated system which consists of a single 
homogeneous electric conductor of volume V;,;, maintained in an enclosure of volume 
V = Vin + Vext. Electrostatic fields are generated by the electric charges of the system 
itself (Fig. 9.1). The enclosure does not belong to the system but the field inside it does. The 
volume Vx; outside the conductor is so large that the electrostatic potential is negligible 
on the walls of the enclosure, as they are located very far away from the conductor. 

In electrostatics, the electric charges do not move in the reference frame of the system 
and there is no electric current. Thus, the system does not generate a magnetic induction 
field. Therefore, the internal energy density (9.44) reduces to, 

D. 


u(s,{n4},D) = Ts + » banat = (9.45) 


Using the electric constitutive relation (9.40), the internal energy density (9.45) can be 
expressed as, 


2 1 
u(s,{n4},D) = Ts + Dome n+ 5E-D (9.46) 


An electric conductor of volume V jn¢ and electric charge Q is located in an enclosure. The electric field E vanishes 
inside the conductor. Any volume integral over the outside volume Vo can be transformed into a surface integral 
expressed in terms of the infinitesimal surface element dS that is defined positively when oriented towards the 
interior of the conductor. 
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where the last term is the electrostatic energy density. In electrostatics, the electric field E 
is the opposite of the electrostatic potential gradient y [113], 


E=-Vy (9.47) 


Thus, the electrostatic energy density can be expressed as [114], 


1 1 1 1 
5E-D=—5(Vy)- D=59(V-D)— 5V- (9D) (9.48) 


where the second equality results from a vector analysis identity. The integral of equation 
(9.48) over the volume V of the system gives the electrostatic energy of the system. It reads, 


5 [ ve-v)=; | av(ov-p)) - ; [ av(v-wp)) (9.49) 


The differential expression of Gauss’ electrostatic law provides a relationship between the 
electric displacement field D and the electric charge density gq [115], 


V -D=q (9.50) 
The electric field vanishes inside an electric conductor (Fig. 9.1) [116], 
E=0 (inside conductor) (9.51) 


Taking into account the electric constitutive relation (9.40) for a homogeneous conductor, 
as well as equations (9.50) and (9.51), we find that the electric charge density vanishes 
inside the electric conductor, 


q=0 (inside conductor) (9.52) 


This means that the moving electric charges are on the surface of the conductor (Fig. 9.1). 

Equations (9.51), (9.40) and (9.52) imply that the volume integration in equation (9.49) 
vanishes when it is carried out over the volume V’;, of the electric conductor. The non- 
vanishing contributions to the volume integrals (9.49) stem from integration over the 
volume V xt outside the electric conductor. In vacuum, there are no electric charges, in 
other words, the electric charge density vanishes outside the electric conductor. Taking into 
account Gauss’ electrostatic law (9.50), the first integral on the right-hand side of equation 
(9.49) vanishes when integrated over the volume V.x; outside the electric conductor. Using 
the divergence theorem, the second integral over the volume Vx; outside the electric 
conductor can be expressed as the sum of an integral over the internal surface of the 
outside volume (i.e. the surface S of the conductor) [117] and over the external surface 
of the outside volume (i.e. the walls of the enclosure). Since the electrostatic potential is 
negligible on the walls of the enclosure, the divergence theorem reduces to, 


sf av(E-D)=-> | 


V ext 
where the infinitesimal surface element dS is oriented towards the exterior of the volume 
V ext, 1.e. towards the inside of the electric conductor (Fig. 9.1). 


av (Vv (yD) ) = “5 [as (yD) (9.53) 


ext 
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Taking into account condition (9.51), the electrostatic potential y is constant on the 
surface of the conductor [118], 


yp = const (surface conductor) (9.54) 


Then, the right-hand side of (9.53) can be deduced using the integral expression of Gauss’ 
electrostatic law, which states [119], 


_ [4s-p=0 (9.55) 
S 


The negative sign is present here because the infinitesimal surface element appearing in 
Gauss’ electrostatic law is defined positively when oriented towards the exterior of the 
conductor. Thus, taking into account Gauss’ electrostatic law (9.55) and property (9.54), 
we conclude that the electrostatic energy (9.53) reduces to, 


1 1 
5 f aV(E-D)=50¢ (9.56) 


where y is the electrostatic potential at the surface of the conductor. The internal 
energy U(S,{N4}, Q) of the system can be obtained from the internal energy density by 
integration over the volume V of the system, 


U(S,{Na},0) = | dVu(s,{na}sD) (9.57) 


The entropy S and the number of moles Ny of the substance A are obtained by integrating 
the respective densities s and n4 over the volume Vj, of the electric conductor, 


s= | dVs and na= f dVn4 (9.58) 
V V 


As the conductor is homogeneous, temperature T and chemical potential i, of substance 
A are homogeneous intensive fields. When integrating over the volume V of the system 
the internal energy density u (s, {n4},D) given by equation (9.46) and taking into account 
equations (9.56), (9.57) and (9.58), we find the internal energy of the system, 


U(S,{Na},O) = 18+ > Nat 5 00 (9.59) 
A=1 


In linear electrostatics, the electric charge Q is a linear function of the electrostatic potential 
y. Thus, the internal energy differential (9.59) is given by, 


dU (S, {Na}, O) = TdS + )~ 4 dNu + pdO (9.60) 


A=1 
The electrostatic enthalpy of the system H, (S,{N4},y) is a function of the intensive 
variable y. It is obtained by a Legendre transformation with respect to the extensive 
variable O of the internal energy U(S, {N4}, Q) given by (9.59), 


U 
=U 
0? pO 


Z 1 
=TS+5 > bh Na — gue? 
A=1 


H, (S.{Na},~) =U ° 
(9.61) 
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A parallel plate capacitor has an electric charge Q on the plate at electrostatic potential + and an electric charge 
— Qon the plate at electrostatic potential y— . 


The differential of the electrostatic enthalpy (9.61) is given by, 


dH. (S,{N4},p) = TdS + > u4dNa — Ode (9.62) 
A=l 

Based on the above results, we can now analyse a capacitor that consists of two 
separate conductors. The electric charges held by each one of them generate an electrostatic 
potential difference. The electrostatic potential of the positively charged conductor is y* 
and its electric charge is OF > 0. Likewise, the electrostatic charge of the negatively 
charged conductor is y~ and its electric charge is Q~ < 0. The electric charges OF and 

QO™ are opposite, 


Q=0'T=-QO >0 (9.63) 
and the potential difference Ay between the conductors is defined as, 
Ay=yt-—y >0 (9.64) 


In order to determine the expression for the electrostatic energy U(Q) and the 
electrostatic enthalpy H. (Ay) of this capacitor, we consider that it consists of two simple 
subsystems, which are the two conductors. Taking into account definitions (9.59), (9.61), 
(9.63) and (9.64), we find that the electrostatic energy and the electrostatic enthalpy are 
[120], 


i 
(ptOt+¢e°Q-)= 5 Ava (9.65) 


1 1 
H.(Ag) =—5 (Ot e+ +9 y") =- 5 0A¢ (9.66) 


The electric charge Q is proportional to the electrostatic potential difference Ay between 
the conductors and the electrostatic capacity called the capacitance C, 


0=CAy (9.67) 


The capacitance C is proportional to the electric permittivity ¢ of the material between the 
plates and depends upon the geometric shape of the conductors. Using equation (9.67), the 
electrostatic energy (9.65) and the electrostatic enthalpy (9.66) become, 
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ee (9.68) 


Ay’ (9.69) 
9.3.2 Conductors and Magnetostatic Fields 


As a second example of conductors and electromagnetic fields, we consider here a 
system consisting of a fixed, electrically conducting coil in an enclosure of volume V. 
A magnetostatic field is generated by the electric current that flows through the coil. This 
current is driven by a current source located outside the enclosure. The enclosure and the 
current source do not belong to the system (Fig. 9.3). The coil consists of enough turns per 
unit length that the field can be considered uniform inside and vanishingly small outside 
the coil. In magnetostatics, the electric current is stationary. In view of the conservation of 
electric charges, the electric current entering the conductor is equal to the electric current 
flowing through and coming out of it. Thus, the system does not generate variations of the 
electric displacement field. Therefore, the internal energy density (9.44) reduces to, 


2 


Z B 
u(s,{n4},B) = Ts + = [gna + 7 (9.70) 


Using the magnetic constitutive relation (9.41), the internal energy density (9.70) can be 
expressed as, 


“ 1 
UGA DE Dna Ee (9.71) 


where the third term is the magnetostatic energy density. The magnetic induction field B is 
the curl of the magnetostatic potential A, 


B=VxA (9.72) 
Thus, the magnetostatic energy density can be recast as [121], 
1 1 1 1 
5H B= 5H (VxA)=5(VXH)-At ZV (AXx#) (9.73) 


A stationary electric current density j, flows through a coil located in an enclosure. The magnetic induction field B 
is constant inside the coil and negligible outside it. 
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where the second equality is a vector analysis identity. The integral of equation (9.73) over 
the volume V of the system reads, 


5 fava) =5 [ av((vxm-a)+; [ av(v-(4xm) (9.74) 


The differential expression of Ampére’s magnetostatic law links the magnetic field H and 
the electric current density j,. It is given by [122], 


V xH=j, (9.75) 


Due to the stationary electric current flowing through the coil, the magnetic induction field 
B, assumed to be long enough and tightly wound, is constant, uniform and oriented along 
the axis of symmetry of the coil inside the coil (Fig. 9.3). It is negligibly small outside of it. 


B=0 (outside coil) (9.76) 


Using the divergence theorem, the second integral on the right-hand side of relation (9.74) 
can be replaced by an integral over the enclosure of the system [117]. According to 
the magnetic constitutive relation (9.41) and in view of relation (9.76), the integrand of the 
second integral on the right-hand side of relation (9.74) vanishes on those parts of the 
enclosure that are outside the coil. Moreover, the magnetic induction field B inside the coil 
is orthogonal to the plane of the wire loops whereas the magnetostatic vector potential 
A is oriented in that plane. Thus, the magnetic constitutive relation (9.41) implies that 
the vector A x A is oriented in the plane of the wire loops inside the coil. Since the 
vector corresponding to an infinitesimal surface element is orthogonal to the enclosure, 
the integrand of the second integral on the right-hand side of relation (9.74) vanishes 
on the parts of the enclosure which are inside the coil. Taking into account Ampére’s 
magnetostatic law (9.75), relation (9.74) becomes, 


: / dV (H-B) = : | dV (i, A) (9.77) 
Vv Vv 

We now make use of the fact that the integral on the right-hand side of relation (9.77) brings 

a non-vanishing contribution only in the volume occupied by the wires through which the 

constant electric current density j, flows. An infinitesimal volume element dV of the wire 

is the scalar product of an infinitesimal surface element dS oriented along the wire and an 

infinitesimal displacement vector oriented along the wire also (Fig. 9.4), 


dV =dS-dr (9.78) 


Thus, relation (9.77) can be expressed as the product of current density integrated over 
the wire section S and an integral of the magnetostatic potential vector A (Fig. 9.4) on the 
contour C defined by one turn of the coil, 


i 
5 | avut-a)= 5 [as-j [aca (9.79) 
2 V 2 S ? C 


The electric current / flowing through the wire of the coil is given by the electric current 
density j, integrated over the section S of the wire [123], 


[= | dS -j, (9.80) 
S 
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A stationary electric current density j, flows through one of the conducting loops of a coil. At any point in the wire, 
the electric current density j,, the magnetostatic potential vector A, the infinitesimal displacement element dr 
and the infinitesimal surface element dS associated to the wire are all collinear, parallel to the electric current 
density, which itself is orthogonal to the wire section at that location. 


The magnetostatic flux ® that flows through the coil is given by the integral on the contour 
C of the magnetostatic potential vector A [124], 


a= | ara (9.81) 


Here, the magnetostatic potential vector A is tangent to the surface of the coil and orthog- 
onal to the axis of symmetry of the coil. Thus, by taking into account definitions (9.80) 
and (9.81), the magnetostatic energy (9.79) can be reduced to, 


1 1 
5 [aver - 5/8 (9.82) 


The internal energy U(S,{N4},®) of the system is deduced from the internal energy 
density by an integral over the volume V of the system, 


U(S, {Na}, ®) = i; dVu(s, {ng}, B) (9.83) 


Since the electric current that flows through the coil is stationary, the temperature 7 
and chemical potential 1, of substance A are intensive fields that have the same value 
everywhere. When integrating over the volume V of the system the internal energy density 
u(s, {n4},B) given by equation (9.71) and taking into account equations (9.82), (9.83) 
and (9.58), we find the internal energy of the system, 


" 1 
U(S, {Na}, ®) = TS+ S~ pug Na + 512 (9.84) 
A=1 
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In linear magnetostatics, the magnetostatic flux © is a linear function of the electric current 
I. Thus, the differential of the internal energy (9.84) is given by, 


dU(S, {Na}, ®) = TdS + S> uy dNy + 1d® (9.85) 
A=1 
The magnetostatic enthalpy of the local system H,, (S, {N4},/) depends on the extensive 
variable /. It is obtained by a Legendre transformation of expression (9.84) for the internal 
energy U(S, {N4}, ®) with respect to the intensive variable 9, i.e. 


Hn (S,{Na},f) = U- ve =U-I1® 
r I (9.86) 
= ae pyNa— 5 @1 
The differential of the magnetostatic enthalpy (9.86) is given by, 
dH» (8, {Na},1) = TdS + S~ jug dNa — @dl (9.87) 


A=1 
Taking into account definitions (9.84) and (9.86), the magnetostatic energy and the 
magnetostatic enthalpy of the coil can be written as [125], 


U(®) = 5 Ie (9.88) 
Hy () = — ; o1 (9.89) 


The electric current J flowing through the coil is linked to the magnetostatic flux © by the 
magnetostatic inductance L [124], 


&=LI (9.90) 


where L is proportional to the magnetic permeability and depends on the shape of 
the coil. Using equation (9.67), the magnetostatic energy (9.88) and the magnetostatic 
enthalpy (9.89) become, 

G2 
— 9.91 
I (9.91) 
H, () == cLF (9.92) 


1 
2 


9.4 Conductor and External Electromagnetic Fields 
_—=_—SSSS—— 


In this section, we would like to describe the thermodynamics of an electric conductor 
subjected to external electromagnetic fields that are much larger than the electromagnetic 
fields generated by the system. Therefore, the latter can be neglected. We first consider 
electrostatic, then magnetostatic fields. 
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9.4.1 Conductor and External Electrostatic Fields 


We will consider here a system that is analogous to the one described in § 9.3.1, that is, 
it consists of a single homogeneous electric conductor, fixed in an enclosure. However, 
here the sphere is subjected to a constant uniform external electric field E. This external 
electric field is strong enough so that the electric field generated by the electric charges of 
the system can be neglected. In this case, the external electric field E is independent of the 
electric displacement field D. Therefore, in view of the conditions (9.43), the electrostatic 
energy density is E - D and the internal energy density is given by, 


u(s,{na},D) = T+ S > uyna+E-D (9.93) 
A=1 

Comparing the internal energy density (9.93) with the internal energy density (9.46), 
we notice that these expressions differ by a factor of 1/2. The presence of this factor 
depends on whether the electric field E is an internal field that is a function of the electric 
displacement field D or an external field that is independent of D. Following an approach 
analogous to the one in § 9.3.1, the analog of expression (9.59) for the internal energy of 
the system is readily found to be, 


U(S,{Na},Q) = TS+) 7) usNa t+ Ov (9.94) 


A=1 
where ¢ represents the external electrostatic potential. The electric charge Q is the sum of 
the electric charges of the chemical substances A, i.e. 


Q=S- qaNa (9.95) 
A=1 


where qy represents the electric charge of a mole of chemical substance A. Equation (9.95) 
implies that the internal energy (9.94) of the local system can be expressed as, 


U(S, {Na}, Q) = TS+ 7 fis Na (9.96) 
A=1 


where the electrochemical potential ji, is defined as, 


Hy =bMat qe (9.97) 


We now consider an external electric field E applied between the two conductors of a 
parallel plate capacitor. This field generates an electrostatic potential difference Ay. Using 
equations (9.63), (9.64) and (9.67), the electrostatic energy (9.94) generated by the external 
field is found to be, 


U(O) =Q Ay =CAY? (9.98) 


To conclude this section, we consider a system consisting of a substance A with 
permanent electric dipoles p, subjected to an external electric field E. In that case, the 
electrochemical potential is written as fi, = 4 — p4- E where the role played by q4 and 
yy in equation (9.97) is now played by p, and — E [126]. 
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9.4.2 Conductor and External Magnetostatic Fields 


We will consider here a system that is analogous to the one described in § 9.3.2, that is, it 
consists of a homogeneous conducting coil held fixed in an electrically neutral enclosure. 
The coil is subjected to a uniform and constant external magnetic induction field B. We 
consider that the external magnetic induction field is strong enough so that the magnetic 
induction field generated by the stationary electric current in the system can be neglected. 
Therefore, the external magnetic field H is independent of the magnetic induction field B. 
Taking into account conditions (9.43), the magnetostatic energy density is then H - B, and 
the internal energy density is given by, 


u(s,{n4},B) = T+ > pn +H-B (9.99) 
A=1 

Comparing the internal energy density (9.99) with the internal energy density (9.71), we 
notice that these expressions differ by a factor of 1/2. The presence of this factor depends 
on whether the magnetic field H is an internal field that is a function of the magnetic 
induction field B or an external field independent of B. Thus, following an approach 
analogous to § 9.3.2, the analog of expression (9.84) for the internal energy of the system 
can be written as, 


U(S, {Na}, ®) = TS+ S> wyNa+1® (9.100) 
A=1 
where © represents the external magnetostatic flux. The electric current / is the sum of the 
electric currents of the chemical substances A, i.e. 


js So Na (9.101) 
A=1 


where J, represents the electric current due to the motion of the chemical substance 
A, Equation (9.101) implies that the internal energy (9.100) of the local system can be 
expressed as, 


U(S,{Nu},®) = TS+ $0 jig Na (9.102) 


A=1 


where the magnetochemical potential ji, is defined as, 
fg = bg +L ® (9.103) 


The external magnetic induction field B applied inside the coil generates a magnetostatic 
flux ©. Using the expressions (9.90) and (9.100), the magnetostatic energy generated by 
the external field yields, 


U(®)=O/=LP (9.104) 


To conclude this section, we consider a system consisting of a substance A with 
permanent magnetic dipoles m, subjected to an external magnetic induction field B. In 
that case, the electrochemical potential is written as i, = j44 — my - B where the role 
played by gy and y in equation (9.97) is now played by m, and — B [126]. 
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9.5 Adiabatic Demagnetisation 
———————————————————— ee 


Adiabatic demagnetisation can be used as a cooling method for samples to reach very 
low temperatures. In this section, we expand on the notion of thermal response coefficients 
introduced in §5.2 in order to give a thermodynamic description of this cooling method. We 
will use the methods of Chapter 4 to infer the behaviour of entropy S (7, B) as a function 
of temperature T and magnetic induction field B. An example of such a function S(T, B) 
(Fig. 9.5) will help us keep track of the meaning of the successive results obtained in this 
section. 

Let us first describe the principle of adiabatic demagnetisation and its technological 
relevance. In order to cool a system, it is first brought to state ‘A’ (Fig. 9.5) and is held 
in contact with a thermal bath. Then, while keeping this contact with a thermal bath, a 
magnetic induction field B is applied to the system until it reaches state ‘B’. The contact 
with the thermal bath is then removed and the magnetic induction field is cancelled. This 
brings the system to state ‘C’. In view of the qualitative features of function S(T, B) 
(Fig. 9.5), we expect a temperature drop. 

This method was originally suggested by Debye [127]. It was used to cool a param- 
agnetic salt, before applying a magnetic field all the while keeping the salt temperature 
constant. Finally, the salt was thermally isolated and the magnetic field was reduced to zero, 
causing a drop of the salt temperature. Using this method, physicists can reach temperatures 
as low as a mK ! Recent research has led to the discovery of new materials that are 
performant at temperatures useful for commercial applications, like refrigerators [128}. 
For industrial magnetic cooling, numerous cycles have to be performed which consist of 
two adiabatic and two isothermal processes. It is of course necessary to design devices that 
subject these magnetic substances to these processes [129]. 

In order to understand the principle of adiabatic demagnetisation, we will consider a 
sample consisting of a paramagnetic, uniform, electrically neutral and insulating single 


The entropy per magnetic moment is expressed as a function of temperature 7 and magnetic induction field B. 
The numerical values are obtained for a fictitious magnetic moment of 8 Bohr magnetons jz, that can only be 

either parallel or antiparallel to the magnetic induction field B. The temperature is assumed to be low enough 

for the contribution of crystal vibrations to be negligible. 
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chemical substance A in the presence of a magnetic induction field B. First, we would like 
to determine the variation of the entropy density s when the magnetic induction field B 
increases and the temperature T is held constant (i.e. 7 = 7p). This corresponds to the path 
(A, B) (Fig. 9.5). Second, we will examine the temperature variation when the magnetic 
induction field B decreases and the entropy density is held constant (i.e. s = sg), which 
corresponds to the path (B, C) (Fig. 9.5). 

For a homogeneous solid (i.e. dn4 = 0 V A), in the absence of electric polarisation (i.e. 
P = 0), the differential expression (9.13) for internal energy density du (s, {n4},P,M) 
reduces to, 


du(s,M) = Tds + B-dM (9.105) 
A paramagnetic material is characterised by the magnetisation M induced by a magnetic 
induction field B. We consider here the Curie magnetic equation of state, 


m——<B (9.106) 
bo T 


where C > 0 is the Curie constant [130]. 


9.5.1 Isothermal Process 


We now examine how the entropy density s depends on the induced magnetisation M when 
the temperature 7 is held constant (i.e. T = Ty). For a homogeneous solid (1.e. dn4 = 0), 
in absence of electric polarisation (i.e. P = 0), the expression (9.21) for the free energy 
density differential df(T,n,4, PM) reduces to, 


df(T,M) = —sdT+B-dM (9.107) 


Applying the Schwarz theorem (4.67) to the free energy density f(T, M) yields, 


d (oFf\ a(a 
ni (ar) = or (am) 9.108) 


Using Curie’s law (9.106), the differential (9.107) and Schwarz theorem (9.108), we can 
find the following Maxwell relation, 


— 0 y (9.109) 


The entropy density s (7, M) is a function of two state fields: the temperature T and the 
induced magnetisation M. Thus, the differential ds (7, M) is given by, 


a aa (9.110) 


EM op om 


At constant temperature 7, equations (9.110) and (9.109) imply that, 


ds (To,M) = — "mdm (9.111) 


264 


Matter and Electromagnetic Fields 


When integrating the differential (9.111) with respect to M from the initial state s; (T>, M;) 
to the final state s; (7, My) yields, 


sy (To, Mj) — si (To,M;) = — £°, (M3 — M?) (9.112) 


To express the entropy density s as a function of the magnetic induction field B, we use 
Curie’s law (9.106) and we find, 


C 


sf (To, By) — si (To, Bi) = — 21 7 ( 
0 


B; — B;) (9.113) 


Thus, during an isothermal process at temperature 7p, the entropy density s decreases 
(i.e. sy <.5;) when the norm of the magnetic induction field ||B]| increases (i.e. ||_By|| > ||_Bill). 


9.5.2 Adiabatic Process 


Now, let us determine the temperature variation when the magnetic induction field B 
decreases and the entropy density s is held constant (i.e. s = sg). To obtain the correspond- 
ing thermal response coefficient, we apply the cyclic identity of partial derivatives (4.81) 
to the state functions s, 7 and B and find, 


Os OT OB OT OT Os 
aT OB os 7) > OB Os OB (9.114) 
For a homogeneous solid (i.e. dng = 0), in the absence of electric polarisation (i.e. 


P=0), expression (9.29) for the magnetic free enthalpy density differential dg,,(T, 4, P, B) 
reduces to, 


dgm (T,B) = —sdT— M-dB (9.115) 


Applying the Schwarz theorem (4.67) to the magnetic free enthalpy density g,, (T,B) 


yields, 

O (Ogm\ — O (Om 

a (ES) 7 a (He) oe 
Using Curie’s law (9.106), the differential (9.115) and the Schwarz theorem (9.116), we 
obtain the following Maxwell relation, 


Os OM CB 


(9.117) 


In order to complete our analysis, we will need to determine in expression (9.114) the 
derivative of T with respect to s when B is constant. This quantity is closely related to the 
specific heat at constant magnetic induction field, as we shall now see. 

For the same homogeneous solid, expression (9.25) for the magnetic enthalpy density 
differential dh,,(s,4, P, B) reduces to, 


dim (s,B) = Tds — M- dB (9.118) 
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The internal energy density differential (9.105) and the magnetic enthalpy density 
differential (9.118) can be expressed in terms of thermal response coefficients, i.e. 


du = cydT +Ly-dM (9.119) 
dlim = cpdT +Lp- dB (9.120) 


where the thermal response coefficients are defined as, 


_ Ou| Os (T,M) — Ou 
Ohm ds (T,B hyn 
ca(T,B)= | = po Lp (T.B) = (9.122) 
B T 


Applying the Schwarz theorem (4.67) to the internal energy density u (s (T,M),M ) yields, 


O (au) )_ (du 

OM \ OT|,,/ OT \ dM, 
Using Curie’s law (9.106), the differential (9.119) and the Schwarz theorem (9.123), we 
get the following Maxwell relation, 


) (9.123) 


Ocu OLu 
“= 9.124 
OM OT ( ) 
Using definition (9.121) for the specific heat density cj, Maxwell relation (9.109) and 
Curie’s law (9.106), we can express the product of entropy density differential (9.110) and 


temperature as, 


rds = TdT + TS dM = eydT —B-dM (9.125) 


O OM 
Substituting this result in expression (9.105) for du (s,M), the latter reduces to, 


du = cydT (9.126) 


Comparing equations (9.119) and (9.126), we find that Ly = 0. The identity (9.124) 
implies that the specific heat cy is only a function of T, i.e. cy = cy (7). 

The determination of cy(T) requires a statistical approach that goes beyond the 
framework of thermodynamics. For a temperature so low that the magnetic contribution 
to the specific heat dominates, we can assume that the specific heat density cay (7) has a 
temperature dependence given by, 


cu (T) = (9.127) 


where a > 0 is a constant. 

In order to obtain a relation between specific heat densities cy and cg, we take the 
partial derivative of the enthalpy density (9.24) with respect to temperature T and make 
use of Curie’s law (9.106) to obtain, 

a (4) 


Ohn 
OT 


_ Ou 
ep oF 
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Using the definitions of specific heat densities (9.121) and (9.122), this relation amounts to 
an extension to magnetism of Mayer’s relation, 


CB 
Ce — CM = —> (9.128) 
. [Ug T? 
Using equations (9.127) and (9.128), we deduce that cg is given by [131], 
a+CB 
cp (T, B) = —— 
aN [My T? 
The definition (9.122) of cg implies that, 
Os cp a+CB OT pet 
=e => — = __ 9.129 
OT T pee Os a+CB ( ) 
Substituting the partial derivatives (9.129) and (9.117) in equation (9.114) yields, 
OT CTB dT 1d(a+CB 
OT _ : _ lida : ) (9.130) 
OB a+CB T 2 a+CB 


When integrating relation (9.130) with respect to T from the initial state 7; (so, B;) to the 
final state Ty (so, By), we finally obtain, 


Ty (so, By) a+ CB; 


= 9.131 
Ti(so,Bi)  \a+CB a 


Therefore, during a reversible adiabatic process, the temperature T decreases (i.e. < T;) 
when the norm of the magnetic induction field ||B|| decreases (i.e. ||By|| < ||B;||). Thus, we 
established the results necessary to understand cooling by adiabatic demagnetisation. 


9.6 Worked Solutions 


9.6.1 Mayer Relations for a Paramagnetic System 


This exercise illustrates the systematic method presented in § 5.4. We apply it to a 
paramagnetic system. We seek to find the relation between the specific heat at constant 
magnetic field and the specific heat at constant magnetisation. In order to obtain this result, 
we need to know the following about this system: 


¢ The magnetisation M is related to the magnetic induction field B through the Curie 
magnetic equation of state (9.106), 


Cc 
HoT 
where C > 0 and ji) > 0 and 7 is the temperature of the system. 
¢ The internal energy density is a function of the entropy density s and the magnetisation 


M, i.e. u (s,M) according to relation (9.105), 
du (s,M) = Tds + B-dM 


9.6 Worked Solutions 


* The magnetic enthalpy density h,, (s,B) is obtained by performing a Legendre trans- 
formation of internal energy density with respect to the magnetisation, i.e. A, (s,B) = 
u — B-M, so that according to relation (9.118), 


dtm (s,B) = Tds — M- dB 


* The free energy density f(T, M) is obtained by performing a Legendre transformation of 
internal energy density with respect to the temperature, ic. f(7,M) =u— Ts, 


df(T,M) = —sdT+B-dM 


Use the method detailed in § 5.4 to determine the difference between the values of the 
specific heat per unit volume at fixed B, respectively at fixed M, which are defined by, 
Ohm Ou 


EOF |e and CM = oF 


M 


Solution: 


The magnetic enthalpy density is written as, 
In(s (7, B),B) = u(s(r.m (1,8). (7.8)) — B-M(T,B) 


The temperature derivative of the magnetic enthalpy density is given by, 


Ohm Os _ Ou ds Ou OM p. OM 
ds OT OAs dT‘ OM OT OT 
where, 
ds Os Os OM Ou 
at ott om or 4 Boon 


This implies that, 
Ohm Os _ Ou Os as Ou Os _OM 
ds OT Os OT Os OM OT 


Since, 
Ohn Ohm Os Ou Ou Os Ou 
ar|, oor “" ar aer “ 1%; 
the previous relation is recast as, 
diy! _ Ou! Os aM 
OT |p OT ly OM OT 
Therefore, 
Os OM 
cp =cu+T aM Or 


Applying the Schwarz theorem (4.67) to the free energy density f(T, M) we obtain, 


d(oaf\_ a (af 
or (ani) = am (ar) 


which yields the Maxwell relation, 


OB Os 


oT OM 
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and implies that, 


OB OM 
ca = eu — Ton oF 


According to the Curie magnetic equation of state (9.106), 


OB B and OM CB 
OT T OT Lp T? 
we finally obtain, 
RB 
Cp =CMt 
B= CM in 


9.6.2 Parallel Plate Capacitor 


Consider a capacitor consisting of two metallic parallel plates. The plates of the capacitor 
carry an electric charge Q and the electrostatic potential difference between the plates is 
Ay. The capacitance of the empty capacitor is Co. Between the plates, we insert a dielectric 
material of uniform and constant electric susceptibility x,. The capacitance of the capacitor 
then becomes C = (1 + x,) Co. 


1. If the electric charge Q of the plates of the capacitor is constant (Fig. 9.6), determine the 
work Wo performed in order to insert the dielectric material into the capacitor. 

2. If the electrostatic potential difference Ay between the plates of the capacitor is 
maintained constant by an external power supply (Fig. 9.6), determine the work W,, 
performed in order to insert the dielectric material into the capacitor. 

3. Determine the work W**' performed by the power supply in order to maintain the 
constant electrostatic potential difference Ay between the plates of the capacitor. 


A parallel plate capacitors can be characterised either by a constant electric charge Q (top) or a constant 
electrostatic potential difference Ap (bottom). 
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Solution: 


is 


The initial capacitance C; is that of the capacitor in the absence of a dielectric material 
and the final capacitance Cy is that of the capacitor in the presence of a dielectric 
material, 


C; = Co and Cr= Co (1 + Xe) 


When the electric charge between the plates of the capacitor is kept constant, i.e. 
Q = const, the work Wo performed in order to insert the dielectric material in the 
capacitor is equal to the electrostatic energy variation AUj between the initial state 
iand the final state f. Taking into account equation (9.68), the work can be written as, 

lg A Oe 
2CG; 2G £214+x, Co 


Thus, the capacitor attracts the dielectric material and minimises its electrostatic 


<0 


Wo = AU yf = 


energy. 


. When the electrostatic potential difference between the plates of the capacitor is kept 


constant, i.e. Ay = const, the work W, performed in order to insert the dielectric 
material into the capacitor is equal to the electrostatic enthalpy variation (AH) 
between the initial state i and the final state f- Taking into account equation (9.69), 
the work is found to be, 


1 1 
Wo = (AH) = — 5 CGAY? +5 CG Ag? = - * Cy Ay? <0 


Again, the capacitor attracts the dielectric material to minimise its electrostatic 
enthalpy. 


. The work W™ performed by the external power supply to keep constant the electrostatic 


potential difference Ay when the dielectric material is inserted into the capacitor is 
equal to the variation of the electrostatic energy between the initial state i and the final 
state f. Using equation (9.98), the work can be written as, 


w* = CrAy’ — C,Ay’ = x,Co Ay’ > 0 


9.6.3 Coil 


Consider a coil consisting of a metallic wire of perfect conductivity (no electric resistance). 
An electric current / flows through the wire of the coil. The magnetic inductance of 
the empty coil is Lo. We insert into the coil a paramagnetic material of uniform and 
constant magnetic susceptibility x,,. Then, the magnetic inductance of the coil becomes 
L=(1— X%_) ‘Lo. 


1. 


If the magnetostatic flux ® is constant in the coil (Fig. 9.7), determine the work Wo 
performed in order to insert the paramagnetic material in the coil. 


. If the electric current J flowing through the coil is kept constant (Fig. 9.7) thanks to 


an external power supply, determine the work W; performed in order to insert the 
paramagnetic material in the coil. 


. Determine the work W' performed by the external power supply in order to generate 


a constant electric current /. 
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An electric current / flows through a coil generating a magnetostatic flux ®. 


Solution: 
1. The initial inductance L; is that of the coil in absence of a paramagnetic material and 
the final inductance Ly is that of the coil when the paramagnetic material fills the coil, 
Lo 
1— Xm 
When the magnetostatic flux in the coil is kept constant, i.e. ® = const, the work 
We performed in order to insert the paramagnetic material in the coil is equal to the 


L; = Lo and Lr 


magnetostatic energy variation AU between the initial state i and the final state f 
Taking into account equation (9.91), the work can be written as, 


Le? Os 


— 0 
ti 2h 21, 


Wa = MU = 


Thus, the coil attracts the paramagnetic material and minimises its magnetostatic 
energy. 

2. When the electric current flowing through the coil is kept constant, i.e. I = const, the 
work W, performed in order to insert the paramagnetic material into the coil is equal 
to the magnetostatic enthalpy variation (AH ») ip Detween the initial state i and the final 
state f. Taking into account equation (9.92), the work is found to be, 


1 1 1 
W, = (AHn) LP L-UP = ( ater ) Ly? <0 


if 2 2 2 \1- x, 

Here again, the coil attracts the paramagnetic material to minimise its magnetostatic 
energy. 

3. The work W™ performed by the external power supply to keep constant the electric 
current I flowing through the wire when the paramagnetic material is inserted into the 
coil is equal to the variation of the magnetostatic energy between the initial state i and 
the final state f. Taking into account equation (9.104), this work is written as, 

We = LP — LP =A" oP >0 


m 


9.6.4 Rise of a Dielectric Liquid 


Consider a dielectric liquid of density p, of uniform susceptibility vy, located in a U-shaped 
tube. The left end of the liquid is placed between the plates of a capacitor (Fig. 9.8). Part of 
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A dielectric liquid rises in a U-shaped tube under the effect of an inhomogeneous applied electric field. 


the liquid is then subjected to an inhomogeneous external electric field E that generates an 
induced electric polarisation P = €9 x, E. 


1. Express the force F,, as an integral on the surface of the liquid. 
2. At equilibrium, determine the level difference A/ of the surface of the liquid in the two 
branches. 


Solution: 


1. The force is equal to the integral of the force density (9.31) over the volume of the liquid, 


r= [gav= [eve W= 2x. | (VE) dV 


A vector analysis theorem states that the integral over the volume V of a gradient of a 
scalar field is equal to the integral of this scalar field over the surface S of the solid. 
Thus, 


where dS is the vector normal to an infinitesimal surface element and S is the vector 
normal to the surface element of the liquid positively defined upwards. 

2. At equilibrium, the gravitation potential energy of the liquid in the left part of the tube 
compared to its value in the right part of the tube is equal to the density of electric 
dipolar energy (9.10), 


1 
pgAh = xP FE 


where g is the acceleration of the gravitational field. Thus, 


_P-E 
2pg 
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In passing, we note that we could describe the rise of a paramagnetic liquid in a coil 
wound around one branch of the U-tube where, 
M-B 
Ah = — 
2pg 


9.6.5 Paramagnetic Scale 


Consider a cylindrical paramagnetic solid of height 4, section S and uniform magnetic 
susceptibility y,,,. The cylinder is placed between the poles of a magnet shaped in order 
to deliberately create an inhomogeneous of magnetic field. Thus, the solid is subjected 
to an inhomogeneous magnetic external field B generating an induced magnetisation 
M = fo : X,, B. The force F, acting on the cylinder is counterbalanced by a weight on 
a scale with beams of equal lengths (Fig. 9.9). 


1. Express the force F,,, as an integral on the surface of the solid. 
2. At equilibrium, determine the excess mass m of the counterweight of the scale that 
compensates the magnetic force. 


Solution: 


1. The force is equal to the integral of the force density (9.34) over the volume of the solid, 


Fu= | fudv = [ (av) dV = Xm | (VB) dV 
V V 2 [9 V 


A vector analysis theorem states that the integral on the volume V of the gradient of a 
scalar field is equal to the integral of this scalar field over the surface S of the solid. 
Thus, 

1 


1 
Fn =X» | Beas => | M-B)ds 
2 Lo Ss 2 o ) 


1 
= 5 (M,-B,—M_-B_)S 


where dS is the vector normal to an infinitesimal surface element, S is the vector normal 
to the top surface element of the solid, B4 and B_ are the values of the magnetic 


A scale is used to measure the pull experienced by a paramagnetic cylinder subjected to an inhomogeneous 
magnetic field. 
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induction field on the top and bottom horizontal surfaces of the solid, M. and M_ 
are the values of the magnetisation at the top and bottom horizontal surfaces of the 
solid. 


2. At equilibrium, the force Fy, is equal and opposite to the weight of the counterweight of 


mass m, 
1 
mg = 2 (M,, Bs — M_ -B_) S 
where g is the acceleration of the gravitational field. Thus, 
(M,-B,— M_-B_)S 
2g 


Exercises 


9.1 


9.2 
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Vapour Pressure of a Paramagnetic Liquid 
At constant temperature T, show that the vapour pressure p (7, B) of a paramagnetic 
liquid has the following dependence on the magnetic induction field B, 


cB? 
p(T, B) — p(T,0) = —p(T,0) Te 


in the small field limit, ic. cB < ju RT?. The liquid phase satisfies the Curie 
equation of state (9.106), 
cB 
me = — 
fo T 
where my is the molar magnetisation. The molar volume v¢ of the liquid phase can 
be neglected compared to the molar volume vg of the gaseous phase, i.e. ve < Vg. 


Magnetic-Field Induced Adsorption or Desorption 

We consider a substance that can be either in a gaseous phase inside a rigid container 
or in an absorbed phase on the surface of a substrate inside it. We analyse the 
equilibrium reached by the substance in the gaseous and adsorbed phases. The entire 
system is at a fixed temperature 7. We assume that when the substance is adsorbed, it 
acquires a magnetisation M. The reason whether and why this might happen has been 
the subject of much research [132]. The gas has no magnetisation. Use relation (8.58) 
for the pressure dependence of the chemical potential of the gaseous phase and 
assume that the chemical potential of the adsorbed phase is independent of pressure. 
Find the dependence on magnetic induction field B of the pressure p. 


Magnetic Battery 

A U-shaped tube contains a solution of paramagnetic salt, such as CoSO,4. One side 
of the U-shaped tube, considered as a subsystem 1, is in a magnetic induction field B, 
the other side, considered as a subsystem 2, is at B = 0. The initial concentration of 
paramagnetic Co*™ salt is co and the ideal mixture relation applies. Find the electric 
potential difference Ay in terms of the magnetic induction field B and the molar 
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Contact angle 0 for a drop for an applied electrostatic potential difference Aw. 


9.4 


9.5 


9.6 


magnetisation m, of electrodes made of the same material dipped in the the salt 
solution. Determine also the concentration ratio of paramagnetic Co** salt in both 
subsystems at equilibrium in terms of the magnetic induction field B. 


Electrocapilarity 

Electrowetting is a means of driving microfluidic motion by modifying the surface 
tension [133]. Here, we determine the effect of an electrostatic potential difference 
Av applied between the solid and liquid phases on the surface tension. Since the 
liquid is now electrically charged a double layer forms at the interface between the 
solid and the liquid phases. The capacitance per unit area c of this double layer is 
supposed to be known. Determine the electrically charged surface tension 7,, in 
terms of the neutral surface tension 7,y. 


Magnetic Clausius—Clapeyron Equation 
Some magnetic materials undergo a first-order phase transition when a magnetic 
induction field B is applied. These materials are of interest because some of 
them have a strong magnetocaloric effect, which could be used for refrigeration 
applications [134]. In these materials, at any given temperature 7, there is a critical 
magnetic induction field B in which the two phases coexist. The two phases, labelled 
1 and 2, are characterised by their molar magnetisation m, and mz and their molar 
entropies per unit volume s, and s7. Show that the temperature derivative of the 
magnetic induction field B satisfies the magnetic Clausius—Clapeyron equation, 
=~ (61 — 52) (my — ma)? 
which is analogous to the Clausius—Clapeyron equation (6.49). 


Magnetocaloric Effect 

The magnetocaloric effect is defined by the temperature variation observed in a ma- 
terial under adiabatic conditions when the applied magnetic induction field B varies. 
The effect becomes particularly large when the material undergoes a phase transition 
due to the magnetic induction field variation. An application of this effect was 
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A parallel plate capacitor is made of metals 1 and 2 which have electrochemical potentials ji, and /4, and 
chemical potentials j1, and jz. On the left, the plates are not connected and the electrochemical potentials are 
not equal. On the right, when conduction electrons of charge e (sign included) are allowed to flow, the 
electrochemical potentials are equal. If the spacing d varies over time, electric charges flow through the resistance 
Rand a voltage V can be measured. 


considered for space exploration [135]. The applied magnetic induction field may 
be produced by permanent magnets [136]. Show that the infinitesimal temperature 
variation dT during an adiabatic process characterised by an infinitesimal magnetic 
induction field variation dB at constant pressure is given by, 


where cz Is the specific heat per unit volume at constant magnetic induction field B. 


9.7 Kelvin Probe 
Two parallel plates are made of two metals 1 and 2 inside a vacuum chamber 
(Fig. 9.11). The chemical potentials of electrons in metals | and 2 are yu, and 1. 
When contact is established between the two metals, conduction electrons flow until 
equilibrium is reached. As a result of this electron flow, there is a charge Q and 
— Q at the surface of the electrodes. These electric charges produce an electric field 
E between the plates. According to relation (9.67) the corresponding electrostatic 
potential difference Avy is related to the charge QO by, 
Q=CAy 
where C is the capacitance of the capacitor. The plates have a surface area A and they 
are separated by a distance d. It can be shown that the capacitance C is given by, 
Eg A 


OS ae 


276 


Matter and Electromagnetic Fields 


A parallel plate capacitor is made of metals 1 and 2. The metallic plate 1 is fixed mechanically. The metallic plate 2 
vibrates under the effect of a spring of elastic constant k. When it vibrates, conduction electrons flow through the 
resistance R and the spring. The electrostatic potential difference Aw is maintained constant by the power supply. 


9.8 


where €o is the electric permittivity of vacuum. For practical applications, the flow of 
electric charges is too difficult to detect. It is easier to make the separation distance 
d oscillate in time, which causes C to vary, hence OQ oscillates in time, which implies 
that an electric current of intensity / flows through the resistance R. Determine the 
voltage V detected between the plates as a function of d, js, and pry. 


Electromechanical Circuit 

In the electromechanical system presented here (Fig. 9.12), a metallic plate 1 is fixed 

mechanically and a metallic plate 2 vibrates under the effect of a spring of elastic 

constant k, of length z and of natural length zo. The distance between the plates is 

é— zand their surface area is A. The capacitance of the parallel plate capacitor is, 
E09 A 

— l-—z 

The electrostatic potential difference Ay between the plates is maintained constant 

by a power supply, which generates a flow of conduction electrons through the 

circuit. The chemical potential of the conduction electrons on plate 1 and 2 are p, 

and pl. At equilibrium, we assume that the deviation of the plate Az = z — zp is 

small enough, i.e. Az < zo. Determine this deviation Az to first-order. 


Thermodynamics of Continuous Media 


Carl Henry Eckart, 1902-1973 


C. H. Eckart obtained a PhD in physics from the University of Princeton in 1925 and became a 
professor at the University of Chicago in 1928. He was mainly interested in the mathematical 
symmetries of quantum physics and developed with Eugene Wigner a theorem named after them 
both that relates symmetry groups and conservation laws. 


10.1 Historical Introduction 
Be EE rrr 


The development of thermodynamics began during the industrial revolution. It was driven 
by the necessity to improve the efficiency of steam engines. Ever since the pioneering work 
of Carnot [137] in 1824 and up to the 1950s, thermodynamics was a theory essentially 
restricted to the description of equilibrium states and transformations between them [138]. 
Hence, thermodynamics could have been called thermostatics. 

After the pioneering work undertaken by Eckart in 1940 [139, 140], Stiickelberg [14] 
reformulated thermodynamics in the 1950s as a theory based on two fundamental laws and 
formulated in such a way that he could express the time evolution of a thermodynamic 
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system in terms of a set of first-order differential equations. Thereby, he extended the 
thermostatic theory of equilibrium states and obtained a genuine thermodynamic theory, 
that is, a theory describing the time evolution of thermodynamic systems and their 
behaviour in the neighbourhood of equilibrium states. 

Furthermore, he applied quite systematically the principle of Galilean invariance. 
According to this principle, in classical physics, the laws governing the time evolution 
of a physical system are independent of the choice of inertial frame of reference. In the 
limit where the relative velocity between two inertial frames of reference is low compared 
to the speed of light in vacuum, the transformations relating the space-time coordinates 
of a physical event described with respect to two frames of reference are the Galilean 
transformations. Therefore, the laws of classical physics are invariant under a Galilean 
transformation. This is called the Galilean invariance principle. This invariance principle 
has many consequences. For example, we will see in this chapter how it leads to the mass 
conservation that Lavoisier postulated. 

We will follow Stiickelberg’s approach and establish a thermodynamic description of 
continuous media by applying the first and second laws of thermodynamics locally. In 
order to do this, we will introduce the notion of continuity equations for thermodynamic 
fields, and we will derive differential equations that describe the time evolution of local 
systems. However, we will not consider any rotation of local systems on themselves. 

The key result of this chapter is that the entropy production rate can be expressed as a 
sum of terms, which each consist of the product of a current and a generalised force. The 
rather demanding formal approach presented here lays the foundation for the next chapter, 
where transport phenomena are analysed. 


10.2 Continuity Equations 
a SS SSS | 


10.2.1 Definition 


In Chapter 1, we defined the state of a thermodynamic system by a set of variables. Now, 
we consider here a system with no intrinsic rotation, hence with no angular velocity around 
its centre of mass, i.e. w(t) = 0. For such a system, the first law requires the existence of 
the state function momentum P(t) and the second law requires the existence of the state 
function entropy S(t). We choose to take P(t) and S(t) as state variables. Thus, the state of 
the system is defined by the variables momentum P(t), entropy S(t) and by a finite set of 
n extensive time dependent variables Xj (¢), X(t), ..., Xn (¢) [109]. This means that the 
state of the thermodynamic system is formally defined by a set of extensive state variables, 
ie. {P(t), S(t) Xi (t),X2 (1),...,Xn (A)}. 
Certain physical quantities F (f) are ‘state functions’, i.e. 


F()= F(PO),8(0 DG 30 Disevic (")) (10.1) 
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Although a piece of matter consists of a large finite number of elementary microscopic 
constituents, it can be considered in an empirical approach as a continuous medium. We 
describe the dynamics of this continuous medium with respect to an inertial frame of 
reference [141, 142]. Thus, the enclosure of the thermodynamic system is defined in terms 
of spatial points and not material points. Spatial points are points that belong to the inertial 
frame of reference and material points correspond to infinitesimal elements of matter that 
may move with respect to this frame of reference. In this description, the volume of a 
thermodynamic system V(t) and the surface of the enclosure S(f) are time dependent. 
At any given time ¢, the neighbourhood of every spatial point x € V(t) constitutes 
a local thermodynamic system. This local system contains a large enough number of 
elementary constituents to be insensitive to statistical fluctuations, but it is small enough 
to be considered as infinitesimal. Thus, we consider local infinitesimal systems which are 
simple systems that can be described as material points of variable mass. We restrict our 
analysis to continuous media devoid of shear and vorticity. 

The thermodynamic state of the system is characterised by the momentum density field 
p (x, t), the entropy density field s (x, t) and by a set of n fields x; (x, t), x2 (x,t), ..-5Xn (x, 4) 
that are specific quantities. The local thermodynamic state is formally defined by a set of 
state fields, i.e. {p (x,t) ,5 (x,t) ,x1 (x, 0),..-,%n (x, 0}. 

Since the momentum P (f) is an extensive state variable, it is related to the momentum 
density p (x, t) by an integral over the volume V (1), i.e. 


P(t)h= I. dV(x) p (x,t) (10.2) 


where the volume of the infinitesimal local system dV(x) is time independent, because it 
is defined with respect to the inertial frame of reference. Similarly, the entropy S(t) is an 
extensive state variable related to the entropy density s (x, t) by an integral over the volume 
V (t), i.e. 


S(t)= | dV(x) s (x,t) (10.3) 
V(t) 


The extensive state variables X; (t), where i € {1,...,”}, are related to the corresponding 
densities x; (x, t) by an integral over the volume V (7), i.e. 
X(t) = |  dV(x) xi (x,0) (10.4) 
V(t) 


For an arbitrary extensive scalar physical quantity described by the scalar state function 
F(t), the field f(x, t) describing the density of this quantity on the scale of the local system 
is a function of the state fields, 


F(t) =A (0) 55 (6.2) .41 (60) 5-- 5 (58) } (10.5) 


It is related to F (t) by an integral over the volume V (f), i.e. 


F(t) = i 7 dV(x) f(x, 0) (10.6) 
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A continuity equation of an extensive state function F (f) is the equation that describes 
the local time evolution of the corresponding state function density f(x, f). In order to 
obtain the continuity equation of the extensive scalar state function F (t), we perform the 
mathematical variation of it. The mathematical notion of variation is a generalisation of 
differentiation in the sense that it is done with respect to a function instead of a variable. 
The integral expression (10.6) of the extensive state function F (ft) is a function of the state 
field function f(x, ¢) and of the infinitesimal integration volume dV(x), which are functions 
of space x and time ¢ coordinates. The infinitesimal element dF (t) is the sum of an integral 
over the volume V (f) and an integral over the surface S(t) of the system, 


SF (t) = a Mie) Heat [davies slat) (10.7) 


S(t 
The first integrand represents the local variation of the state field function df(x,¢) and 
the second integrand represents the infinitesimal local volume variation ddV(x, t) on the 
surface S(t). The latter is the scalar product of the displacement vector field dr (x, ¢) and 
the surface element vector field dS(x), 


ddV(x, t) = dS(x) - or (x, t) (10.8) 


The time derivative of the extensive state function F (¢), the partial derivative with respect 
to time of the state field function 0,f(x,t) and the material velocity field v(x, 7) are 
defined as, 


_,  dF(t)_., oF (t) 

Meg 
Of (x, t . of (x,t 

aftet) = THe = pm SE ao 
or (x, f) 

vt) = Te 


Thus, the time derivative of the extensive state function F (t) is given by, 
F(t) = dV(x) O,f (x, t) +/ dS(x) - v(x, t) f(x, 0) (10.10) 
v(t) S(t) 


Using the divergence theorem [143], this time derivative (10.10) can be expressed as, 
F() = / av(x) [a.f(e.1) + V - (Feet) »(.1))] (10.11) 
V(t) 
The divergence is defined as, 


V- (rex, 1) v (x,t) ) = 8, (rex, t) v' (x,2) ) 


where we used the compact notation 0; = 0/Ox' for the partial derivative with respect 
to the spatial direction x’ and the Einstein summation convention (10.12). The Einstein 
summation convention consists in removing the summation symbol }> when writing a 
sum of vectorial or tensorial components and replacing it by identical alternated subscript 
and exponent. The scalar product of two vectors x and y is then written in components as, 
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3 
x-y= 0 xy! =x! (10.12) 
i=1 


where the coefficients x; correspond to the components of a row vector and the coefficients 
y' to the components of a column vector. The sum of the product of these components 
yields a scalar. The component j of the vector obtained by the scalar product of a vector 
x and a tensor y (i.e. a mathematical object represented by a 3 x 3 matrix) is written in 
components as, 


3 
(x-yy = > xy! = xy"! (10.13) 
i=1 
The trace of the scalar product of two tensors x and y is written in components as, 
3 
xy = So xy = xy" (10.14) 
ij=l 


where the double sum of the product of these components yields a scalar. 

Previously in equation (10.11), the time derivative of the state function F(t) has been 
entirely established on a mathematical level. We now have to describe the physical causes 
of the variation rate of the state function F(t), of which there are two. The first is the flux 
of F (t) that flows through the surface of the enclosure of the system. This flux is described 
locally by a current density field j, (x, t). The second is a production or destruction process 
of F(t) inside the system. It is described locally by the source density field zy (x, ¢). 

The source density field 7, (x, t) can have internal or external origins. In the next section, 
we shall see for example, that when considering the continuity equation for the amount of 
a chemical substance A, the source density (10.25) has an internal origin. However, for the 
energy, the corresponding source density (10.36) must have an external origin. 

By convention, the current density field j-(x,¢) points in the direction in which the 
extensive quantity is transported, the infinitesimal surface element dS(x) points outowards 
of the enclosure (Fig. 10.1) and the source density field zy (x, t) is defined positively when 
it contributes to an increase of F(t). Thus, from the standpoint of physical processes, the 
integral expression for the time derivative of the state function F (t) is given by, 


dS (x) 


ie 


A schematic representation of the global thermodynamic system, of the source density zr¢ (x, f), of the 
orientation of the infinitesimal surface element dS (x) and of the current density j, (x, t). 
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F(t) = | dV(x) ty(x,t) — | dS(x) - jy (x, 1) (10.15) 
V(t) S(t) 
Using the divergence theorem, this time derivative (10.15) can be expressed as, 


F(j)= | dV(x) [Ares 1) — Viel, 1) (10.16) 
V(t) 
By equating the mathematical expression (10.11) and the physical expression (10.16) for 
the time derivative of the state function F(t), we find that f(x, t) must obey the local 
continuity equation given by, 


Of (xt) +V- (ae t) v (x, ‘)) = ny (x,t) — V-i- (x0) (10.17) 


The term f(x, t) v (x, t) is the convective current density field and j, (x, t) is the conductive 
current density field. 

Note that the continuity equation (10.17) is expressed in an inertial frame of reference. 
We now wish to obtain a continuity equation which is expressed in a frame of reference 
located on the centre of mass of the local system. For this puprose, we introduce the time 
derivative of the state field function f (x, t) defined as, 


f (x,t) = Of (x,t) + (v (x,t) - V) f(x, 0) (10.18) 


where v(x,t)- V = v'(x,2) 0;. The time derivative f(x, 1), also called the material 
derivative [144], is invariant under the action of a Galilean transformation (§ 10.4.1). It 
corresponds to the time derivative in the frame of reference of the centre of mass of the 
local system. Using the definition (10.18) and the vectorial identity, 


V- (rex, 1) v (x, ‘)) =f (x,t) V-v(x,0) + (v(x,8)- VDF (e0) (10.19) 


the continuity equation (10.17) can be expressed in the local frame of reference as, 


f(x.) + (Vv (x8) £0.) + V 5d) = my (%,0) (10.20) 
which is the continuity equation for a scalar state function F(t). The generalisation to a 
vectorial state function F(t) is straightforward. The continuity equation for such a state 
function is given by, 


fed t(V-v (x0) f(t) + Vip (x, 0) = my (x, 0) (10.21) 


where f(x, t) is the density of the vectorial state field function, ip (x, t) is the tensorial 
current density field and 7 (x, ¢) is the vectorial source density field. The divergence of 
the tensorial current density field V - j-(x,) is a vector, the components of which are 
given by, 


(V -ip(x,t))' = Oip! (0) (10.22) 
where we used the implicit Einstein summation convention. It is important to note that the 


continuity equations (10.20) and (10.21) have this structure even if the corresponding state 
field functions depend on the choice of frame of reference. 
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ne ip Va 
=—»> 


Time variation of the scalar q (x, t) caused by the vector, (x, t) and time variation of the norm and direction of 
the vector p (x,t) caused by the tensor j, (x, t). 


To illustrate the notion of current density, we examine now two physical examples where 
the velocity field is uniform, i.e. V -v (x, ¢) = 0, but not constant. This means that the norm 
and the orientation of the velocity field can change globally over time. 

First, we consider the electric charge, an extensive scalar physical quantity and its 
corresponding density q (x,t). In the absence of a source density, i.e. 7, (x,t) = 0, the 
continuity equation (10.20) implies that the time variation of the scalar q (x, t), due to the 
matter displacement, is caused physically by the vector j, (x, t) (Fig. 10.2). In an arbitrary 
frame of reference, the electric current density j, (x,t) is represented by a 3-component 
vector written in components as ie (x, ft) . 

Second, we consider the momentum, an extensive vectorial physical quantity, and its 
corresponding density p (x,t). In the absence of a source density, i.e. a, (x,t) = 0, the 
continuity equation (10.21) implies that the time variation of the vector p (x, t), due to the 
matter displacement, is caused physically by the tensor j, (x, ¢) (Fig. 10.2). In an arbitrary 
frame of reference, the momentum current density j, (x, f) is represented by a 3 x 3 matrix 
written in components as hi (x, t). 


10.2.2 Thermodynamic State Field 


The state of a thermodynamic system is defined by a set of state variables. In a continuous 
system, the local state is defined by a set of state fields. Thus, when considering a 
continuous medium consisting of electrically charged chemical substances interacting with 
an external electrostatic field, we assume that the local state is entirely defined by four types 
of state fields which are represented by the following specific quantities: 


— 


. the momentum density p (x, ¢), 

the entropy density s (x, f), 

. the set of densities {74 (x, t)} of r chemical substances 
where A = l,...,7, 

. the electric charge density q (x, f). 


wo 


& 


In other words, the thermodynamic state of the continuous medium is defined by a set of 
state fields {p (x, t) ,5 (x,t), {m4 (x, t)}, q (x, ¢)} . The other physical fields that describe the 
thermodynamics of the continuous medium are defined locally and are functions of these 
state fields. Certain fields are of particular interest in the following developments: 
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1. the velocity v (p,s, {n4},q), 

2. the mass density m (p, s, {n4}, q), 

3. the energy density e (p,s, {n4},q), 

4. the internal energy density u (p, s, {n4}, q), 


In order to simplify the notation, we do not mention explicitly the dependence of the 
state fields p, s, {n4} and qg on space x and time ¢. In the remainder of this chapter, we will 
not explicitly mention this dependence. However, it remains implicit. 


10.2.3 State Field Continuity Equations 


The analytical form of the continuity equations for the extensive physical quantities is 
given by equation (10.20) for scalar fields and by equation (10.21) for vector fields. We 
shall now apply these equations to several thermodynamic state fields and characterise 
their corresponding source densities. 

In order to satisfy the evolution condition of the second law (2.1) applied locally to our 
continuous system, the entropy source density 7, must be positive definite, i.e. 


Ts > 0 (10.23) 
The entropy continuity equation is then given by, 
S+(V-v)s+V-j, =; 20 (10.24) 


where j, is the entropy current density. 
The source density 74 of a chemical substance A participating in chemical reactions a is 
proportional to the stoichiometric coefficients vg4, 


m4 = >) WaVad (10.25) 
a=1 


where wz, is the local reaction rate density of chemical reaction a. The sum extends to the 
n possible chemical reactions in the system. If the reaction rate density wz, is positive, then 
the substances with a positive stoichiometric coefficient v4 are produced and those with a 
negative stoichiometric coefficient v4 are consumed. It is the opposite if the reaction rate 
density is negative. The continuity equation for the chemical substance A is given by, 


ta t(V-v) mtV-i, = in ihe 4 (10.26) 


a=1 
where j, is the current density of the chemical substance A. 
The electric charge continuity equation is given by, 
q+(V-v)qt+V-j, =0 (10.27) 
where j,, is the conductive electric current. It is related to the total electric current density 
J by, 
J=i,+49v (10.28) 
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Here, qv represents the convective electric current density. A convective current is due to 
the displacement of the centre of mass of a local fluid element and a conductive current is 
a matter displacement within the local centre of mass frame of reference. The momentum 
source density is due to the forces associated to the external fields only, i.e. 


np =f™ (10.29) 


where f™' is the force density of the external fields. The momentum current jp is a tensor 
(i.e. a mathematical object represented by a 3 x 3 matrix) that is defined as the opposite of 
the stress tensor 7 accounting for mechanical effects [145], 


=-T (10.30) 
The momentum continuity equation is then given by, 
pt+(V-v)p-V-r=f" (10.31) 


where the components of the divergence of the symmetric stress tensor V - 7 are given by, 
re ae 
(Vor Spode tr) 


The conservation of angular momentum, of which the density is defined as € = r x p, 
implies that the stress tensor 7 1s represented by a3 x 3 symmetric matrix [109] (§ 10.4.3). 
The constitutive relation of mechanics is written as, 


p=m/(s,{n4},q)¥ (p,s, {m4}, 9) (10.32) 


Taking into account equation (10.32), the momentum continuity equation (10.31) becomes, 
mi-+ (rin+ (V+) m)v=f"4+Vor (10.33) 


and depends on the choice of inertial frame of reference. However, in classical physics, 
the equations of motion are the same in all the inertial frames of reference. This is a 
consequence of Galilean invariance. In order for the equation of motion (10.33) to be 
independent of the choice of frame of reference, the expression in the brackets of (10.33) 
must vanish. This yields the mass continuity equation, 


m+(V-v)m=0 (10.34) 


The mass continuity equation (10.34) implies that there is no mass source density and no 
conductive mass current density as well. This means that in classical physics, mass is a 
‘strongly conserved’ quantity. 

Taking into account the mass continuity equation (10.34), the momentum continu- 
ity (10.31) reduces to Newton’s 2nd law applied to a continuous medium, 


mv=f"+V er (10.35) 


The term V - 7 is a force density which is related to the constraints exerted at the surface 
of the fluid. 

In order to satisfy the first law (1.11) applied locally to the continuous system, the 
energy source density 7,, which does not result from an energy current flowing through 
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the enclosure, is due to the action of external forces on the system. Thus, the energy source 
density 7, that corresponds to the external power density is expressed as, 


i =0-e™ (10.36) 
The energy continuity equation is then given by, 
é+(V-vyet+V-j=v- f™ (10.37) 


where j, is the energy current density. 

The internal energy density of the system wu (s, {n4},q) is defined as the energy density 
with respect to the frame of reference where the infinitesimal material element is at rest. 
Thus, the energy density e (p,s, {n4},q) can be decomposed into a kinetic energy and an 
internal energy, 


2 
€ (PS {na}d) = epg) Tu {tadea) (10.38) 


The structure of equation (10.38) is a consequence of the fact that the velocity field 
v is the field conjugated to the momentum density field, ie. vy = Oe/Op and of the 
constitutive relation (10.32). Applying (10.32), the time derivative of equation (10.38) can 
be written as, 
1 

é=v-p-smy +h (10.39) 
Using the mass continuity equation (10.34), the momentum continuity equation (10.31) 
and the constitutive relation (10.32), equation (10.39) can be recast as, 


é=v-(- (V-v) mvt Vr tg) + 5 mv (V+) +0 (10.40) 


Taking into account the expression (10.38) for the energy density e and the constitutive 
relation (10.32), equation (10.40) can be written as, 


é=ut+(V-v)(u—e)t+v- (Ver) +f" -v (10.41) 


Given that the stress tensor 7 is symmetric (§ 10.4.3), in order to obtain a continuity 
equation for the internal energy, we use the vectorial identity, 


ve (Ver)=V-5 (vr 4 0-7)") - 5 (Vot(vy)"):7 (10.42) 


where the exponent ’ indicates that we take the transpose of the tensorial expression. The 
components of the symmetric vector v- 7 + (v- 7)’ and of the symmetric tensor (V v + 
(V v)’ are given by, 
i 
(» TH (v- )") =v; (7! +74) 


(Vv vi(V »)") = dy + Oy; 


y 


Substituting for é in the energy continuity equation (10.37) its expression (10.41) and using 
the vectorial identity (10.42), we obtain the internal energy continuity equation, 


ut+(V-vjutV-j, = Tu (10.43) 
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where the expressions for the internal energy current density j,, and the internal energy 
source density 7, are found to be, 


j=het5 (v7 +0-7)") (10.44) 
1 
T= 5 (vv+ (V»)") 7s (10.45) 


The energy continuity equation (10.37) reduces to the internal energy continuity equation 
(10.43) if the continuous medium is locally at rest (i.e. v = 0), as it should be in view of 
the definitions of energy e and internal energy w. 


10.3 Evolution Equations 
ar ee ae 


In this section, we will use our thermodynamic approach to obtain conservation laws 
for mass and electric charge. These are usually presented as results from the molecular 
structure of matter. We will also show that the velocity field v represents the velocity of the 
centre of mass of the local infinitesimal element of fluid. 


10.3.1 Conservation of Mass 
The time derivative of the mass density m (s, {n4},q) is given by, 
(10.46) 
Using this equation and the entropy continuity equations for entropy (10.24), chemical 


substance A (10.26) and electric charge (10.27), we can recast the mass continuity equation 
(10.34) as, 


Om : 
nd (V-v)s— V-i,) 
¥ Om n 
+ — Waves — (V-v)ng—- V is) (10.47) 
Om . 
oo (V-¥)qg— V-j,) +(V-v)m=0 


The evolution condition of the second law requires that the entropy source density be 
positive definite, i.e. 7, > 0 and this, independently of the value or of the signs of the 
other thermodynamic fields. Thus, the differential factor multiplying 7, has to vanish, i.e. 


— =0 (10.48) 


Moreover, the mass and electric charge are two independent physical properties. This 
implies that, 


Om 
3y 7° (10.49) 
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Thus, the mass density is only a function of the chemical substance densities {4}, i.e. 
m = m({n4}). The dynamic equation (10.47) can then be reduced to, 


r Om e ay n 
(m3 Fn (+I SE (So wera Vis) =0 (10.50) 


This equation has to be satisfied no matter what the velocity field v is like. This imposes 
the condition, 


“. Om 
m— \~ an M4 = (10.51) 
1 


The partial derivative of equation (10.51) with respect to the density ng of chemical 
substance B is given by, 


Om Om Om 
ain x ( Soa oa ian) =0 (10.52) 
A=1 


Since the first and third terms of equation (10.52) cancel each other out, (10.52) implies 
that, 


Om 
—— =0 VA=1.,..., 10.53 
On4Onpg ‘ ( ) 
and thus the partial derivatives, 
0 
m4 = —~ =const (10.54) 
Ong 


are independent constants. They represent the mass of a mole of chemical substance A. 
Thus, the mass density m is the sum of the mass densities of the different chemical 


substances, 
Z 


m= "nama (10.55) 


A=1 
The definition (10.54) and equations (10.50) and (10.51) imply that, 


Som (> Walaa -— V is) =0 (10.56) 
A=1 a=1 
Since the mass my, of a mole of chemical substance A is a constant, that is, 
Vm,s=0 (10.57) 


equation (10.56) can be recast as, 


oo b> iva) —V.- (> mais =0 (10.58) 
a=1 A=1 A=1 


Since equation (10.58) must be satisfied for any substance current density j ,, we must have, 


S> mais =0 (10.59) 
A=1 
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This is a consequence of the conductive nature of j ,. Moreover, equation (10.58) has to be 
satisfied for every chemical reaction a. This condition leads to the mass conservation law 
of Lavoisier, 


So mi Vas = 0 (10.60) 
A=1 


The condition (10.59) leads to a self-consistent physical interpretation of the velocity 
v as the velocity of the center of mass of the local system. In order to establish this, we 
introduce the velocity v4 of the chemical substance A that satisfies the relation, 


v4ng=VnyA +h4 (10.61) 


Equations (10.55), (10.59) and (10.61) imply that the material momentum density p can be 
expressed in terms of the v4, 


p= >_ manava (10.62) 
A=1 


Thus, the material velocity v is given by, 


Pa 
) myznysV, 
A=1 


v= 
) mysny, 
A=1 


This expression is consistent with the definition of the centre of mass velocity of the 
substances contained in the local thermodynamic system. 


(10.63) 


10.3.2 Conservation of Electric Charge 
The electric charge is a property of the elementary constituents of matter. Thus, it is a 


function of the chemical substance densities {14}, ie. g = q ({n4}). 
The time derivative of the charge density qg ({n,4}) is given by, 


= i (10.64) 


Using this relation and the continuity equation (10.26) for chemical substance A, the 
continuity equation (10.27) for the electric charge becomes, 


ds = (>: Wa Vas — (V -¥) na — vi, +(V-v)qt+V-j,=0 (10.65) 
a=1 


A=1 


The dynamic equation (10.65) can be recast as, 


r aq r aq n _ 
(> iin nt On, (> Wa Va4 — vi +V -j, =0 (10.66) 
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This equation has to be satisfied no matter what the velocity field v is like. This imposes 
the condition, 


F fa) 
q->. he. = (10.67) 


The partial derivative of equation (10.67) with respect to the density ng of chemical 
substance B is given by, 


dg wl Fa dq 
} =0 10.68 
Ong s (ae ee oe 
Since the first and third terms of equation (10.68) cancel each other out, this equation 
implies that, 


oq 
— =0 VA=l.,..., 10.69 
On4Onpg 7 ( ) 
and thus the partial derivatives, 
0 
qa = —+ = const (10.70) 
Ong 


are independent constants. They represent the electric charge of a mole of chemical 
substance A. Thus, the electric charge density q is the sum of the electric charge densities 
of the different chemical substances, 


r 


q= >> 444 (10.71) 


A=1 
In our phenomenological approach, matter consists of three electric charge carriers that can 
be considered as different chemical substances A: 


1. anions, for which q4 < 0, 
2. cations, for which g4 > 0, 
3. neutral substances, for which g4 = 0. 


Definition (10.70) and equations (10.66) and (10.67) imply that, 
yo (Seaver Vis) +¥ i= 0 (10.72) 
A=1 a=1 
Since the electric charge q4 of a mole of chemical substance A 1s a constant, 
V qa = 0 
equation (10.72) can be recast as, 
ye (= qA va +V- (i, -S wis) =0 (10.73) 
a=1 A=1 A=1 
Equation (10.73) has to be satisfied whatever the field of substance current density j , looks 


like. This implies an expression for the conductive electric current density j, in terms of 
the chemical substance current densities j ,, namely, 
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=o ais (10.74) 
A=1 


Moreover, equation (10.73) has to be satisfied for every chemical reaction a. This implies 
the electric charge conservation law, 


So gives =0 (10.75) 


10.3.3 Energy Balance 


The local energy balance is given by applying the first law locally. We seek to establish 
thermodynamic evolution equations that are independent of the choice of frame of 
reference. Therefore, we will work out an energy balance for the internal energy as it is, by 
definition of internal energy, independent of the choice of frame of reference. We begin by 
computing the time derivative of the internal energy density u (s, {n4},q). This gives, 


a cae ou (10.76) 
Os FEA Ong 


The temperature 7, the chemical potential 4, and the external electrostatic potential y 
are intensive fields defined as fields that are conjugate of the entropy density s, the chemical 
substance densities {n,} and the electric charge density q, respectively. Thus, we have, 


Ou Ou Ou 
T= = d = 10.77 
Os > by Ong an yp Oq ( ) 
Using definitions (10.77), the time derivative of the internal energy density (10.76) 


becomes, 
p 


w=TS+ > pyhat og (10.78) 
A=1 


The internal energy balance is locally given by the internal energy density continuity 
equation (10.43). Applying the continuity equations for entropy (10.24) and chemical sub- 
stance A (10.26), together with the time derivative of the internal energy density (10.78), 
the internal energy density continuity equation (10.43) can be recast as, 


T(n,—(V-¥)s— Vi) +> hy (35 saver = (Vm Vij 


A=1 a=1 (10.79) 
+e(-(V-v)qg— V-j,) +(V-v)u+V-j,— mM =0 
Moreover, using equation (10.45) and applying the vectorial identities, 


Ye mal (V -ju) wl Sd Bowie: 
A=1 


O(V-i,) =V- (Gi) — ig Vie. 
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the internal energy balance equation (10.79) becomes, 


(se >o Hama- ve) eo 


A=1 


+V- (i — Tj,- 0 sda - eh) +Trst+ >> py (> Wa vt (10.80) 
A=1 a=1 


A=1 


“ 1 
tie VT + ia Vita thy V9 - 5 (Vet (Vv): 7 =0 
A=1 


Here, we consider a medium without shear or vorticity. Thus, the stress tensor is 
given by, 


T=(r*™—p)1 (10.81) 


where 11 is the identity tensor respresented by the 3 x 3 identity matrix and p is the pressure. 
The pressure is the reversible part of the stress tensor. The irreversible part 7 ™ is due to 
internal viscous friction. The pressure p and the internal viscous friction T™ are isotropic 
in the local frame of reference in which matter is at rest, that is, the forces associated with 
them have the same norm in every direction. 

To generalise the approach presented in this chapter and introduce shear forces, it 
would be necessary to specify the geometric structure of the local system by including the 
deformation tensor as one of the state fields [107, 146, 147]. Moreover, to describe vorticity, 
it would be essential to specify the state of rotation of the local system around its centre of 
mass by defining a pseudo-vector angular velocity as a state field [148]. Finally, we note 
that in equation (10.81), we also neglected the friction due to the relative displacement of 
different chemical substances. 

Using the decomposition (10.81), the last term of (10.80) reads, 


1 
5 (Vet (Vr): r= (Vy) (r* — p) (10.82) 
In equation (10.80), let us introduce the affinity A, of a chemical reaction a defined as, 


Aa =— So fig Vad (10.83) 
A=1 


Using the definition (10.83), the double sum on the substances and the chemical reactions 
in the balance equation (10.80) reduces to, 


ss Ly (> Wa va =~ S- Wy Aa (10.84) 
A=1 a=1 a=1 


Using identities (10.82) and (10.84) and using expressions (10.71) and (10.74) for the 
electric charge density g and the conductive electric current density j,, we find that the 
internal energy balance equation (10.80) becomes, 
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(Ps 49S (ua aus) mo) (V -y) 


A=1 


+V- (i —Tj,— >> (Hat ue)i) (10.85) 


A=1 


+Tr,- 5° Wa Ag — T* (V9) +hi-VT+ iy -(VuytqV ¢) =0 

a=1 A=1 
The terms on the last line of equation (10.85) account for irreversible processes and thus 
change sign under time reversal (§ Time reversal). 


10.3.4 Thermostatic and Thermodynamic Equations 


The internal energy balance equation (10.85) has to be satisfied for any velocity field. Thus, 
the expression in brackets on the first line on the left-hand side of (10.85) has to vanish. 
This yields an explicit expression for the internal energy density, 

u=Ts—pt+ >- (u,t+qay) na (10.86) 

A=1 

This is a thermostatic equilibrium equation since it is the volume-specific Euler equation. 
Moreover, the internal energy balance equation (10.85) has to be satisfied for any energy 
current density field. Thus, the expression in brackets on the second line on the left-hand 
side of (10.85) has to vanish. This yields an explicit expression for the internal energy 
current density, 


d= TH+ 5 (tat ov) ds (10.87) 


A=1 
This is a reversible thermodynamic evolution equation. 

The thermostatic equation (10.86) and the reversible thermodynamic equation (10.87) 
allow us to deduce from the balance equation (10.85) an expression for the entropy source 
density, 


1 n 
T= 1 S- Ages" (V -¥v) 
a= (10.88) 


+i (-VI+ 3 i: (- V ba uve)! 
A=1 


This is an irreversible thermodynamic evolution equation. It will be the foundation of the 
developments of the next chapter. 


10.3.5 Link between Local and Global Homogeneous Systems 
Having now obtained these important results relative to local systems, we would like to es- 


tablish their connection to the thermodynamics of a global system as we presented it at the 
beginning of this book. To do so, we consider a simple global system (i.e. homogeneous) 
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where the centre of mass is at rest. A simple system where the centre of mass is at rest can 
change volume. The volume variation rate is given by the divergence of the velocity field. 
Thus, the global simple system is homogeneous but not uniform. This means that matter is 
distributed homogeneously inside the system, but the velocity field does not have the same 
value everywhere. 

First, we determine the equilibrium equation of the homogeneous global system based 
on the equilibrium equation of the local homogeneous systems. The internal energy of the 
system U(S,V,{N4},Q), a function of the state variables entropy S, volume V, numbers 
of moles {N4} of the different chemical substances and electric charge O defined for the 
global system. The function U(S, V,{N4}, Q) can be deduced from the internal energy 
density u (s, {n4},q) by an integral over the volume V of the global system, 


U(S, ys {Na}, Q) = [ave (s, {n4}, q) (10.89) 


Similarly, the extensive state variables S, {N4} and QO of the global system are also related 
to their respective densities by integrals over the volume J, 1.e. 


s= ars, Na= [avng, o= | avg (10.90) 
V V V 


Since the system is homogeneous, the intensive fields temperature 7, chemical potential 
4, and electrostatic potential yy, are independent of position. Thus, the integral of the local 
thermostatic equation (10.86) over the volume V of the system is given by, 


pa = r/ dVs — p favs (u4 + ay) avn (10.91) 
V V V 4=A V 


Using definitions (10.89) and (10.90) for the global state functions and state variables, the 
global thermostatic equilibrium equation (10.91) can be written as, 


U(S,V,{Na},0) = TS— pV +) (u4 +449) Na (10.92) 
A=1 
Second, we establish the irreversible evolution equation of the global simple system. 
The homogeneity of the local system implies that the gradient of the intensive scalar fields 
vanish, i.e. VT = 0, V 4 = 0 and V y = 0. Thus, the local irreversible thermodynamic 
evolution equation (10.88) reduces to, 


Tre=t" (V-v)+ > Awa (10.93) 
a=1 
The entropy production rate IIs, the chemical reaction rate 2, and the volume variation 
rate V are related to their corresponding densities by, 


y= f avn, 0% = f Vw, v= fav (V -v) (10.94) 
V V V 


The last expression is obtained from the integral relation (10.11), noting that the volume 
density is simply unity. The mechanical work source density 7 is defined as the internal 
energy source density 7, 


Ty = Ty (10.95) 
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The mechanical power Py is expressed as an integral of the internal energy source 
density (10.95), 


Pips [ae (10.96) 
V 


We can now find an expression for the mechanical power (10.96) that makes explicit the 
irreversible contribution in it. By taking into account expression (10.45) for the internal 
energy source density 7,,, expression (10.81) for the stress tensor, equation (10.94) and in 
view of the fact that the intensive fields pressure p and 7 * are the same everywhere, the 
mechanical power (10.96) can be written as, 


(10.97) 


Furthermore, by comparing expressions (2.36) and (10.97) for the mechanical power, we 
conclude that for a homogeneous system, 


7 =p pe (10.98) 


Taking into account relation (10.98) and the fact that the intensive fields temperature 7, 
chemical affinity A,, pressures p and pex are the same everywhere, the integral of the 
irreversible local evolution equation (10.88) over the volume V of the global system is 
given by, 


r/ dV, = (p— Pes) f av (V-v)+>> A, f ave (10.99) 
V V = V 


Using definitions (2.36) and (10.94), the global irreversible thermodynamic evolution 
equation (10.99) is written as, 


THs = Pwt+pV+ > AgQa (10.100) 
a=1 
in agreement with relation (2.15) since we have the relations (10.84) and (10.94). 
Third, we establish the evolution equation of the first law in the centre of mass frame of 
reference of the global system. The internal energy current density j,, is the sum of the heat 
current density jg and the matter current density jc, Le. 


Ju =Jo thc (10.101) 
where, taking into account equation (10.87), the current densities are respectively de- 


fined as, 


jo =Ti, (10.102) 


jc= > (us tue) (10.103) 
A=1 
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The thermal power Po is expressed as the opposite of the integral over the surface S of the 
heat current density jo, 1.e. 


Po=— | dS-jg=— f av ( -io) (10.104) 
S V 


where the last equality is obtained by applying the divergence theorem. The chemical 
power Pc is expressed as the opposite of the integral over the surface S of the matter 
current density jc, ie. 


Pose [a-te=- fw (V jo) (10.105) 
S V 


where the last equality is obtained by applying the divergence theorem. Since the vector 
dS is defined positively when oriented outwards and the vectors jg and j- contribute to 
an increase of their corresponding extensive quantities. The thermal power Pg and the 
chemical power Pc are defined positively when heat and matter enter the system. 

It is worth noting that the thermal power Po is due to the heat flow through the enclosure 
of the global system. Consequently, it is expressed as an integral over the surface of a heat 
current density jo. Likewise, the chemical power Pc is due to a matter flow through the 
enclosure of the global system and it is expressed as an integral over the surface of a 
matter current density j.. The mechanical power Py is due to a work performed by the 
environment on the global system. However, it is expressed, according to the formalism of 
continuous media, as an integral over the volume of a mechanical work source density my. 

Taking into account relations (10.11), (10.18) and (10.19), we can write the internal 
energy density variation rate of the global system as, 


U= fav (a+(v-»u) (10.106) 


The integral of the internal energy continuity equation (10.43) over the volume of the 
global system is expressed as, 


fare) uw) — [aw A+ avn (10.107) 


Using relations (10.95) and (10.101), the integral (10.107) is recast as, 


[vr uw) — [ue f= [uw Jc)+ [avew (10.108) 


Taking into account definitions (10.96), (10.104), (10.105) and (10.106), we find that the 
integral equation (10.108) is the expression (1.29) for the first law in the frame of reference 
where the homogeneous system is at rest, 


U=Po+Pw+Pc _ (open system) (10.109) 


Fourth, we establish the evolution equation of the second law in the frame of reference 
of the centre of mass of the global system. Taking into account relations (10.11), (10.18) 
and (10.19), we can write the variation rate of the entropy of the global system as, 


s= [av(s+(v-»)s) (10.110) 
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Using relations (10.102) and (10.104) and in view of the fact that the temperature T is 
homogeneous, we obtain the identity, 


Po 1 
a V 10.111 
T 7 [av ( (Vv: ‘jo) = - far (V -J;) ( ) 


The integral of the entropy continuity equation (10.43) over the volume V of the global 
system is expressed as, 


[avr s) —_ [uw A)+ [avn (10.112) 


Taking into account the first relation (10.94) and relations (10.110) and (10.111), we find 
that the integral equation (10.112) is the expression (2.18) of the second law in the frame 
of reference where the homogeneous system is at rest, 


. P 
S= pelle (10.113) 


Fifth, we establish the matter balance equation in the frame of reference of the centre 
of mass of the global system for electrically neutral substances, i.e. g4 = 0. Taking into 
account relations (10.11), (10.18) and (10.19), we obtain the following identity, 


Sua =D ay far (tia WY) m4) (10.114) 
A=1 A=1 E 


For electrically neutral substances, relations (10.103) and (10.105) imply that, 


-» ns [av (V -j,) (10.115) 
A=1 


Using definition (8.18) for the chemical affinity A, and the second integral expres- 
sion (10.94), we have, 


n N n 
Y Ae == oy fav (> oval (10.116) 
a=1 A=1 V q=!1 


The integral of the continuity equation (10.26) of the substance A over the volume V of the 
global system is expressed as, 


[ar (ator n v) =~ fav V -i,) +fav (35 era) (10.117) 
V V w=! 


Taking into account relations (10.114), (10.115) and (10.116) equation (10.117) yields the 
matter balance equation for the electrically neutral substances in the frame of reference 
where the homogeneous system is at rest, which can be written as, 


So usNa =Po- Yo Aa Qa (10.118) 
A=1 a=1 
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10.4 Worked Solutions 
—SSSSSS==============E—ee—E———————————————_—<_-o——7| 


10.4.1 Galilean Invariance 


Consider an extensive scalar state function F (¢) characterising a physical property of a 
thermodynamic system. The state function density f(x, ft) is described with respect to an 
inertial frame of reference 7. The local spatial coordinates are the components of the vector 
x and the time coordinate is ¢. 


1. Incase the system is moving with a uniform velocity vo with respect to the inertial frame 
of reference R, we can define a new inertial frame of reference R’ where the system is 
at rest. The Galilean transformation relates the coordinates of the frames of reference 7 
and R’, 


x’ =x— wt 
=t 


The local spatial coordinates expressed with respect to R’ are the components of the 
vector x’ and the time coordinate is ¢’. Determine the transformation law between the 
time derivative of the state function density 0, f(x, t) expressed with respect to the frame 
of reference R and the time derivative of the state function density 0, f(x’, t’) expressed 
with respect to the frame of reference ’. Determine the transformation law between 
the spatial derivative of the state function density V f(x, t) expressed with respect to the 
frame of reference R and the spatial derivative of the state function density V' f(x’, (’) 
expressed with respect to the frame of reference R’. 

2. Show that the time derivative of the state function density f (x,t) given by equation 
(10.18) is a Galilean invariant by performing a Galilean transformation of uniform 
velocity vo between the inertial frames of reference R and R’, where the frame of 
reference R’ is an arbitrary inertial frame of reference. 


Solution: 


1. Taking into account relation (10.11) and the uniformity of the velocity vo, the time 
derivative of the extensive state function F(t) in the inertial frame of reference R is 
written as, 


F) = i je (af(.2) + (vo V) 00,2)) 


According to relation (10.11), the time derivative of the extensive state function F (t’) in 
the inertial frame of reference R' where the system is at rest is expressed as, 


F(t) = | tle) aeflet) 


Since the time coordinate is invariant under a Galilean transformation, F (t) = F (t'), 
which implies that the integrands of the two previous equations are equal. This equality 
gives rise to the transformation law, 
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On f(x’, t’) = Of (x; t) 15 (vo . Vv) f(x, t) 


Since the inertial frame of reference R' moves at velocity vo with respect to the frame 
of reference R, the frame of reference R moves with velocity — vo with respect to the 
frame R’. If the spatial coordinates are permuted, i.e. x ++ x’, and the time coordinates 
are permuted as well, i.e. t + t', then vy) + — Vo, which implies that, 


Of (1) = Ow I.0) — (v0 V') £0) 
Adding the two previous equations yields the transformation law, 
V'f(x',t) = Vf (x,t) 


2. The time derivative of the Galilean transformation of the spatial coordinates yields the 
Galilean transformation of the velocities, 


v =y— WwW 


Taking into account definition (10.18), the transformation law for velocities and the 
spatial and time derivatives, we have, 


Ov f(x.) + (v-V’) £7) = OS (x,t) + (0 V) f(x, 0) 
This establishes the Galilean invariance of the state function density f (x, t), 


ff) =f 0) 
10.4.2 Dynamics of a Homogeneous and Uniform System 


Establish the expression of Newton’s 2nd law for a system consisting of a homogeneous 
and uniform fluid of mass / in a rectilinear motion. 


Solution: 
1. For a uniform system, the divergence of the stress tensor T vanishes, 
V:-7T=0 
Thus, Newton's 2nd law (10.35) for a uniform fluid in a rectilinear motion reduces to, 
fu =m 


Since the acceleration a = ¥ is an intensive quantity, this equation can be integrated 
over the volume V of the system, 


fu “aa fav 
V Vv 


Ft —=Ma 


which can be expressed as, 


where F™ is the resulting external force acting on the system. 
g g Vs 
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10.4.3 Stress Tensor 


Using the angular momentum continuity equation, show that the stress tensor 7 can be 


represented by a3 x 3 symmetric matrix, i.e. 7 = 7%, 


Solution: 
The angular momentum continuity equation is expressed as, 
L4+(V-v) L4V- jp = me 


where € =r X p is the angular momentum density. Taking into account equation (10.31), 
the derivative of the angular momentum can be written as, 


b=Fxptrxparxp=—(V-v)rxptrx (Ver) trxf™ 
which is recast as, 
6+(V-v) £—rx(V-r)=rxf™ 


Thus, the vectorial divergence of the tensorial angular momentum current density jp is 
given by, 


V-je=—rx(V-7) 
and the angular momentum source density 7 ¢ is identified as the external torque density, 
Te =r x fo 


According to equation (10.29), the external force density f™ is the momentum source 
density Tp. Thus, the angular momentum source density can be expressed as, 


Te =X Tp 


According to equation (10.30), the stress tensor T is the opposite of the momentum current 
density j,. Likewise, the angular momentum current density can be written as, 


je=rxjp=—rxt 


Hence, the vectorial divergence of the tensorial angular momentum current density jg is 
written as, 


V-jig=-V-(rx7T) 
The identification of the two expressions for V - jg yields, 
rx(V-7)=V-(rx 7) 
The terms on each side of this equation are written in components as, 
rx(V-7);= eqn? Og 7 
V(r x 7); = ey Oe (HF 7%) = eye 7 + eye! Oo 


where we used the Einstein summation convention for alternated indices and €j, is the 
antisymmetric Levi-Civita tensor obtained by permutation of the indices 1, 2 and 3 of the 
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tensor €193 = 1. Thus, the components of the stress tensor have to satisfy the following 
condition, 


ein TT =0 
which can be written as, 
ik — | jk ny _ | jk ki) 
Eijk T = 5 (cimT + iy 7) = 5 Eun (7 — 7%) =0 


SINCE Ejgy = — Ejyx. This means that the antisymmetric part of the stress tensor vanishes. 
Thus, the stress tensor is represented by a3 x 3 symmetric matrix, i.e. 


lik — Ki 


10.4.4 Accelerated Fluid Container 


A container with vertical walls and a rectangular base is subjected to a constant acceleration 
a oriented towards the right. The liquid, of mass density m, inside the container is assumed 
to be at equilibrium with respect to the container. Friction is negligible. 


a) Determine the pressure inside the liquid as a function of the horizontal coordinate x and 
the vertical coordinate z. 

b) Show that the surface of the liquid is tilted backwards with a uniform inclination angle 
a (Fig. 10.3). Determine the expression for a. 


Solution: 


a) In the absence of viscous friction, the only external force density exerted on a small 
volume of liquid is its weight density, 


f" =mg 


h 


O x 


A container filled with a liquid is subjected to a constant acceleration. In a stationary state, the water surface is 
tilted backwards with a uniform inclination angle a. 
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Since there is no shear, no vorticity and no friction, i.e. T” = 0, according to equation 
(10.81) the divergence of the stress tensor reduces to the opposite of the pressure 
gradient, 


V:-T=-Vp 
Thus, Newton's 2nd law (10.35) can be recast as, 
Vp=-ma+mg 


The pressure gradient V p is expressed in Cartesian coordinates as, 


and the acceleration a and the gravitational field g are written as, 
a=ax and g=-g2 
which implies that, 


Op _ 


Be eae and oa 
IZ 


a 


The pressure differential can be expressed as, 


rs) ) 
dp (x,z) = Pat Pa=-—mad mgdz 
Ox Oz 
The pressure p (x,z) is obtained by integration over the spatial coordinates x and z, 
p(x,z) = —max — mgz+p(0,0) 


where the integration constant p (0,0) corresponds to the pressure at the origin O of 
the coordinate frame. The pressure p (0,0) is the sum of the atmospheric pressure po 
and the hydrostatic pressure of the column of liquid m gh, 


P (0,0) = po +mgh 
Thus, the pressure at point (x,z) inside the liquid is given by, 


p(x,z) =—max—mgz+potmgh 


The previous equation can be recast as, 
a = 
Z= x+h “i 
& mg 


At the surface of the liquid, the pressure is simply the atmospheric pressure, i.e. p = po. 
Thus, the previous relation reduces to, 


ene +h (at the surface) 


which is a straight line with a negative slope since a, g and h are positive constants. 
Thus, the tilt angle a is determined by computing the ratio of the coordinates, 


Zz a a 
tana =—--=-— thus a = arctan (2) 
x g & 
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10.4.5 Archimedes’ Force Accelerometer 


Consider a homogeneous cork floating in a container fully filled with liquid. The cork is 
tied to the bottom of the container by a rope (Fig. 10.4). The container moves with respect 
to the ground at constant acceleration a. The liquid and the floater are assumed to be at 
rest with respect to the container. The mass density m’ of the cork is smaller than the mass 
density m of the water, i.e. m! < m. 


a) Determine the expression of Archimedes’ force F'4, which is the net force exerted by 
the fluid on the surface S of the cork, 


S 


b) Determine the angle a between the rope and the vertical axis when the cork is at rest 
with respect to the container. 


Solution: 


a) In the absence of viscous friction, the only external force density exerted on a small 
volume of liquid is its weight density, i.e. 


Ge = mg 
Since there is no shear, no vorticity and no friction, i.e. 7” = 0, according to equation 


(10.81) the divergence of the stress tensor reduces to the opposite of the pressure 
gradient, 


V:-tT=-Vp 
Thus, Newton's 2nd law (10.35) can be recast as, 
—Vp=-mg+ma 


The integral over the volume of the previous expression can be written as, 


- [ vpav=—mi(g— a) | av=—mv(g— a) 


An accelerometer is made of a container filled with liquid and a cork tied to the bottom of the container. The 
container moves with a constant acceleration and the cork leans forward in the direction of the acceleration. 
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Archimedes’ force F.4 exerted by the fluid on the surface S of the cork is obtained by 
applying the divergence theorem, 


Fy=- [vas- — [vear- —mV(g— a) 
Ss Vv 
In the particular case where there is no acceleration, i.e. a = 0, we recover Archimedes’ 
principle, 
F,=-—mVg (Archimedes’ principle) 


b) The cork of mass M' is subjected to three external forces, its weight M'g, Archimedes’ 
force F4 and the tension T in the rope. Thus, Newton's 2nd applied on the cork reads, 


Mg+Fit+T=Ma 


The mass of the homogeneous cork can be written as M’ = m'V where m’ is its mass 
density. Thus, the tension is given by, 


T=—wm'V(g— a)— Fy =(m— m')V(g—- a) 
These vectorial quantities are expressed as, 
T=T,.X+T,f a=ax g=-—gfp 


where X is the unit vector along the horizontal axis defined positively towards the right 
(Fig. 10.4) and ¥ is the unit vector along the vertical axis defined positively upwards. 
The angle a is the angle between the rope and the vertical axis, and the tension is 
collinear to the rope. Thus, 


Ty, a a 
tana =— =- thus qa = arctan | - 
Tyg & 

which means that the cork leans forwards if a > 0 and backwards if'a < 0. 


Exercises 
| 


10.1 Chemical Substance Balance 
Consider a homogeneous and uniform fluid which consists of different reactive 
chemical substances. 


1. Determine the variation rate 7, of the chemical substance density A. 
2. When the system is in a stationary regime, determine the condition imposed on 
the stoichiometric coefficients v,4. 


10.2 Pressure Time Derivative and Gradient 


1. Determine the expression of the pressure time derivative. 
2. Determine the expression of the pressure gradient. 
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10.4 


10.5 


Exercises 


Oil and Water Container 

A container with a long spout is filled with oil and water in such a way that the 
spout is filled to its top (Fig. 10.5). The water and the oil surfaces are in contact 
with the atmosphere. The height / of the water and oil are the same in the container. 
Determine the expression of the tilt angle a of the spout in terms of the mass densities 
my, and m, of water and oil. 


Floating Tub Stopper 

A spherical weight of radius R is blocking a horizontal circular hole at the bottom of 
a container filled with a liquid (Fig. 10.6). The liquid of mass density m is at a height 
H above the hole (H > R/2) and the lowest point of the sphere is at a height below 
it (h < R/2). The pressure above the liquid and below the sphere is the atmospheric 
pressure po. Determine Archimedes’ force F'4 exerted by the liquid on the spherical 


plug, 
KY 


Temperature Profile of the Earth’s Atmosphere 

Model the temperature profile T(z) of the Earth’s atmosphere as a function of height 
z. Ignore winds, clouds and the many effects due to the presence of moisture in the 
air and treat the air as an ideal gas. Assume that the Earth’s atmosphere reaches an 
equilibrium mostly by matter transfer. Suppose that when an air mass moves up or 
down, it does so adiabatically because the air thermal conductivity is small. 


Aspherical floater used as tub stopper. 


306 


10.6 


10.7 


Thermodynamics of Continuous Media 


a) Show that, 
T(z) =T— S Zz 
Cp 


where c;, is the specific heat at constant pressure per unit mass. 


b) Deduce from the temperature profile T(z), the pressure profile p (z) and the mass 
density profile m (z) of the Earth atmosphere, 


rorom(%B)" am moron) 


where c is defined in equation (5.60). 


Stratospheric Balloon Model the rise of a balloon of mass M, which rises from 
the ground into the stratosphere [149]. At ground level, the balloon has a volume 
Vo, which is much smaller than the volume Vax it has when it is fully inflated. 
Nonetheless, the volume Vo is sufficient to lift the payload. The ballom is filled 
with helium, which is considered an ideal gas. Use Archimedes’ principle given in 
exercise 10.4.5 and the model of Earth’s atmosphere established in exercise 10.5. 


a) Find the maximum height z max reached by the balloon. 
b) Show that Archimedes’ force Fy exerted on the balloon is uniform as long as the 
balloon is not fully inflated. 


Velocity Field Inside a Pipe 

A fluid flows through a pipe which is shaped in such a way that the velocity field 
depends linearly on the position x along the pipe (Fig. 10.7). At the inlet (x = 0), the 
velocity is vo. At the outlet (x = L), it is 3 vo. Determine the acceleration a (x) of a 
small volume of fluid. 


Numerical Application: 


vo = 3 m/s, L = 0.3 m. 


EL = 30cm 


A pipe imposes a certain velocity field v (x, t) to the fluid flowing through it. 
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10.8 Divergence of a Velocity Field 
Establish the continuity equation (10.34) for the mass density by working out the 
change in mass inside an infinitesimal cubic box centred at a position written 
in Cartesian coordinates as (x,y,z). The box has square faces orthogonal to the 
Cartesian axes and the dimensions of the edges of the box are dx, dy and dz. The 
velocity field is v (x, y,z). 


Thermodynamics of Irreversible Processes 


Lars Onsager, 1903-1976 


L. Onsager attended the Norwegian Institute of Technology in Trondheim and graduated with a 
degree in chemical engineering in 1925. Following a visit to the Swiss Federal Institute of 
Technology in Zurich and learning about P. Debye’s model of electrolytic solutions, although he 
disputed it, he was hired there in 1926 to further develop his ideas on electrochemistry. In 1928, 
having moved to the US and received the news that he was not accepted at Johns Hopkins 
University based on his poor teaching of general chemistry, he transferred to Brown University 
where he taught advanced statistical mechanics and published the reciprocity relations that are now 
named after him. Four years later, he became a professor at Yale University and in 1968 received 
the Nobel Prize in chemistry. 


11.1 Historical Introduction 
SSS SS SSS | 


By the end of the nineteenth century, the physics of transport phenomena consisted 
of a collection of phenomenological relations. As mentioned in Chapter 3, the term 
phenomenological means that these relations account well for the observed phenomena, 
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but that there may not be any theoretical framework to justify them. Nowadays, these 
transport laws are referred to by the name of the scientist who first introduced them. 

For example, Jean Baptiste Joseph, Baron of Fourier (1768-1830) inferred from 
experiments a heat equation that relates the time and spatial variations of the temperature. 
In 1824, he gathered his works into a book entitled: Analytical theory of heat. By analogy 
with the equation of heat which described heat diffusion in solids, Adolf Eugen Fick 
(1829-1901) obtained a diffusion equation for a solute in a solvent. Likewise, Georg 
Simon Ohm (1787-1854) inferred from experiments an equation relating the electric 
current flowing through an electric conductor and the electric potential difference measured 
at the ends of the conductor. 

Charles Soret (1854-1904), a professor at the University of Geneva whose name has 
been given to a thermal diffusion effect, studied mixtures of NaCl and KNO3 in a tube 
that was heated up at one end and kept cold at the other. The Soret effect can be called 
thermophoresis when the fluid is a suspension. Nowadays, this effect is involved in the 
production of materials formed by condensation of a metallic substance in the presence 
of an inert gas. The aggregates thus formed are collected on a cold finger thanks to 
thermophoresis [69]. Louis Dufour (1832-1892), a professor of physics at the Academy 
of Lausanne, discovered a heat transfer of chemical origin [150, 151, 152]. The Soret and 
Dufour effects are currently of interest in biophysics [153]. For instance, researchers study 
how the velocity gradient on the surface of a cell influences its ingestion of nutrients [154, 
155]. Others evaluate how a chemical potential variation over the wall of a blood vessel 
can contribute to the blood shear velocity and thus affect the laminar flow on a prosthesis 
[156]. The Soret and Dufour effects also appear in heterogenous catalysis [157], and in 
spintronics [158, 159]. 

During the nineteenth century, three famous scientists were doing research on the 
viscosity of liquids and gases. Sir George Stokes (1819-1903), Louis Navier (1785-1836), 
and Siméon Poisson (1781-1840), were looking for a relationship between internal stresses 
and the spatial variation of the velocity field in a fluid. Navier and Stokes established an 
equation of motion for viscous fluids which is still used today, and the science of viscosity 
is now called rheology. 

Because these phenomenological laws were discovered during the nineteenth century, 
many people are under the impression that thermodynamics reached maturity before the be- 
ginning of the twentieth century. In fact, it was only in 1940 that Eckart applied thermody- 
namics to the description of transport phenomena [160, 161]. Thus, this formalism, known 
as the theory of irreversible processes, came into existence after the dawn of quantum me- 
chanics. Onsager showed that in the neighbourhood of a local thermodynamic equilibrium 
state, where the generalised forces are small enough, the mathematical structure of the 
irreversible thermodynamics allows the definition of linear empirical relations generalised 
by Casimir [162, 163, 164]. The matrix elements relating the generalised current vectors 
to the generalised force vectors satisfy the symmetry relations called Onsager—Casimir 
reciprocity relations. Certain authors call the Onsager—Casmir reciprocity relations the 
linear empirical relations as well as the symmetry relations. We will restrict the definition 
of this term to the symmetry relations in the remainder of this chapter. 

The pioneering work of Eckart remains little known, probably because Eckart did 
not proceed to a systematic exploitation of his work. On the other hand, Ilya Prigogine 
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started publishing roughly at the same time numerous works on the theory of irreversible 
processes, notably a very instructive book [165]. Born in Moscow in 1917, his family fled 
the soviet regime and settled in Belgium, where he was naturalised in 1949. In his career, he 
was professor in Brussels, Austin Texas and at the University of Chicago. He was awarded 
the Nobel prize in chemistry in 1977. He later wrote with Isabelle Stengers a remarkable 
essay on the relations between arts and exact sciences [166]. He conducted research on out- 
of-equilibrium systems and introduced the notion that dissipative structures can become 
ordered when a large energy current flows through them [167]. 

In order to appreciate these ideas, we need to become familiar with the theory of 
irreversible processes, which is presented in this chapter. We can understand why the 
description of continuous media is required by considering experiments such as the Joule 
calorimeter (Fig. 1.1), where oil heats up while stirred, or the temperature increase of balls 
shaken inside a cylinder. Intuitively, it is clear that friction between solids causes heat. This 
leads to the question as to how friction phenomena can be accounted for in a liquid. It was 
not until the twentieth century that friction in a fluid was described using the notion of 
local entropy production. In this chapter, we will see that this theoretical development can 
account for the empirical laws describing the transport of matter, electric charge and heat. 


11.2 Linear Empirical Relations 
Se eee 


The irreversible thermodynamic evolution of a continuous medium consisting of different 
electrically charged chemical substances is described in equation (10.88) as a sum of 
dissipative terms. The first two terms on the right-hand side of this equation are of scalar 
nature and describe the dissipation due to chemical reactions and to the internal friction 
within the continuous medium. The other terms are of vectorial nature and describe the 
dissipation due to the transport of chemical substances. Pursuing Onsager’s approach, 
equation (10.88) can be formally written as, 


na Hy Fijit S> Fo is} (11.1) 


where F; and F, represent scalar and vectorial generalised forces and j; and j,, represent 
scalar and vectorial generalised current densities. We use the term ‘generalised’ in order to 
account for the fact that the physical dimensions may differ in each term of the sum. 

In equation (11.1), there are two types of scalar current and force densities which we 
index by i € {a,f}. The index a refers to the chemical reaction a and the index /f refers 
to viscous friction. The chemical affinity F, = A, and the chemical reaction rate density 
Ja = Wg are associated with the chemical reaction a. The dilatation rate Fy = V - v and the 
irreversible scalar component of the stress tensor jf = 7 ™ are associated with the internal 
friction. 

In equation (11.1), there are also two types of vectorial current and force densities which 
we index by a € {s,A}. The index s refers to the entropy density and the index A refers 
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to chemical substance A. The thermal force F, = — V 7 and the entropy current density 
Jj, are associated with heat transport. The force Fy = — Wu, — ga Vy and the current 
density j, are associated with transport of chemical substance A. 

The evolution condition of the second law (2.1) requires the positivity (10.23) of the 
entropy source density, ic. 7, > 0. This is only possible if the entropy source density 7, 
is, in the neighbourhood of an equilibrium state, composed of a sum of positive definite 
quadratic forms of the generalised forces. In this neighbourhood, the components of these 
quadratic forms are independent of the generalised forces. The Curie symmetry principle 
forbids linear couplings between scalar forces and vectorial forces [168]. Thus, in the 
neighbourhood of an equilibrium state, the entropy source density 7, is expressed as the 
sum of a quadratic form of the scalar forces F; and a quadratic form of the vectorial 
forces Fy, 


1 
nai(De (Ly Fi) +o Fa (log Fa) ) 20 (11.2) 
ij a, B 


where the empirical components Lj and Lag are called Onsager matrix elements. These 
are of a different nature: the components Lj are scalars and the components Ly, are tensors. 
These empirical components depend on the state fields s, {n4} and qg and their symmetries 
are given by the Onsager-Casimir reciprocity relations [162, 164], 


Li (s, {n4}.4) = €1 & Ly (Ss, {14},9) 
Lag (8, {74}.9) = a &s Loa (Ss, {74}, 9) 
where the parameters ¢; = +1, €; = £1 and €g = €g = 1. The parameters e; and ¢; are 
positive if the corresponding generalised scalar forces F; and F; are invariant under time 
reversal, and they are negative in the opposite case. The parameters €, and €g are positive 
because the corresponding generalised vectorial forces F. and Fg are invariant under time 
reversal. 

The Onsager—Casimir reciprocity relations (11.3) cannot be established in the framework 
ofa thermodynamic approach. They can be deduced only in a statistical framework because 
they are a consequence of the reversibility of microscopic dynamics. The Onsager matrices 
{L,} and {Lag} have to be positive in order to ensure the positivity of the entropy source 
density, 


(11.3) 


1 1 
{Li} 20 and F {las} 30 (11.4) 


In the neighbourhood of a local equilibrium state, where the scalar forces F; are small 
enough, the scalar current densities 7; can be expanded to Ist order in terms of the forces 
F;. This yields the following scalar linear empirical relations [169], 


ji=>o Lyk, (11.5) 
J 


where the components Lj are independent of the generalised forces F;. The empirical 
relations (11.5) describing the irreversibility due to the chemical reactions and to viscous 
friction are written in terms of the generalised current densities j, = w, and jr = 7* and 
the generalised forces F, = A, and Fy = V - vas, 
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Wa= S Lp AptlyV-v Wa=1,....n 

bal (11.6) 
te = S Lp As t+ Ly V-v 

b=1 


where the corresponding Onsager matrix (11.4) is positive definite. In terms of the 
components of the matrix, this condition is expressed as, 


Ly st) Lin Lif 
1 . . 
=| ° ; ; - | >0 (11.7) 
r Im as Lan Lif 
In +) Lm Lg 
where the indices a,b = 1,...,n. In the particular case of a single chemical reaction a, the 
scalar Onsager—Casimir reciprocity relations (11.3) imply that Ly, = — L,y and the scalar 


relations (11.6) reduce to, 


Wa = Laa Aa + La V “y 


(11.8) 
T= —LyAg+lyV-v 
The condition (11.7) is reduced to, 
lf Loa Lar 
= “)>0 11.9 
T ey - : 


The negative signs in relations (11.8) and (11.9) are due to the fact that the generalised 
force F, = A, is invariant under time reversal whereas the generalised force Fy = V-v 
changes its sign according to the transformation law (2.4) of the velocity v under time 
reversal. This implies that ¢, = 1 and ey = — 1. 

Similarly, in the neighbourhood of a local equilibrium state, the vectorial forces F., and 
the vectorial current densities j, can be expanded to Ist order in terms of the forces Fg. 
This yields the following vectorial linear empirical relations [169], 


ja = 5 lop Fe (11.10) 
B 


where the components L,g are independent of the generalised forces Fg. The empirical 
relations (11.10) describe the irreversibility due to heat and matter transport. These two 
contributions to irreversibility can be written in terms of the generalised current densities 
j, andj, and of the generalised forces F, = — V Tand Fz = — Vitzp — ga V vas, 


ip = bs (—V1)+ Soba: (- Vig— eV 9) 
B=I (11.11) 


ja =las (—VT)+> las: (- Vog-aeVy) VA=1,...,7 
B=1 
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where the corresponding Onsager matrix (11.4) is positive definite. In terms of the 
components of the matrix, this condition is expressed as, 


bsg Ls1 ern Lsp 
ee neni AE 11.12 
Oe, 8 aa 
Lis Ly va Ly» 
where the indices A,B = 1,...,r. In the particular case of a single chemical substance 


A, the vectorial Onsager—Casimir reciprocity relations (11.3) imply that L,, = L4,, and the 
vectorial relations (11.11) reduce to, 


ip = ss (— VT) + bu (- Vus- qa V¥) 
dg =bsa (— VT) tla: (- Vita - V9) 
and the condition (11.12) is reduced to, 
1 Lss bya 
2 (bs >0 11.14 
T @ i ( ) 
It is possible to deduce from these linear relations the empirical laws of Fourier, Fick 


and Ohm as well as the Soret and Dufour effects. But before doing so, we examine first the 
physical meaning of the scalar relations. 


(11.13) 


11.3 Chemical Reactions and Viscous Friction 
a ana 


The linear empirical relations between scalar quantities describe the irreversibility associ- 
ated with the chemical reactions between the substances and with the viscous friction in 
the continuous medium. 


11.3.1 Coupled Chemical Reactions 


Let us consider different substances A, the amounts of which are linked, due to the chemical 
reactions a and b. In the absence of dilatation, i.e. V-v = 0, the scalar linear relations (11.6) 
account for a coupling between chemical reactions a and b, 


= dite (s , {na}.q) As (11.15) 


In general, the linear approximation does not describe chemical reactions adequately 
and the concentration dependence of the coefficients L,, (s, {n4},q) has to be taken into 
account. Let us introduce now an example in which the linear approximation gives a fair 
description: it is the relaxation of electron spins. 

In a quantum mechanical framework, electrons have an intrinsic property called spin. 
In a metal, we can assume that there are two types of conduction electrons that can be 
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considered as two different substances: a substance U for which the spins are oriented along 
one spatial direction, and a substance D for which the spins are oriented in the opposite 
direction. 

In this example, there are two possible reactions: a reaction a : U — D converting U 
type electrons into D type electrons and an inverse reaction b: D — Uconverting D type 
electrons into U type electrons. Then, applying equation (10.26) to a local system at rest, 
we obtain, 


Nu = Vau Wa + Vou Wp = — Wa + Wh 


(11.16) 


Np = VaDWa T VED Wh = Wa — Wh 


where ny and np represent type U and D electron densities. Note that the equations (11.16) 
imply the conservation of the total electron density ny + np, as expected. The chemical 
affinities, according to equation (10.83), are expressed as, 


Aa = My — Pp = — Ad 


Omitting the explicit dependence on the state fields s, n4 and q, the linear relations (11.15) 
become, 


Wa = Laa Aa +r Lab Ap = (Laa = Lab) Aa = (Daa _ Lab) (Ly _ Lp) 
wy = Lyp Ap + Loa Aa = (La — Lop) Aa = (La — Lon) (Hu — Hp) 
Thus, the empirical equations (11.16) and (11.17) imply [159]: 
hy = — W (uy — Mp) = — hb (11.18) 


where W = Lag — Lap — Lpa + Lppy > 0 according to condition (11.7). 


(11.17) 


11.3.2 Viscosity 


In the presence of a single chemical reaction at equilibrium, i.e. w, = 0, the scalar linear 
empirical equation (11.6) links the mechanical constraint 7 * and the dilatation rate V - v. 
This can be written as, 

7™ — n(s,n4,q) V-v (11.19) 


where the volume viscosity 7 (s,74,q) (s, {n4},q) is a scalar coefficient defined as, 


2 


i 
n(s,n4,9q) = Lt - (11.20) 


11.4 Transport 
CSS 


The linear empirical relations between vectorial quantities describe the irreversibility 
associated with transport of substances in a continuous medium. In Chapter 3, we derived 
two linear empirical relations describing the irreversibility associated with heat and matter 
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transport between simple subsystems. The relation (3.16) is a ‘discrete’ formulation of 
Fourier’s law for heat transport and equation (3.45) is a ‘discrete’ formulation of Fick’s 
law for matter transport. In this section, we will establish these laws, and others like Ohm’s 
law, for a continuum. 


11.4.1 Fourier’s Law 


We will use two different approaches in order to clarify the link between the ‘discrete’ 
and the ‘continuum’ formulations. First, we deduce Fourier’s law for a continuum using 
Fourier’s law (3.16) for ‘discrete’ subsystems. Then we establish Fourier’s law for a 
continuum by using the vectorial empirical relations (11.13). 

Let us consider an isolated system consisting of two simple subsystems at temperature 
Tt and T~, where Tt > T~. According to Fourier’s ‘discrete’ law (3.16), the heat transfer 
between the two subsystems is expressed as, 


Po=n5(t-T) (11.21) 
where & > 0 is the thermal conductivity, A is the area of the interface between the two 
subsystems and @ is a characteristic length (Fig. 11.1). To obtain a ‘continuous’ formulation 
of Fourier’s law, we consider that the system is inhomogeneous and that the temperature 
varies continuously and linearly from the maximum value 7* on the left to the minimum 
value 7 on the right. Let @ be the length between the two ends of the system and ¥ the 
unit vector oriented from left to right. The temperature gradient is a vector oriented in the 
direction of the temperature increase that is written as, 


T-T . 
—_7,— x 


T=- 
¥ e 


(11.22) 


VT 


&® 


The discrete system (top) consists of two simple subsystems at temperature 7* and 7— and the continuous 
system (bottom) is subjected to a temperature gradient V 7 from 7~ toT*. 
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The heat current density j, is a vector oriented in the direction of the temperature decrease 
and defined as the ratio of the thermal power and the area of the interface, 


. Po, 
jo= vis (11.23) 


Taking into account definitions (11.22) and (11.23), Fourier’s law (11.21) is expressed in a 
continuous form as, 


jg=—KVT (11.24) 


We now use our formalism describing irreversible processes in continuous media. Thus, 
we consider a solid at rest, ie. j, = 0, consisting of a single chemical substance A. In 
continuous media, a heat current density is defined as, 


Jo = Ti, (11.25) 
Taking into account definition (11.25), the vectorial relations (11.13) imply that, 
jo = —#(s,n4,q) “VT (11.26) 
where 
K(s,14,q) = T (bss — bea -Lyy sa) (11.27) 


is the thermal conductivity tensor. The diagonal terms correspond to Fourier ’s law (11.24) 
[170]. The tensorial relation (11.26) can be inverted, 


VT=—« '(s,n4,9) -Jo (11.28) 


The off-diagonal terms of «~! describe another phenomenon. To illustrate this 


phenomenon, let us consider for instance a thin slab orthogonal to the z-axis through 
which a heat current j¢ flows in the x-direction. The tensorial relation (11.28) predicts the 
existence of a temperature gradient V 7 in the y-direction. In the presence of a magnetic 
induction field B applied in the z-direction, this phenomenon is known as the Righi-Leduc 
effect {171, 172], 


VT=—R (jg x B) (11.29) 


where F is a scalar coefficient. 

In this section, we will illustrate each transport law that we derive from our formalism 
with the example of a homogeneous metal, considered as an isotropic solid containing 
conduction electrons that can be considered as a chemical substance A = e of electric 
charge qe. The thermal conductivity of conduction electrons is measured in the frame of 
reference of the metal. In the particular case of an isotropic fluid, Fourier’s law (11.26) is 
reduced to, 


jo =—K(s,neq) VT (11.30) 


where & = #1, due to isotropy. Thus, the thermal conductivity coefficient « is deduced 
from the expression (11.27), 


K (8,ne) = T (1. = i) (11.31) 
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11.4.2 Heat Equation 


We are now ina position to introduce the notion of diffusion equations. In general, a linear 
relation between a current density of an extensive quantity and the gradient of the conjugate 
quantity, combined with the continuity equation for the extensive quantity gives rise to a 
differential equation, which is characterised by having a first derivative with respect to 
time and a second derivative with respect to spatial variables. Here we show how Fourier’s 
law leads to a diffusion equation for temperature. Later, we will introduce Fick’s law for a 
matter current density and we will find a diffusion equation for substances. 

Let us consider an isotropic metal that we consider in the frame of reference where it is 
at rest, 1.e. vy = 0. The conduction electrons are assumed at rest in this frame of reference, 
Le. j, = 0 where A = e. Thus, the current density balance (10.87) yields the equality 
Jo =J,- In the absence of any mechanical constraint on the metal, i.e. 7, = 0, the internal 
energy continuity equation (10.43) is reduced to, 


ju=-V-j,=-V-io (11.32) 


Since the conduction electrons are at rest, O,n, = 0. For a constant density, 0,u depends 
only on 0, T, 


Ou = ce O;T (11.33) 


where the specific heat density c, of the conduction electrons is defined as, 
c= = (11.34) 


In the case where the dilatation of the metal can be neglected, the divergence of Fourier’s 
law (11.30), the continuity equation (11.32) and relation (11.33) yield the heat equation, 


O,T=rAW?T (11.35) 
where the thermal diffusivity coefficient is defined as, 
j=" (11.36) 
Ce 


For a homogeneous metal, we used the fact that the thermal diffusivity coefficient \ is 
independent of position, i.e. VA = 0. 


11.4.3 Heat Diffusion in a Rod 


In order to illustrate some of the characteristics of diffusion equations, we find a specific 
solution for the heat equation (11.35) when we apply it to the case of an infinite rod oriented 
along the x-axis. We assume that heat diffuses in the rod only. The solution of the heat 
equation is a temperature profile T (x, t) depending on the position x along the rod and on 
time ¢. Along the x-axis, the heat differential equation (11.35) is reduced to, 

3) on 


Hy Pest) =A 55 Tut) (11.37) 
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To solve this differential equation, we use the method known as separation of variables. It 
consists in decomposing the temperature field T (x, t) into a product of fields A (x) and B (t), 


T (x,t) =A (x) B(t) (11.38) 


The heat equation (11.37) is then decomposed respectively, in two coupled differential 
equations, 


AX @PA(x) _ 

A(x) Ox? AW (11.39) 
1 OB(t) _ xR 
B(t) at 


where can be any real positive value and k is called a wave number. The solutions of 
these differential equations are given by, 


11.40 
B(t)=B(0) e** ies 


Substituting these solutions (11.40) into expression (11.38) for the temperature field, we 
find a mathematical solution of the heat equation (11.37) given by 


T (x,t) =T (0,0) e** el (11.41) 


where 7(0,0) = A(0)B(0) is a constant temperature. This solution depends on the 
wave number &. Every linear combination of a solution of a differential equation is also 
a solution. Thus, the integral of the solution (11.41) with respect to the wave number k is 


also a solution, 
co — IPM ike 
T (x,t) =Cy4/— e ee dk (11.42) 
T Joo 


where the constant C is proportional to 7 (0,0). Equation (11.42) can be recast as the 
integral of a Gaussian, 


T(t) =Cy[re & f eo (iY ak (11.43) 
Tv —oo 


The integral of the Gaussian in (11.43) yields ,/7/At, which implies, 


2 
x 


T (x,t) = cee (11.44) 


This result is illustrated in (Fig. 11.2). 

At the initial time at the centre of the rod, i.e. ¢ = 0 and x = 0, the expression (11.44) 
of the temperature diverges, i.c. T(0,0) = co. Moreover, after an infinite time, the 
temperature vanishes everywhere, i.e. T(x, 00) = 0. These are the mathematical conditions 
that correspond to a heat source in contact with the centre of the rod, i.e. at position x = 0, 
during an infinitesimal time interval coinciding with t = 0. The heat thus transmitted by 
the source diffuses throughout the rod, which tends towards a thermal equilibrium state 
after an infinite time. 
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-5 


The diffusion of a temperature profile T (x, t) /C asa function of the variable x // 4. at different times: 
t = {15,45, 165}. 


11.4.4 Fick’s Law 


As we did for Fourier’s law, we deduce Fick’s law for a continuum by using Fick’s 
law (3.45) derived for a discrete system. Then, we will establish this law using the 
empirical relations (11.13). 

Let us at first consider an isolated system consisting of two simple subsystems where 
the chemical potentials of the substance A are ut and ju, where pis > pw, . According to 
Fick’s ‘discrete’ law (3.45), the matter transfer between the two subsystems is expressed as, 

Na = Fa (uh - 15 ) (11.45) 
where F'4 > 0 is Fick’s diffusion coefficient of substance A, ¢ is a characteristic length and 
A is the area of the interface between the subsystems (Fig. 11.3). To obtain a formulation 
of Fick’s law for a continuum, we consider that the system is inhomogeneous and that the 
chemical potential varies continuously and linearly from the maximum value pe on the 
left to the minimum value ju, on the right. Let @ be the length between the two ends of the 
system and ¥ the unit vector oriented from left to right. The chemical potential gradient 
is a vector oriented in the direction of the chemical potential increase that can be then 
written as, 

Vy =— 42-4 2 (11.46) 
The matter current density j, is a vector oriented in the direction of the chemical potential 
decrease and defined as the ratio of the chemical substance variation rate and the area of 
the interface, 
a= we x (11.47) 
Taking into account definitions (11.46) and (11.47), Fick’s law (11.45) is expressed for a 
continuum as, 


Jg=—FaV by (11.48) 
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Via £ 


The discrete system (top) consists of two simple subsystems in which the chemical potentials are ie and U, . 
The inhomogeneous system (bottom) is subjected to a chemical potential gradient V j1, from ju, to i. 


Let us now apply the theory of irreversible processes. We consider a single electrically 
neutral chemical substance A, i.e. gy = 0, dissolved in a non-reactive and electrically 
neutral fluid in which the temperature is independent of the position, i.e. V 7 = 0. The 
second vectorial relation (11.13) represents Fick’s law [173] (11.48), 


jg = —Fa(s,m4) > Ving (11.49) 


where Fy (s,4) = L4a (8,74) is the chemical diffusion tensor. In the particular case of an 
isotropic fluid, Fick’s law (11.49) is reduced to, 


in =—Fa(ssma) Ving (11.50) 
where Fy = F'4 1, due to isotropy. Equation (11.50) is known as Fick’s first law (11.48). 


11.4.5 Diffusion Equation 


We obtain a second formulation of Fick’s law if we consider the chemical potential ju, 
as function of temperature T and densities n4, ie. 44 = (44 (T,n4). If the temperature is 
independent of position, then Vj, depends only on V nu, 
) 
Vi,= 2 Vin 
On A 


Thus, the vectorial relation (11.50) yields Fick’s second law, 


ja =—D(s,u4) Vina (11.51) 
where the diffusion coefficient D (s, j1,) is defined as, 
Om 
D = F,——= 11.52 
(s, L4) A Ong ( > ) 


and ny is the the chemical substance density. 
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In order to determine the diffusion equation for the chemical substance A in the fluid, 
we choose the fluid as a frame of reference, i.e. v = 0. In the absence of chemical reaction 
in the fluid, i.e. 74 = 0, the chemical substance continuity equation (10.26) is reduced to, 


Ong=—V-jy (11.53) 


For an isotropic fluid, the diffusion coefficient D is independent of position, i.e. V D = 0. 
Thus, the divergence of Fick’s second law (11.51) and the continuity equation (11.53) yield 
the diffusion equation, 


O,n4 =DV* ng (11.54) 
11.4.6 Dufour Effect 


With Fourier’s law and Fick’s law, we have examples of transport equations that link the 
current density and the gradient of quantities which are conjugates of one another. We now 
introduce transport laws known as cross-effects, because they link quantities that are not 
conjugates. Here and in the next section, we identify links between chemical potentials and 
heat currents or temperature gradients. 

Let us consider a single electrically neutral chemical substance 4, i.e. gg = 0, 
dissolved in a non-reactive and electrically neutral fluid in which there is no matter current, 
Le. j, = 0. Taking into account the definition of heat current density (11.25), the vectorial 
relations (11.13) contain the Dufour effect [151, 174] describing the heat current induced 
by achemical potential gradient V ju 4, 


jo = —0a (8,14) > V bg (11.55) 
Here, 
Da (8,4) = T (bs — bys Lgl Las) (11.56) 


is a tensor describing this thermochemical effect. In the particular case of an isotropic fluid, 
the Dufour effect (11.55), is reduced to, 


jo = —Dals.na) V by (11.57) 


where Dy = D, 1 because of the isotropy of the medium. 
11.4.7 Soret Effect 


Let us now consider two electrically neutral chemical substances A and B, i.e. g4 = gz = 0, 
dissolved in a non-reactive and electrically neutral fluid. In the stationary state, that is 
to say, in the absence of chemical reactions (74 = ag = 0) and chemical currents 
(i, =j, =9), the relations (11.11) contain the Soret effect [175] describing the gradient 
of the chemical potential difference between the substances A and B generated by a 
temperature gradient, 


V (Ap) = —S(s,n4,ng)-V T (11.58) 


where Apu = (14 — [tg)/2 is the weighted chemical potential difference and S (s, 14,8) 
is a tensor. 


322 


Thermodynamics of Irreversible Processes 


Ina box filled with smoke, a current flows through a heating wire. Two ribbon-shaped laser beams are made 
visible by the smoke. The smoke is pulled away from the hot wire because of thermophoresis. 


In the particular case of an isotropic fluid, the vectorial relations (11.11), reduce to, 


dy = —LesV T — LsaV tg — LeaV tp 
dg = —LasV T — LaaV bg — LasV be (11.59) 
Jp = —LpV T— LpaV 7 LppV LB 


The contributions to j, and j, proportional to V T express the effect known as ther- 
mophoresis. Thermophoresis is observed easily in a smoke cloud around a hot wire 
(Fig. 11.4). 

Let us now calculate the Soret coefficient in terms of the Onsager coefficients given in 
equation (11.59). The total current j,, is defined as the sum of the chemical currents, 
Le. jyrg = Jy + Jy. Similarly, the diffusion current j, , of substance A with respect 
to substance B is defined as the chemical current difference, i.e. j, 2 = j4 — jg. The 
matrix relation (11.59) implies that the total current j,, , and the diffusion currentj,_, are 
given by, 


Jaye = — (Las + Las) VT — (Laas + Lea) V wy — (Laz + Lee) V up 
Jy—p = — (Las — Legs) VT — (Laa — Lea) V beg — (Lap — Lee) V beg 


The mean chemical potential ji) and the deviation Ay: to the mean chemical potential are 
defined as, 


(11.60) 


pio = Mahe and Ay = M4 He (11.61) 


Using the Onsager relation L4g = Lg, and definitions (11.61), the currents (11.60) can be 
recast as, 
Jaap = — (Las + Ls) V T — (Lag + Lp + 2L 4B) V bo 

— (L44 — Leg) V(A 

oe tah aa (11.62) 
— (Las — Lps) V T — (Laa — Lop) V bo 
— (L44 + Lpp — 2L4p) V (Ap) 
The first term on the right-hand side of the second equation (11.62) predicts that the relative 
matter transport j,__, can be induced by a temperature gradient [176]. 


Jaz = 
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In the particular case where the system is stationary, the currents vanish, i.e. j4.3 = 
J4—p = 9. Thus, the equations (11.62) reduce to, 


( Las + Les Las — Les ) VT= 
Lag+Lppt+2Lag Las — Lop (11.63) 
Laa + Leg — 2Lap Las — Lop 
V (Au) 
Las — Lop Laa + Lpp t+ 2Lap 
which expresses the scalar equivalent of the Soret effect (11.58), 
V (Ap) = — S(s,14,ng) VT (11.64) 


where the thermochemical coefficient S(s,n4,ng) of substances A and B is given by, 


1 Lag (Las — Lps) + Laskep — Leshaa 
S(s,masns) = 5 oe (11.65) 


11.4.8 Ohm’s Law and Hall Effect 


First, we introduce Ohm’s law as a consequence of the generalised ‘discrete’ Fick’s 
law (3.45), applying it to the case of an electrically charged substance. Then, we establish 
this law using the empirical relations (11.13). 

Thus, we consider an isolated system consisting of two simple subsystems where the 
electrochemical potentials of the electrically charged substance A are Bi and ji, where 
ji, > fu, . We consider that the chemical potential difference between the two subsystems 
is negligible compared to the difference in the values of their electrostatic potential. Taking 


into account definitions 77 = wt + qayt and fi; = wz +44¢-, in this limit, the 
electrochemical potential difference is reduced to, 
iit — ig =aa (97 - v7) (11.66) 


where yt and ~~ are the electrostatic potentials of both substances and gq, is the electric 
charge of a mole of substance A. The total electric charge of the two subsystems is given by, 


O=G:N; wd QOS gin, (11.67) 


Fick’s generalised ‘discrete’ equation applied to an electrically charged substance is 
obtained by replacing the chemical potentials jeg and j1, by the electrochemical potentials 
pr and ji, in Fick’s ‘discrete’ equation (11.45). Multiplying this generalised equation 
by the electric charge q4, taking into account relations (11.66) and (11.67), we obtain the 
‘discrete’ Ohm’s law expressing the electric charge transfer between the subsystems (+) 
and (—) (Fig. 11.5), 

O=04(t-o) (11.68) 
where o = q’7,F'4 > 0 is the electric conductivity coefficient. To obtain a formulation of 
Ohm’s law for a continuum, we consider that the system is inhomogeneous and that its 
electrostatic potential varies continuously and linearly, from the maximum value yt on 
the left to the minimum value y~ on the right. Let ¢ be the distance between the two ends 
of the system and ¥ the unit vector oriented from left to right. The electrostatic potential 
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A discrete system consists of two simple subsystems of electrostatic potentials (ot and (~ (top). 
An inhomogeneous system is subjected to a chemical potential gradient V as the potential goes from 
(p~ to yt (bottom). 


gradient is a vector oriented in the direction of the electrostatic potential increase. It can be 

written as, 

+ _ — 
L 


The electric current density j, is a vector oriented in the direction of the electrostatic 
potential decrease. It is defined as the ratio of the electric charge variation rate and the 
area of the interface, 


~ 


Ves & (11.69) 


2 O's 
1p ae (11.70) 
Taking into account definitions (11.69) and (11.70), Ohm’s law (11.68) for a continuous 
medium is expressed as, 
jg=-oVe" (11.71) 
Let us now derive Ohm’s law from the thermodynamics of irreversible processes. We 
consider a single homogeneous chemical substance A, i.e. Vu, = 0, with a position- 


independent temperature, ic. VT = 0. Taking into account definition (10.74) for the 
conductive electric current density j,, the second vectorial relation (11.13) implies, 


jy = — 2 (s,n4,9) Vie (11.72) 
where 
o (s,14,9) = 4 baa (11.73) 


is the electric conductivity tensor. Relation (11.72) can be inverted to express the gradient 
in terms of the current, 


Ve =—p(s,14,9) “dg (11.74) 
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A schematic representation of the ohmic voltage and Hall voltage. Typically, these voltages are measured when a 
magnetic field is applied in the orthogonal direction to the sample plane. 


where p(s,14,q) = o~'(s,n4,q) is the electric resistivity tensor. The diagonal elements 
of the tensor correspond to Ohm’s law [177]. In reference to the isothermal condition, it 
could be necessary to specify that it is the isothermal resistivity. 

The off-diagonal terms of p(s,n4,q) describe another phenomenon. To illustrate this 
phenomenon, let us consider for instance a thin slab orthogonal to the z-axis through which 
an electric current j, flows in the x-direction. The tensorial relation (11.74) predicts the 
existence of a potential gradient V y~ in the y-direction. In the presence of a magnetic 
induction field B applied in the z-direction, this phenomenon is known as the Hall 
effect {178], 


Ve=-H(j, x B) (11.75) 
where H is a scalar coefficient. 
In a metal, the electric conduction is essentially due to the conduction electrons that are 


considered as a chemical substance A = e of electric charge g,. For an isotropic metal, 
Ohm’s law (11.72) is reduced to, 


jy = — 7 (8nd) Ve (11.76) 
where o = o 1 due to isotropy. Thus, the electric conductivity coefficient o is defined as, 


o (8, Ne 4) = Gz Lee (11.77) 
11.4.9 Ettingshausen Effect and Adiabatic Resistivity 


Let us now consider a fluid consisting of a single chemical substance A of electric 
charge q4, in the absence of heat current density, i.e. jg =0. Taking into account 
the definition (10.74) of the conductive electric current density j,, the linear vectorial 
relations (11.13) imply, 


VT=—E(s,14,9) “Jy (11.78) 
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where 


1 = -1 
E(s,n4,q) = a (bea — bag Loy! «bss ) (11.79) 
A 


The off-diagonal terms of E (s,4,q) imply that an electric current Jj, in the x direction can 
induce a temperature gradient V T in the y direction. In the presence of a magnetic induc- 
tion field B applied in the z-direction, this phenomenon is known as the Ettingshausen 
effect [179], 


VT=—E (j, x B) (11.80) 


where € is a scalar coefficient. 

Under the same conditions and in the absence of chemical effects, i.e. Viz, = 0, the 
vectorial relations (11.11) yield a linear relation between the electric current density j, and 
the potential gradient V yy that gives rise to a second form of Ohm’s law, 


Vo =~ haa (8,04,9) “iy (11.81) 


where 


1 a =] 
Pea (8,745.4) = Zz (baa — sa + Ls,’ + bso ) (11.82) 
A 


Here, Pag (s,74,q) is called the adiabatic resistivity tensor. It is different from the 
isothermal resistivity tensor (11.74), which is defined for the case when the temperature 
is independent of position. Thus, resistivity (longitudinal) and Hall resistance do not have 
the same values under isothermal or adiabatic conditions. 


11.4.10 Seebeck Effect and Nernst Effect 


In § 11.4.6 and § 11.4.7, we presented cross-effects involving matter transport. In this 
section, we define two cross-effects that concern heat transport and electrostatic potentials. 
To do so, we consider a fluid consisting of a single chemical substance A of electric charge 
qa, in the absence of matter current, i.e. j, = 0. The chemical potential j., is assumed to 
be independent of position, i.e. V 444 = 0. The second vectorial relation (11.11) implies, 


Ve =—e(s,n4,q):VT (11.83) 
where 
1 
é (s,n4,q) = —lyy lea (11.84) 
qA 
The diagonal elements of the tensor correspond to the Seebeck effect [180]. 
The off-diagonal terms of ¢ describe another phenomenon. In order to illustrate this 
phenomenon, let us consider a thin slab orthogonal to the z-direction, subjected to a 
temperature gradient V T in the x-direction. The tensorial relation (11.74) predicts the 


existence of a potential gradient V y in the y-direction. In the presence of a magnetic 
induction field B applied in the z-direction, this phenomenon is known as the Nernst effect, 


Vo=-N(VTxB) (11.85) 
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A temperature gradient in the x direction induces an electrostatic gradient in the x direction (Seebeck effect) and 
in the y direction (Nernst effect). Typically, voltage differences are measured at the contacts on the side of the 
sample and a magnetic field is applied in the direction orthogonal to the sample plane. 


where NV is a scalar coefficient. The geometry of the Nernst effect corresponds to that of 
the Hall effect, where the electric current density j, is replaced by a temperature gradient 
V T which is directly linked to a heat current in the same direction, owing to Fourier’s law 
(Fig. 11.7). 

In the case of conduction electrons in an isotropic metal, considered as a chemical 
substance A = e of electric charge g = e, the Seebeck effect (11.83) is reduced to, 


Ve =—e(s,n,q) VT (11.86) 


In other words, ¢ = ¢1 because of the isotropy of the medium. The Seebeck coefficient 
€ is also called the thermoelectric power. For conduction electrons in an isotropic metal, 
equation (11.84) reads, 
Le 
€(s,n2,q) = (11.87) 
de Lee 
Thermocouples are used as thermometers (§ 11.6.1). The principle of the measurement 
relies on the Seebeck effect. A typical value for the Seebeck coefficient of a metal is a few 
tens of microvolts per Kelvin at room temperature. 


11.4.11 Joule Effect and Thomson Effect 


In this section, we consider heat transport in the presence of a charge current. This will 
allow us to derive two more transport effects, one of which is very important since it is the 
Joule effect, commonly known as the heating of a resistor subjected to an electric current. 
Thus, we consider an isotropic metal containing conduction electrons that are considered 
as an isotropic chemical substance A = e of electric charge g-. In this case, the empirical 
vectorial relations (11.13) reduce to, 


t: = —Lss VT— Lse V (te + qe) 


11.88 
Je = —Lse V T— Lee V (the + ge) 
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taking into account the fact that V g. = 0. According to relation (11.77), the component 
Lee can be expressed in terms of the electric conductivity coefficient o as, 


on 


Diggit 
ee Gg 


(11.89) 
According to relation (11.87) and taking into account equation (11.89), the coefficient 
Lse can be expressed in terms of the electric conductivity coefficient o and the Seebeck 


coefficient < as, 
Lse = de E Lee = = (11.90) 
de 
According to relation (11.31) and taking into account equations (11.89) and (11.90), the 
coefficient L,, can be expressed in terms of the electric conductivity o, the Seebeck 
coefficient ¢ and the thermal conductivity x as, 


Kk L2 K 
Ly =—=+ 2 == 2 11.91 
rtL. F toe (11.91) 


Using equations (11.89), (11.90) and (11.91), the vectorial empirical relations (11.88) can 
be recast in terms of the coefficients «, o and € characterising the thermodynamics of the 
conduction electrons in the metal as, 


j,=—- ( +02") VT- aa 
de (11.92 
je=-Hvr- vi, 

Ye We 

where the electrochemical potential of the electrons is given by, 

He = be + JeP (11.93) 
Equations (11.92) imply that, 

i= -FZVT+ Each, (11.94) 


In the limit where the chemical potential gradient of the electrons V yy, is negligible with 
respect to the electrostatic potential gradient V ¢, using relations j, = qj, and jg = Tj,, 
the empirical equation (11.94) and the second equation (11.92) are reduced to, 


ame ie anes 


jg=—9EVT-oV op 


In the absence of electric current, i.e. j, = 0, the first empirical relation (11.95) is reduced 
to Fourier’s law (11.30). The second term on the right-hand side of that relation represents 
the heat current density generated by the electric current density flowing through the metal. 
For a uniform temperature gradient, i.e. V T = 0, the second empirical relation (11.95) 
is reduced to Ohm’s law (11.71). The first term on the right-hand side of that equation 
represents the electric current density generated by the temperature gradient across the 
metal, which is a combination of Ohm’s law (11.71) and the Seebeck effect (11.86). 
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The Thomson effect, defined below, is observed when the system is in a stationary state. 
In a stationary state, since there is no ‘chemical reaction’ between the conduction electrons 
and the metal, the conduction electron continuity equation (10.26) is reduced to, 


V -j, =9 (11.96) 
This implies that the electric charge continuity equation is given by, 
V -j, =9 (11.97) 


since the electric charge qe is constant. 
Taking into account the current density balance (10.87) and the continuity equation 
(11.96), the power density dissipated by the system in a stationary state V -j,, is given by, 


V +i, = Vio tic: V(ue + GeV) (11.98) 


Applying the second relation (11.92) and equation (11.95), we find, since j, = gej,, that 
the dissipated power density (11.98) can be recast as, 


V-i,=V-(-«6VT+Tej,) — i, (4+evr) (11.99) 


Expanding the terms on the right-hand side of equation (11.99) and using the continuity 
equation (11.97), equation (11.99) becomes, 
2 
Vj,=-6 T+ Tj, Ve- (11.100) 
In a stationary state, the first term on the right-hand side of equation (11.100) vanishes 
since the heat equation (11.35) implies that this term corresponds to a time variation, 


—~KWT=-c.0,T=0 (11.101) 


The thermoelectric power ¢ is a function of T and ny. In a metal, the density n, is 
independent of position. Therefore, we have that V « depends only on V 7, and we can 
write, 
ve- vr (11.102) 
OT 
Relations (11.101) and (11.102) imply that the dissipated power density (11.100) is 


reduced to, 
2 


V-i,=7i,, VT 2 (11.103) 
on 
where the Thomson coefficient 7 is defined as, 
Oe 
=T 11.104 
a ar ( ) 


The first power density term on the right-hand side of equation (11.103) corresponds to 
the Thomson effect [181]. It describes the thermal power density generated by an electric 
current density flowing along a temperature gradient. The second term corresponds to the 
Joule effect [182]. It describes the thermal power density generated by an electric current 
density, when the system temperature is independent of position. 
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11.4.12 Peltier Effect 


Joule heating is proportional to the square of the electric current flowing through a metal. 
It is possible to induce heating or cooling that is proportional to the current when the 
current flows through the interface between two metals. In order to show this, we consider 
a junction between two different isotropic metals A and B. A current density j, flows 
through this junction. We assume that the temperature 7 around the junction is independent 
of position (Fig. 11.8). Then, the empirical relations (11.95) applied to each metal in the 
absence of a temperature gradient reduce to, 


Joa = Tis = TEAS ga 
Jos = Tisg = TeBdyp 
Equations (11.105) illustrate the fact that an entropy current and a heat current are 


associated with any electric current. The continuity of the electric current density j, across 
the junction implies that, 


(11.105) 


Jq =Jqa =Jop (11.106) 


Comparing equations (11.105) and (11.106), we conclude that for metals characterised by 
different Peltier coefficients, there is a discontinuity of the heat current densities at the 
junction between the metals, since 


E4 FEB > Jos FJjon (11.107) 
Thus, there must be a heat transfer between the system and the exterior. This is called the 
Peltier effect [183]. 
In view of equations (11.105), (11.106) and (11.108), we find that the heat current density 
difference jog — jg4 can be written as, 
Jos — Joa = TaBhy (11.108) 
where, 
Tap = T (eg — E4) (11.109) 


is called the Peltier coefficient. 


Po 


Two different metals A and B are kept at temperature 7 while an electric current density j, flows through the 
junction. The difference between the heat current densities j,, and jg, implies that a thermal density Pg is applied 
at the junction between the metals. 
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According to relation (11.108), the junction is a heat source or a heat sink, depending on 
the sign of the Peltier coefficient 74, and on the orientation of the electric current density 
j,, Inverting the orientation of the electric current density j, flowing through the junction, 
in view of relations (11.108) and (11.109), the orientation of the heat current densities is 
inverted without modifying the Peltier coefficient 7 4,. Thus, the thermal power Pg changes 
its sign. 

Note that the Peltier effect is due to the junction between two materials, while the 
Seebeck effect is only due to the temperature gradient inside a single material. 


11.5 Fluid Dynamics 


We conclude this chapter by introducing two very important results concerning incom- 
pressible fluids: the Navier-Stokes and the Bernoulli equations. 

The Navier-Stokes equation describes a viscous fluid. It is based on Newton’s law 
applied to fluids, our equation of motion (10.35), in which a relation between the stress 
tensor and the velocity field is applied. We can obtain this relation by expanding on the 
approach described in this chapter. In the balance equation (10.80), we had obtained a term 
that was the product of the velocity gradient tensor and the stress tensor. In line with the 
reasoning presented at the beginning of this chapter, we can establish an Onsager relation 
between these two tensors and use this description of viscosity effects in the equation of 
motion (10.35). 

The Bernoulli equation is obtained for non-visquous incompressible fluid as a constant 
of motion deduced from the equation of motion (10.35). 


11.5.1 Navier-Stokes Equations 


The Navier-Stokes equation describes the motion of a viscous fluid consisting of a single 
neutral chemical substance A subjected to its own weight and in the presence of shear. In 
this case, the stress tensor 7 is a generalisation of the expression given in relation (10.81), 


rar +(r* p)t (11.110) 


where the additional term 7 ™ is the symmetric trace-free tensor that accounts for the shear 
of the fluid. We consider that the only external force density f™' acting on the fluid is its 
weight density mg, 


f*' =mg (11.111) 
Thus, in view of relations (11.110) and (11.111), Newton’s 2nd law (10.35) is recast as, 
mb=mg— Vpt+V-7T*+Vr" (11.112) 


By taking into account the shear of the fluid, we introduce an additional term consisting 


of the contraction of two trace-free stress tensors, ie. 1/2 (v4 (V »)") sr *, in 


the irreversible evolution equation (10.88). Thus, we can follow the approach presented 
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in § 11.2. The symmetric trace-free stress tensor T * plays the role of a generalised tensorial 
force. It is related to the symmetric trace-free velocity gradient 1/2 (Vv v+(Vv) ) that 
plays the role of the generalised tensorial current. For a Newtonian fluid, the tensorial 
linear empirical relation yields, 


7 = y(s,n4) (Vv + (Vy)") (11.113) 


where the scalar coefficient ~(s,n4) is the dynamic viscosity of the fluid. Note that 
the factor 1/2 appearing in the definition of the symmetric trace-free velocity gradient 


1/2 (Vv v+(V v)") is absorbed in the expression of the dynamic viscosity p(s, 4). For 
a neutral chemical substance A, the scalar linear empirical relation (11.19) is reduced to, 


r* = n(s,m4) Vv (11.114) 


where the scalar coefficient 7 (s,n,4) is the volume viscosity of the fluid. In view of the 
linear empirical relations (11.113) and (11.114), Newton’s 2nd law (11.112) becomes, 


mi =me—Vp+¥-(u(vv4(¥»)") )+V(n¥-») (11.115) 


We consider that the spatial variations of the dynamic viscosity jz and the volume viscosity 
7 are negligible, i.e. V ps = 0 and V7 = 0. In this case, equation (11.115) is reduced to 
the Navier-Stokes equation for a compressible fluid, 


my =mg— Vpt+uV-v+(ut+n) V(V-9) (11.116) 


In the particular case where the fluid is incompressible, ic. V - v = 0, the Navier-Stokes 
equation (11.116) is reduced to, 


my =mg— Vp+uVev (11.117) 
11.5.2 Bernoulli Theorem 


The Bernoulli theorem describes the reversible motion of a fluid consisting of a single 
neutral chemical substance A subjected to its own weight in the absence of shear and 
friction, i.e. 7 ™ = 0 and 7* = 0. In this case, Newton’s 2nd law (11.112) reduces to, 


mv=mg— Vp (11.118) 
and thus, 
my-v=mg:-v—Vp-yv (11.119) 


For an incompressible fluid, i.e. V - v = 0, the continuity equation (10.34) for the mass 
reduces to, 


m=—=0 (11.120) 


which implies that, 


_. 4 2 
mi-v= 5 (smv?) (11.121) 
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and since the gravitational field is constant, i.e. g = 0, 


d 
mg-v= — (mg-r) (11.122) 
Furthermore, since the pressure is a function of the position, i.e. p = p (r), 
dp dr dp 
Vp- v= 2.2 = 11.12 
Pedr dt di ule) 
Thus, using relations (11.121)-(11.123), equation (11.119) is recast as, 
d {1 
7 (my mg-r -p) =0 (11.124) 
When integrating relation (11.124) over time, we obtain, 
1 
iad mg-r-+p=const (11.125) 


The gravtiational field g and the position r are written in Cartesian coordinates as, 
g§=-g? and r=xX¥+yp+z2 (11.126) 


Finally, using the relation (11.126), equation (11.125) divided by the mass density m yields 
Bernoulli’s theorem, 


1 
-v4e2+ "7 =const (11.127) 
2 m 


11.6 Worked Solutions 


_——————— SS SSS 
11.6.1 Thermocouple 


Consider a metal wire A whose ends are in contact with two metal wires B, which are 
connected to the left ‘I’ and right ‘r’ terminals of a voltmeter (Fig. 11.9). One of the 
junctions between wires A and B is kept at a fixed reference temperature 7; (melting ice or 
liquid nitrogen) and the other is at a variable temperature 7) that we would like to measure. 
The two terminals of the voltmeter are at the same temperature 7, so that the measurement 
depends only on the temperatures 7; and 7> at the ends of the metallic wire A. Consider 
that the Seebeck coefficients 4 and €g are independent of temperature. 


1. Determine the electrochemical potential differences fi; — [4;, fly — fi, and fi, — fy. 

2. Taking into account the fact that the chemical potential 4, of the electrons does not 
depend on temperature 7, deduce the electrostatic potential difference Ay = y, — 9, 
between the poles of the voltmeter. 

3. The thermoelectric power €4g of the thermocouple is defined as the derivative of the 
electrostatic potential difference Ay with respect to the temperature 7, 

ype 
OT» 


Express €4g in terms of the Seebeck coefficients ¢4 and €,. 
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A voltmeter detects the voltage drop at the end of a circuit composed of a wire of metal B, a wire of metal A and 
another wire of metal B. The junctions between wires are at the temperatures 7; and 7, as indicated. The terminals 
of the voltmeter are at the same temperature 7. 


Solution: 


1. By definition, there is no electron current density in a voltmeter, i.e. j, = 0. Thus, the 
second empirical relation (11.92) applied to the metals A and B reads, 
V ity = —qeea VT4 
V [ip = —qdeep VTp 


The integration of the empirical relations along the metal wires A and B is written as, 


T, 
fy - py = f dry =~ 4020 | de Te = deen | dT’ 

T 

T 


fly — py = f de Vig =—aeen f de Te=—qeen far" 
T, 
T 


fr, — tn = f de Vp =—qeen f dr Te =~ 4050 dT’ 


T 
2. The chemical potential 1, of the electrons does not depend on temperature. Therefore, 
it is the same on the terminals ‘I’ and ‘r’ of the voltmeter. Thus, 
My = by 
Defining the electrochemical potential at the terminals of the voltmeter as, 
Hy = by + Fe 
by = by 7 qe; 


the electrochemical potential difference at the terminals of the voltmeter can be 
expressed as, 
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Applying the values of the electrochemical potential differences in this expression yields 


Ag = eg (Ti T) eg (T To) EA (Tr T) 
= (€g — €4) (Tn — T)) 


3. Differentiating the previous expression with respect to the variable temperature T, we 


obtain an expression for the thermoelectric power, 


11.6.2 Seebeck Loop 


A magnetised needle fixed on a vertical rod passing through its centre can oscillate in a 
horizontal plane. Initially, the needle points towards the North. It is mounted in a frame 
consisting of two different metals A and B, of length @ each, forming a loop in a vertical 
plane (Fig. 11.10). Heating the junction (1) at temperature 7+ AT and keeping the junction 
(2) at temperature T causes a deviation of the needle. This is due to the magnetic induction 
field B generated by the electric current density j, that circulates in the frame. This is the 
effect that Seebeck first observed. The thermoelectric materials A and B that form the loop 
have a length @ and a cross-section surface area A, which can be written as, 


£ 
t= f dr-xX and A= [ as-2 
0 Ss 


where ¥ is a unit vector oriented anticlockwise along the loop (Fig. 11.10), and the 
infinitesimal length and surface vectors dr and dS are oriented in the same direction. The 
temperature difference between the hot and cold ends is given by, 


Ina metallic loop consisting of two metals A and B, a current circulates when junction (1) is heated up toa 
temperature 7 + AT while junction (2) is maintained at a temperature 7. The magnetic field generated by the 
current causes a deviation of a compass needle located in the loop. 
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L £ 
Ar= | ar (-VT,) = f dr-V Tz 
0 0 


The electric potential differences Ay, and Aw, between the hot and cold ends are 
given by, 


L 
Avs = f dr-(—V 4) 


L 
Agy= fdr Vey 
0 


In a stationary state, the electric charge conservation implies that the electric current 
densities are the same in each material, i.e. j, = j,, = j,,- The electric current J flowing 
through materials A and B is the integral of the electric current densitiesj,, andj, over the 


cross-section area A, 
t= [j,,-a8= | j,,-a8 
Ss Ss 


1. When the system is in a stationary state, determine the condition imposed on the electric 
current density j,. 

2. Determine the intensity / of the electric current density circulating in the loop, in the 
limit where the chemical potential gradients V yw, and V jug of the electrons in the 
materials A and B are negligible compared to the gradients of the electrostatic potentials 
V (qep4) and V (qe). Express your result in terms of the electrostatic potential 
differences Ay, and Ay, in materials A and B between junctions (1) and (2). 

3. Express the electric current / circulating in the loop in terms of the empirical coefficients 
4, Op, €4 and €g, the length @ and the temperature difference AT. 


Solution: 


1. In a stationary state, the time derivatives vanish, which implies that Fick's equation 
(11.53) for the conduction electrons is reduced to, 


Vj, =0 


Using definition j, = qej,, taking into account the fact that V qe = 0, we obtain the 
stationary condition imposed on the electric current density j,, 


V-j,=0 


At the junctions between metals A and B, the electric current densities are equal, i.e. 
ida =J4p, because there is no electric charge accumulation. 

2. In the limit where the chemical potential gradients V j14 and V [4g of the electrons in 
materials A and B are negligible with respect to the electrostatic potential gradients 
V (gep4) and V (gepp), the second empirical relation (11.95) is reduced to, 


jg, = 74E4(— V Ta) + 04 (— V 94) 
Tis = —opeg VTz3- op V &p 


337 


11.6 Worked Solutions 


The integrals of the electric charge transport equations over the volume are the product 
of integrals over the cross-section area A times integrals over the length ¢ of the 
thermoelectric materials, 


£ £ 
fia f drt =o4e4 | dr (-VT4) | dS-8 
Ss 0 0 Ss 
£ 
+4 f dr-(~Vp,) | as-2 
0 Ss 
¢ £ 
fia as f dr 8 =—onen | arV 1 | ass 
Ss 0 0 Ss 
£ 
-oa f ar V gy | dS-8 
0 Ss 


The electric charge transport equations integrated over the volume reduce to, 
A 
Il=oy4€4 pATt osAgs 
A 
l= open ST opAve 


Since the electric current is the same in each thermoelectric material, it can be recast as, 
A 

~ Ot 

Thus, if metals A and B are identical, the electric current vanishes, i.e. I = 0. 


I ((o1e4— open) AT+ 04 Ay, — on AG) 


. At junctions (1) and (2), the electrostatic potentials of metals A and B are equal. Thus, 


the electrostatic potential difference Ap between the junctions is the same in both 
metals, 


Ap=Ay,=Avyz 


Thus, the electric current in each material is recast as, 


1= 4 (osesAT+ouhg) 


1=-4 (oxen AT+onAQ) 


Multiplying the first equation by og and the second by a 4 and then adding them together, 
we obtain, 


A 
(o4 +08)I= pose? (€4 — €g) AT 


This implies that the intensity of the electric current density j, can be expressed in terms 
of the empirical parameters 04, Og, €4, €g and the temperature difference AT as, 
-1 
Afl 1 
1=4(5+2) (E4 — €g) AT 
£ O4 OB 


The terms in the first bracket correspond to the equivalent resistivity of the Seebeck 
loop, taking into account the fact that the metals A and B are connected in series. The 
terms in the second bracket represent an effective Seebeck coefficient of the loop. 
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11.6.3 Thermoelectric Junction 


Consider a rod consisting of two different metals A and B in thermal contact with one 
another. Each one has a thickness d and a cross-section surface area A. The metals are 
characterised by their electric conductivities, 0, and og, their thermal conductivities 
k4 and Kg, their Seebeck coefficients ¢4 and ¢g. These transport properties can all be 
considered as temperature independent. The end of metal rod A is in contact with a thermal 
bath at high temperature and the end of metal rod B is in contact with a thermal bath at low 
temperature. In other words, a temperature difference AT is imposed on the whole rod. 
A constant electric current density j, is driven through the rod. The electrostatic potential 
difference between the ends of the rod is Ay (Fig. 11.11). 

By conservation of the electric charge and because the state of the system is stationary, 
the electric current density j, and the heat current density j, are conserved at the interface 
between metals 4 and B, i.e. j, = j,, = Jy, ad jg = jo, = Jo, The electric current J 
flowing through materials A and B is the integral of the electric current densities j,, and j,, 
over the cross-section surface area A, 


t= [j,,-a8= | i,,-a8 
S s 


where the infinitesimal surface vector dS is oriented along the electric current density j,. 
The thermal power Po exerted on materials A and B is the integral of the heat current 
densities jg, and jp, over the cross-section surface area A, 


Po= | ip, ds = | ig, +48 
S S 


The temperature differences A 7, and A 73 and the electric potential differences A y, and 
A yp across metals A and B are given by, 


1 
<< "+14 "+ 
i ! I 
A A 
le PA _ OB 
i) I 
I A I 
r¢ . a 


A current flows through a rod composed of two different metals, A and B, in electric and thermal contact with one 
another. The figure indicates the electrostatic potential variations and the temperature variations in each metal. 
The origin of the x-axis is at the interface between both metals. 
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0 d 
an = [ dr -(—V Tx) and At, = [ dr -(—V Tz) 
—d 0 


0 d 
Avs= fdr (-Ven) and Avs = | dr-(—V ¢) 


where the infinitesimal length vector dr is oriented along the electric current density j, and 
the heat current density jy. The temperature difference AT and the electrostatic potential 
difference Ay across the whole rod satisfy, 


AT = AT, + ATz and Ay = Ag, + Avg 


The thermoelectric materials A and B have a length d and a cross-section surface area A, 
which can be written as, 


0 d 
a= | are | dr-xX and A= | as-s 
=a 0 Ss 


where ¥ is a unit vector oriented clockwise along the electric current density j, and the heat 
current density jo. 


1. Express the electric charge and heat transport equations (11.95) for metals 4 and B at 
the interface between the metals in terms of the generalised forces V 74, V Tz, V v4, 
V z and the temperature 74, evaluated at the interface between the metals. 

2. If the thickness d of the layers is small enough, the gradients can be considered as 
independent of the position. In this case, integrate the electric charge transport equations 
between the ends of metals A and B. 

3. In the same case, integrate the heat transport equations between the ends of metals A 
and B. 

4. Find expressions for AT, and AT; in terms of J, AT and the empirical coefficients. 

. Find expressions for Ay, and Aw, in terms of J, AT and the empirical coefficients. 

6. Determine an expression for Ay in terms of 74g, 7, AT and the empirical coefficients. 


Nn 


Solution: 


1. The electric charge transport equations for metals A and B are expressed at the interface 
between the metals as, 


Jo =-o4e4VT4- oa V vy 
Jqg = —7BEB V Tp — OB V £8 


Likewise, the heat transport equations for metals A and B are expressed at the interface 
between the metals as, 


Jo, = — AV T4 4+ Tap Eady 


Jon = —Kke VTp + Tap éBj, 
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2. The integrals of the electric charge transport equations over the volume are the product 
of integrals over the cross-section area A times integrals over the length d of the metals, 


0 0 
fia | drt =o4e4 | dr(-VT,) | dS-8 
S —d —d s 


0 
+4 | ar (-V,) [ as: 
-d s 


d d 
Jina | dr-2=onee | dr(-V Ts) [ ds: 
Ss 0 0 S 
d 
+or [ dr-(—V 5) [ as: 
0 Ss 


Using the integral relations for I, ATs, ATs, Avy, and Aya, the integral of the electric 


charge transport equation across metals A and B can be written as, 


A A 
l= —=(o4e4 AT, +04 Ay) = q (7B eB ATs + on Aves) 


* 


> 


*® 


3. The integrals of the heat transport equations over the volume of metals A and B are the 
product of integrals over the cross-section area A times integrals over the length d of 


the metals, 
0 0 
fio,-a | dr t= ny | dr(-VT,) f dS-8 
S —d —d S 
0 
+Tuncs [ j,,-a8 f dr -X 
Ss —d 
d d 
io as | arene | dr-(-V Ts) | d8-8 
S 0 0) S 
d 
+ Tunes [ i,48 dr -X 
Ss 0 


Using the integral relations for Po, [, AT4 and ATs, the integral of the heat transport 
equation across metals A and B can be written as, 
A A 
Po = Ka GATa + Tap E41 = ep 5 ATs + Taz Ep! 
4. Using the relation ATg = AT — AT, in the heat transport equation, we find, 


d 
Ka ATs + Tag €4 GI = Ke (AT— AT4) + Tapép —1 


This can be recast as, 
Ep E4 d KB 
AT, = I AT 
- Ka + Kp oy Fie 
Using the relation AT, = AT— ATz in the heat transport equation, the latter becomes, 
- d 
= ea 


EA 
AT, = + 
= Ka + Kp ae A Ka + KB 


341 


11.6 Worked Solutions 


5. Applying this expression for AT, in the electric charge transport equation, the latter 
becomes, 


E4 KB 


= A A 
Pe, ACER py ay q Altos Gg Ava 


K4 + KB KA + Kp d 
This can be recast as, 


1 EA (Eg — €4) d E4 KB 
Ag, = T, I AT 
Pa (— KA + KB 7 A K4 + KB 


Similarly, applying the expression for ATs in the electric charge transport equation, the 
latter becomes, 
EB (E4 — Ep) Epky A A 
I O23 ———— 
K4 + KB Ka +Kpg d 


This can be recast as, 


1 = d 
Avs=( ex (Ea — £8) Tan) je Lg 


OB KA + Kp 


6. An expression for the electrostatic potential difference Aw at the ends of the rod 
is obtained by substituting the expressions for Ap, and Avs in the equation 
Ag = Ag, + Ags, 


2 
Ay = (= % —) + Seo ra] dy, Ex, KBr ERK, AT 


OA OB A KA + KB 


The first term in brackets represents Ohm’s law. The last term represents the Seebeck 
effect and the second term in brackets implies the existence of thermal gradients in each 
metal even in the case where AT = 0 [184]. 


11.6.4 Diffusion Length 


Consider a chemical substance consisting of electrically neutral isomeric molecules of 
types U and D. The chemical reactions a and b transform the isomer of type U into an 
isomer of type D and vice versa, 


a: U+>D and b: DA3AU 


Assume that the chemical reactions occur in a stationary state and that the fluid is not in 
expansion, V -v = 0. 


1. Establish the conditions imposed by the continuity equations of the two isomers when 
the system is in a stationary state. 

2. Find an expression for the chemical reaction rate densities w, and w, in terms of the 
chemical potentials j1,; and [Lp. 

3. For a temperature that is independent of position, determine the diffusion equation 
expressed in terms of the chemical potential difference j1,; — [p, considering that the 
Onsager matrix elements are independent of position. 
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Solution: 
1. The stoichiometric coefficients associated to the chemical reactions a and b are, 
Vap = Vpu = | and Vay = Vpp = — 1 


In a stationary state, the continuity equations (10.26) for the isomers U and D are 
given by, 


V jy = Wp - Wa and V «jp = Wa — Wb 
This implies that, 
V - (iv +ip) = 9 and V «iu — ip) = 2 (wo — wa) 
2. Subtracting the empirical relations (11.17), we obtain, 
Wa — Wy = W(Uy — Lp) 
where W = Lag — Lay — Loa + Lop. This implies that, 
V+ Gu — jp) = —2W (eu — Bp) 


3. For a stationary state, electrically neutral isomers, i.e. qu = dp = 0 and a uniform 
temperature, i.e. WV T = 0, the vectorial empirical relations (11.11) are given by, 


Ju = —Luu V by — Lup V bp 
Jp = —Lou V by — Lop V bp 


where the Onsager matrix elements Lyy, Lup, Lpy and Lpp are independent of position. 
The sum and difference of these relations can be recast as, 


ju tip = — £44 V (Hu t+ bp) — L+- V (Hu — bp) 
ju — Jp = —L-+ V (Hy + Bp) — L-- V (Hu — bp) 


where the new matrix elements can be expressed in terms of the old ones as, 


1 
i = 5 (Luv + Lop +Lup +Lpv) 


1 
Li = 5 (Luv - Lpp — Lup +Lpu ) 


1 
fui = 5 (a Lpp + Lup Lou ) 


1 
Lo = 5 (Luv + Lop — Lup — Lov) 


In view of the conditions on the divergence of the current densities and the fact that the 
matrix elements are independent of position, by taking the divergence of the vectorial 
empirical relations, we obtain, 


— L445 Vv’ (My + Up) — L+- Vv (Hu — Hp) = 
-L4WV? (Hy + Up) — L-- Vv’ (Hy — Mp) =—2W(uy — bp) 
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The first of these equations can be recast as, 


5 or 


V* (uy + Up) = — = V? (uty — Lp) 
Ly4 


Then, from the second equation, we obtain the stationary diffusion equation 
_ \2—2 
My — Up = XV" (Hy — bp) 


where the diffusion length is given by 


Here, we have taken into account the Onsager-Casmir reciprocity relations (11.3), 
Lpu = Lup => fe4 She 


The matrix elements satisfy the conditions Ly. >0,L-- > OandLy,L-_ >L2_. 


This problem was inspired by research in spintronics, a new branch of electronics in which 
researchers seek to make use of the fact that electrons carry a spin. In simple terms, the 
electron spin can have only two opposite orientations. Thus, this problems applies to spin 
diffusion, provided we consider the isomers as conduction electrons with either spin up (U) 
or spin down (D). Then, the diffusion length represents the mean distance over which 
a spin polarised electric current keeps its spin polarisation [185]. The next problem treats 
another aspect of spintronics. 


11.6.5 Giant Magnetoresistance 


Consider a bilayer composed of two homogeneous magnetic metallic layers labelled (1) 
and (2), maintained at a constant temperature 7. The sides of this bilayer are covered by 
two electrodes which are connected to a resistance measurement circuit. A constant electric 
current is driven through the bilayer. The voltage drop across the bilayer Ay is to be 
determined for each magnetic configuration in order to determine the effective resistance 
of the bilayer. The two magnetic layers have the same thickness d and their magnetisation 
vectors are oriented along the vertical axis in either a parallel (p) or an anti-parallel (a) 
configuration (Fig. 11.12) [186]. 

In a magnetic metal, the electric conductivity depends on the spin of the conduction 
electrons with respect to the magnetisation. The spins are oriented either upwards or 
downwards. Treat the electrons as a chemical substance that has two isomers labelled 
U and D (for up and down). Both have the electric charge g,. Assume that there is no 
transition (or ‘chemical reaction’) from U to D or from D to U, i.e. we assume that the spin 
diffusion length A (c.f. § 11.6.4) is much larger than the thickness d of the sample, \ > d. 
The electrons with a spin parallel to the magnetisation have a conductivity o,, those with 
a spin anti-parallel to the magnetisation have a conductivity o,. 
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Av? 


A resistance consists of two magnetic metallic layers contacted with two non-magnetic electrodes (dark grey). 
The magnetisation vectors of the two layers (arrows) are either parallel (top), or anti-parallel (bottom). 

The conduction electrodes are labelled U or D depending on whether their spin points upwards or downwards. 
The electrochemical potentials of the electrons U and D in layers 1 are fia and ui? _and in layers 2 are pe and 
po) ,and the electrostatic potential is (>. The conductivity is 7, when the spin is parallel to the magnetisation, 


0 when it is opposite to the magnetisation. 


At constant temperature T, the vectorial empirical relations (11.92) applied to electrons 
U and D in each layer can be written as, 


oO - (oR _ 
jy =- = V liv and jp =——> Vili 
ge @ 
(2) (2) 
: oO _ ; o 7 
jy=— a V By and jn = — “x V Bp 


where the electric conductivities a) and of) of layers 1 and the electric conductivities 


o) and o®) of layers 2 have the values a, or 0, depending on the relative orientation of 
the spin with respect to the magnetisation. 


1. Determine the variation of the electrochemical potential across each layer for each 
spin direction, Ap’), Ap??, Apt), Ap? in terms of Ay and the electrochemical 
potentials at the interface, ji, (0) and jip (0). In order to keep the expressions simple, 
choose the zero of the chemical potential scale to be that of electrons in the electrodes. 

2. Using the continuity conditions for the electron current densities j,, and j, at the 


interface, determine the currents of electrons Jy and Jp in terms of oW), 0), ot) and 


o®) and Ay. 

3. Express Ohm’s law for the bilayer in terms of oW), 0), oW) and a) Find an 
expression for the effective electric conductivity o of the bilayer in terms of the electric 
conductivities of the U and D electrons in layers (1) and (2). 
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4. Determine the effective electric conductivity o_ in terms of 0, and o, when the bilayer 
is in a parallel magnetic configuration. Likewise, find an expression for the effective 
electric conductivity 7 when the bilayer is in the anti-parallel magnetic configuration. 

5. Compare the effective resistivities p, of the bilayer in its two magnetic configurations. 
Use the following notation for the resistivities p, and p, corresponding to the conduc- 
tivities o, and oq, 


Pp = Py — Ap and Pa = Po + Ap 
where Ap < pp. 
Solution: 
1. At the electrodes, i.e. at x = —d and x = d, the chemical potential of the electrons does 


not depend on the spin. We can choose the zero of the chemical potential to be at the 
electrodes, 


by (—d) = Mp (4) = py (@) = Mp (d) = 0 


At the electrodes, the electrochemical potentials of U and D electrons reduce to the 
electrostatic potentials of the electrodes (Fig. 11.12), 


The electrochemical potential variations of U and D electrons across layers (1) and (2) 
are given by, 


= Ag 
Ajit’ = By (—d) — Ay (0) = ge — By (0) 
7 7 Ay |. 
Aji) = fy (0) ~ fy (d) = ge = + Bu 0) 
[a 


= Ay | - 
Ajiy) = fi (0) ~ fip (4) = de = + in (0) 


2. The currents of electrons Iy and Ip are independent of the position between the 
electrodes because we assume that there is no reaction U —> D or D — U. Thus the 
currents of electrons Iy and Ip are given by, 


w= [jv-as 

S 

n= [ip-as 
S 


where the infinitesimal surface element dS is oriented along the electron current 
densities jy and j,,. The electrochemical potential differences Ap, Ap??, Ap and 
A ni? across each layer can be written as, 
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0 d 
An) =f de-(-Vie) and AAD = [de (— VW) 
—d 0 


o d 


where the infinitesimal length element dr is oriented along the electron current densities 
Jy and jp. The thermoelectric materials 1 and 2 have a length d and a cross-section 


surface area A, which can be written as, 


0 d 
a= | are= | dr-xX and A= | as-s 
—d 0 KY 


where the unit vector dX is oriented along the electron current densities jy and jp. The 
integrals of the electron transport equations over the volume are the product of integrals 
over the cross-section area A times integrals over the length d of the thermoelectric 


0 avy 0 
[iv-4s | dr-%= 4 [aE ¥ 0) dS -& 
d ae) d 
[ac-as | dr-X = ss | dr(-V ay) [ as-2 
Ss 0 qe Jo S 
0 guy 0 
[iv-as | dr-%= 2 / dr-(—Vjip) | dS -% 


d go) d 
fiv-as | dr-X = 5 | dr(~V ip) | ds-2 
S 0 qe Jo S 


materials, 


(l 
_9y Aaa) ey A, _@) 
Iy = og Ky ware 
1 2 
7D A4 7) = 23.4 ag 
Oe dP Bed 'P 


Using the expressions of Ap), Ap? Ans? and Ap? established in section 1, the 


previous conditions become, 


A 7 A _ 
ay («. a My 0)) = ot) («. = + by ()) 


2 
A _ A z 
of) (4. $2 — 010) = 06? (ae $2 +7010) 


This implies that, 


2 — Gy =u Ag 
Lu (0) — (1) (2) de 2 
+07 


a) — of) Ag 


Lp (0) = om of) Ye 2 


11.6 Worked Solutions 


Applying the previous relations to the expressions of Ap, Ap®?, Ap) and Ape? 


obtained in section 1, we find, 


(1) (2) (2) 
—(1) Ou 8U Ay | eu 
Afiy ~~ ( (2) de —_ oD) en xe) de Ay 
U 


oly + oy se U 
(1) (2) (1) 
_(2 Oy — 0 Ay o 
Ane? — 1 + oO 3 de 2) = (1) Y (2) de Ay 
oy +9y oy +oy 
(1) (2) (2) 
(1 Op — 0 Ay o 
aa = (1 @ & Jac% ==, ay te Av 
D +%D Op +95 
(1) (2) (1) 
_(2 on — 0 Ay a 
Ain) = (1+ “Gy oy J ae = yy He AP 
Tp + 9p Tp + 9p 
Taking into account the previous expressions, the currents of electrons Iy and Ip can be 
written as, 
-1 
i a!) g?) A Ay os 1 | 1 A Ap 
a) + o?) d de oy ao?) d qe 
-1 
ie ol!) A Ag | 1 | 1 A Ag 
a) + oY) d de oy) o®) d qe 


. Ohms law (11.76) applied to the bilayer reads, 
jg=-oV¢e 


The electrostatic potential difference Ay is given by, 
d 
Ap= f dr-(-V9) 
—d 


The integrals of Ohm’s law over the volume is the product of the integral over the cross- 
section area A times the integral over the length 2d of the thermoelectric materials, 


d d 
fics | dra=o | ar (-Ve) | as-s 
s -d -d s 


Ohm’ law integrated over the volume reduce to, 


A 
T=o77, 49 


The total electric current I flowing through the metallic material can be written in terms 
of the currents of electrons Iy and Ip as, 


I= de (Iu + Ip) 
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Taking into account the expressions for Iy and Ip obtained in section 2, the electric 
current I is expressed as, 


=| -1 
1 1 1 1 A 
=2/{—.+-,)}) + + Ay 
(Gutap) * Gorap) x 


Comparing these two expressions of Ohms law, we deduce an effective electric 
(1) (2) 


conductivity 0 which can be written in terms of the electric conductivities a7’, a7’, 


o)) and o) as, 


=i -1 
> 1 4 1 4. 1 ' 1 
o= —S —. —— — 
op) * lp op 


. In the parallel magnetic configuration, the electric conductivities of each layer are 


defined as, 
2 1 2 
a) = 0) = dp and ol =o) =0¢ 
Comparing the two expressions of Ohm’ law, we can write the electric conductivity 
o— between the two electrodes as, 


O_~ =Op+Oa 


In the anti-parallel magnetic configuration, with an upward magnetisation in the first 
layer and a downward magnetisation in the second layer, the electric conductivities of 
each layer are given by, 


o}) = o®) = dp and o(?) = ao) = 04 


Comparing the two expressions of Ohm’ law, we can write the electric conductivity 
a between the two electrodes as, 


=| 
1 1 

oa, =4(—+— 
op Oa 


. The resistivities are defined as the inverse of the conductivities (11.74), 


1 1 
p_=— and Pp = — 
o_ Op 

1 1 

= — d = — 
P+ a an Pa Ge 


The resistivities p_ and p, are written in terms of the resistivities py and Ap as, 


; -(- \\"- Pr Pa __ (py — Ap) (po +Ap) — po — (Ap) 
7 Pp Pa 


Py+ Pa Po- Apt+pptAp 2 — 269 
r _ Ppt Pa _ Po~ Apt po +Ap _ Po 
+ 4 4 2 


Comparing these two expressions, we find the following inequality for the resistivity 


across the layers, 


p> pe 
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Thus, if the bilayer is in the anti-parallel magnetic configuration, its resistivity is larger 
than if it is in the parallel magnetic configuration. 


For certain magnetic metals, the relative change of resistivity between the two magnetic 
configurations can become very large. This effect is called giant magnetoresistance. It was 
discovered in 1988 and gave rise to a Nobel Prize in physics, awarded to Albert Fert and 
Peter Griinberg. 
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11.1 


N12 
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Heat Diffusion Equation 
Show that the temperature profile (11.44), 


T (x,t) = 7 exp (- x) 


where 7 is the temperature and x the spatial coordinate, is a solution of the heat 
diffusion equation (11.37). 


Thermal Dephasing 

A long copper rod of thermal diffusivity is heated at one end with a flame 
passing underneath it periodically, while the other end is located so far away that 
it remains at room temperature 7). Consider the rod as a one-dimensional system 
with a periodic temperature variation of amplitude AT at x = 0, given by, 


T (0, t) = To + AT cos (wf) 


where x is the spatial coordinate along the wire. Once the rod has reached a regime 
at which every point of the rod has a periodic temperature variation, show that the 
temperature profile is given by, 


7 (x,) = To + ATexp (— *) cos (wt — *) where d= * 


The temperature oscillation at position x is dephased by an angle — x/d with respect 
to the oscillation at position x = 0. The amplitude of oscillation is attenuated by a 
factor exp (— x/d). 


Heat Equation with Heat Source 
The heat diffusion equation was established in § 11.4.2, in the absence of any source 
term due to a conductive electric current density, 1.e.j, = qej, = 0. Show that for 
an electric conductor in the presence of a conductive electric current density j,, the 
heat equation becomes, 
2 
araiv rT pv ret 
c oc 
where is the thermal diffusivity, a is the electric conductivity, 7 is the Thomson 
coefficient of the electric conductor and c is the specific heat density of the 
conduction electrons. 
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Joule Heating in a Wire 

Estimate the temperature profile of a wire of length Z and radius 7 when an electric 
current / is driven through it, from the left end to the right end, causing it to heat 
up. The wire has an electric conductivity o and a thermal conductivity «. The heat 
propagates down the wire to its ends, i.e. no heat is dissipated at the surface of the 
wire. The Thomson heating is negligible compared to the Joule heating. The left 
end and right end are kept at a constant temperature 7». Determine the temperature 
profile T (x) along the wire when it has reached a stationary state. 


Thomson Heating in a Wire 

Estimate the temperature profile of a wire of length Z and radius 7 when an electric 
current / is driven through it, from the left end to the right end, causing it to heat 
up. The wire has an electric conductivity o and a Thomson coefficient 7. The heat 
is entirely carried by the wire to its ends. The heat dissipated at the surface of the 
wire and the Joule heating are assumed negligible. The left end is kept at a constant 
temperature 7). Determine the temperature profile T (x) along the wire when it has 
reached a stationary state. Also give an expression for the temperature at the right 
end in terms of the Thomson coefficient 7 and the electric resistance R of the wire. 


Heat Exchanger 

A heat exchanger is made up of two identical pipes separated by an impermeable 
diathermal wall of section area A, thickness / and thermal conductivity «. In both 
pipes, a liquid flows at uniform velocities vy) = v, X and yy = — vx, with vy; > 0 
and v, > 0, where X is the unit vector that is parallel to the liquid flow in pipe 1. The 
temperature 7; of the liquid in pipe 1 is larger than the temperature 7> of the liquid 
in pipe 2, 1.e. T; > T>. Thus, there is a heat current density jg = joy, with jg > 0 
going across the wall separating the pipes, where y is the unit vector orthogonal to 
the wall and oriented positively from pipe | to pipe 2. There is no liquid current 
density across the wall, .e. j. = 0. Heat conductivity is considered negligible in 
the direction of the flow and yet large enough to ensure a homogeneous temperature 
across any section of both pipes. Consider that the heat exchanger has reached a 
stationary state. 


a) Show that the temperature profiles in the fluids are given by the differential 
equations, 


0, T; = (= 7) 


7 hécv, 


O, T> (T, — Tr) 


_ K 

~ Aber v3 
where c, and c> are the specific heat densities of liquids | and 2, and « is the 
thermal conductivity of the diathermal wall and @ is a characteristic length for 
the thermal transfer. 

b) Show that the convective heat current density 7 = c)v) T; + cov. T> is 
homogeneous. 

c) Determine the temperature difference AT (x) = 7; (x) — To (x). 
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d) Determine the temperature profiles 7; (x) and T) (x). 
e) Show that on a distance that is short enough, i.e. x/d < 1, 


_ jterv, AT (0) KAT(O) | 


T; 
. ) C1, Vy + C2 V2 hee, vy 
1» (x) ee lo AT(0)  «AT(0) 
cr vy +O V2 héc2 v2 


Harman Method 

A rod is connected at both ends to electrodes. The electric wires that connect the rod 
to each electrode are strong enough to carry an electric current flowing through the 
rod and yet thin enough for the heat transfer to be negligible. The contact resistance 
and the heat radiated from the rod are negligible. In these experimental conditions, 
an adiabatic measurement of the resistivity of the material can be performed. As 
Harman suggested in his seminal paper [187], experimental conditions can be found 
such that the Joule and Thomson heating have negligible effects. Use the empirical 
linear equations (11.92) to show that the adiabatic resistivity thus measured is 


given by, 
2 
E 
Pra =p (1 += r) 
Kp 


where p = 1/c is the isothermal resistivity, « is the thermal conductivity and ¢ is 
the Seebeck coefficient of the rod material. 


Peltier Generator 
A Peltier generator is made up of two thermoelectric elements connected in series 
(Fig. 11.13). One side of the Peltier generator is maintained at temperature 7+ and 
the other temperature 7~. The electric current J generated by the Peltier generator 
flows through the thermoelectric materials labelled 1 and 2. The plate which is 
heated up to temperature 7* connects electrically these two materials but is not 
electrically available to the user. Its electric potential is V*. The other ends of the 
thermoelectric materials are on the cold side, at a temperature T7~. They are con- 
nected to the electric leads of the device. A load resistance Ro is connected to these 
leads. The voltage V designates the electric potential difference between the leads. 
Analyse the operation of this generator using the electric charge and heat transport 
equations, 


jn =-T11aVMN-AVyy and jg =-MVN+TN E1j, 


jg = — 0282 VT — 02 V and jig, = —k2 VT) + Tr €r5y, 


The thermoelectric materials 1 and 2 have a length d and a cross-section surface 
area A, which can be written as, 


d 
a= | dr-X A= | as-s 
0 s 


where * is a unit vector oriented clockwise along the electric current density j,, 
and the infinitesimal length and surface vectors dr and dS are oriented in the same 
direction. The temperature difference between the hot and cold ends is given by, 
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A Peltier generator has a load represented by the resistance Rp connected to its leads. V is the voltage between the 
leads. The electric bridge at V* is not accessible to the user. The regions marked 1 and 2 represent the two 
thermoelectric materials. The regions marked 7* and 7— are the hot and cold sides of the device. 


d d 
AT=T' - r= | avn = | dr -(—V Th) 
0 0 


Likewise, the electric potential differences A y, and A vy, between the hot and cold 
ends are written as, 


d 
Ay, = y= | dr-V 
0 


d 
= v=} iN 
0 


The electric charge conservation implies that the electric current densities are 
the same in each material, i.e. j,, = j,,. The electric current / flowing through 
materials 1 and 2 is the integral of the electric current densities j,, and j,, over the 


cross-section area A, 
t= [ i, ds = | i,,-a8 
S So 


According to the relation (10.104), the thermal powers Po, and Po, are the integrals 
of the heat current densities jp, and jo, flowing through materials 1 and 2 over the 
cross-section area A, 


Po, -f (—Jo,) - aS Po= | Jo,-48 
Determine: 


a) the thermal power Po applied on the hot side of the device when no electric 
current flows through the device. 

b) the effective electric resistance R of the two thermoelectric materials when 
the temperatures are equal, i.e. 7* = 7—, and no electric current flows through 
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the resistance Ro, i.e. when Ro = oo. Instead, an electric current flows through the 
thermoelectric materials. 

c) the electric current / as a function of the temperature difference AT. 

d) the thermodynamic efficiency of the generator defined as, 


_ Ro? 
a 


where here, Pg is the thermal power at the hot side when the electric current is 
flowing through the device. Show that the optimum load resistance is given by 


R 
- =/1+¢ 
where ¢ is a dimensionless parameter given by [188], 


C= Prilep egy 
(u+m)( +4) 


O71 02 


11.9 ZT Coefficient of a Thermoelectric Material 
The transport properties of a thermoelectric material of cross-section area A and 
length L are defined by the transport equations, 


jg=—7EVT—-oVep and jg=—KVT+Tej, 


in conformity with relations (11.92), where V 4, = 0, and (11.95). The efficiency 
7 of the thermoelectric material is defined as, 

Pq 

Po 


where Po is the heat entering at the hot end and P, is the electric power defined as, 
Pa= f ig (-Ve)av 
V 


Write the efficiency 7 in terms of the ratio [189], 


ae 


KA AT 


where / is the electric current flowing through the thermoelectric material. In the 
limit where the thermoelectric effect is much smaller than the thermal power, i.e. 
re <1/T*, show that the optimal efficiency 77 is given by, 


T\ ce 
= Ce Tt 
- ( Tt ) 4k 
The coefficient (o e? / K) T* is called the ‘ZT coefficient’ of the thermoelectric 
material. The term in brackets is the Carnot efficiency. 
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Transverse Transport Effects 
A transport equation such as Ohm’s law (11.74), 


VYoorupy, 
relates two vectors, which are the conductive electric current density j, and electric 
potential gradient V y, through a linear application, which is the electric resistivity 


p. Mathematically, a vector is a rank-1 tensor and a linear application between two 
vectors is a rank-2 tensor. 


a) Show that the electric resistivity can be decomposed into the sum of a 
symmetric part p* and an antisymmetric part p*. 

b) Show that the antisymmetric part p“ has a contribution to the transport that can 
be written as, 


V" p= —p* (a x jy) 
where V“ vy is the antisymmetric part of the electric potential gradient and w# is a 
unit axial vector. 
The decomposition and the expression for the antisymmetric part of the electric 


potential gradient is a general result that applies for any empirical linear relation 
between a current density vector and a generalised force vector. 


Hall Effect 

An isotropic conductor is in the presence of a magnetic induction field B. The 
electric resistivity rank-2 tensor is a function of the magnetic induction field B and 
Ohm’s law is written as, 


The reversibility of the dynamics at the microscopic scale implies that the transpose 


of the electric resistivity tensor is obtained by reversing the orientation of the 
magnetic induction field B [190]. Thus, 


p(B) = p(-B) 


This result cannot be established in a thermodynamic framework but requires 
the use of a statistical physics. In a linear electromagnetic framework, when the 
magnetic induction field B is applied orthogonally to the conductive electric current 
density j,,, show that Ohm’s law can be written as, 


Ve=—pj,— Hi, xB 
where the first term is Ohm’s law (11.74) in the absence of a magnetic induction 
field B and the second term is the Hall effect (11.75) in a direction that is orthogonal 


to the magnetic induction field B and to the conductive electric current density. Use 
the result established in § 11.10. 


Heat Transport and Crystal Symmetry 
A crystal consists of a honeycomb lattice. It is invariant under a rotation of angle 
@ = 7/6 in the horizontal plane around the vertical axis. This means that the 
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physical properties of the crystal are the same after such a rotation. Show that the 
symmetric thermal conductivity tensor « is written in components as, 


KL 0 0 
K= 0 AKL 0 
0 0 Ky 


where x, is the thermal conductivity along the vertical rotation axis and « is the 
thermal conductivity in the horizontal plane of rotation. 


Planar Ettingshausen Effect 

In this chapter, several examples of a current density in one direction inducing the 
gradient of an intensive quantity in another direction were shown. These effects 
are referred to by the name of their discoverers: Righi-Leduc (11.29), Hall (11.75), 
Nernst (11.85), Ettingshausen (11.80). The latter refers to a temperature gradient 
induced by an orthogonal electric charge current density. It was pointed out recently 
that this effect can occur in a crystal, which consists of two types of electric charge 
carriers and presents a strong crystalline anisotropy in the plane where the heat and 
electric charge transport take place. No magnetic induction field needs to be applied 
orthogonally in order to observe this effect [191]. 

The material has two types of electric charge carriers, electrons (e) and holes (A). 
Assume that no ‘chemical reaction’ takes place between them. The thermoelectric 
properties are isotropic, i.e. the same in all directions. Therefore, the Seebeck 
tensors for the electrons and holes are given by, 


sa(= % and gate ™ 
© 10 e, BNO. By 


However, the conductivities differ greatly in two orthogonal directions. Therefore, 
the conductivity tensors are given by, 


Oeaa 0 Oh,aa 0 
O.= and on, = 
0 Cepp 0 Onpe 


where a and 5 label the a-axis and the b-axis that are orthogonal crystalline axes. 

Consider an electric charge transport along the x-axis at an angle @ from the 
a-axis and show that this electric current density j, induces a heat current density 
Jo along the y-axis. This is the planar Ettingshausen effect. It can be understood by 
establishing the following facts: 


a) Show that the Seebeck tensor for this crystal is given by [176], 
€=(o¢+on) | + (Oe: €e + On: En) 
b) Show that the Seebeck tensor for this crystal is diagonal and written as, 
a & 0 ) 
O Epp 


where the diagonal component ¢,, is different from €,, in general. The matrix is 
given here for a vector basis along the crystalline a-axis and b-axis. 
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c) Write the components of the Seebeck tensor with respect to the coordinate basis 


(x,y), 
- . >) 
Eyx Evy 


in terms of the diagonal components €,, and €,, of the Seebeck tensor with 
respect to the coordinate basis (a, b). 
d) The heat current density jp is related to the electric charge current density j, by, 


jg= Wi 
which is a local version of the Peltier effect (11.108). The Peltier tensor is related 
to the Seebeck tensor by, 

Il=Te 
In particular, for an electric charge current density j, = j7.*%, where X is a unit 
vector along the x-axis, show that the component jg, along the y-axis of the heat 


current density jg = jox¥ +joyJy, where f is a unit vector along the y-axis, is 
given by, 


1 ; ; 
JOy = 2 T (€aa — Ebb) sin (2 0) Jax 
Thus, the planar Ettingshausen effect is maximal for an angle 0 = 7/4. 


11.14 Turing Patterns 
A biological medium consists of two substances 1 and 2 of densities n; and np. 
This medium is generating both substances by processes characterised by the matter 
source densities 7) (m1,”2) and 72 (m1,2). The substances 1 and 2 can diffuse 
inside this medium. The matter current densities j, and j, follow Fick’s law (11.51), 


A =-DVn and jy = —D1 Vm 


where D; > 0 and D, > 0 are the homogeneous diffusion constants of substances 
1 and 2. The medium has a fixed volume, which means that its expansion rate 
vanishes, i.e. V - v = 0. Thus, the matter continuity equations for substances | and 
2 are given by, 


mn+Vej, =™ (11,72) and fiy + V + fy = 7 (1,12) 


At equilibrium, the system is assumed to be homogeneous and characterised by the 
densities 19; and no2 of substances | and 2. In the neighbourhood of the equilibrium, 
the matter source densities 7 (1,2) and 72 (m1, n2) are given to first-order in terms 
of the density perturbations An, = 1, — no, and Anz = no — nop by, 


™ (1,2) = Quy Any + Qy2 Anz 
T (m1, M2) = Qa, Any + O22 Ang 


where the coefficients 1);, 2)2, Q2), 22 are given by, 
On Q On Q On Q On 


Qn = >— 2=>— 21 = > 22 = > 
On, On On, On 
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Assume that the processes to generate substances | and 2 are the two chemical 
reactions 1 —“s 2 and2 —’s 1 described by the stoichiometric coefficients 
Vg = —l,ve = 1, 4%, = 1, v2 = —1 and the reaction rate densities wy 
and wy. Assume that the temperature T and the chemical potentials yw, and ju. are 
homogeneous, i.e. VT = 0 and Vu, = Vu = 0. Analyse the evolution of the 
density perturbations An, and Anz by using the following instructions: 


a) Express the coefficients 04), Qy2, Q21, Q22 in terms of the total density 
n = n, + ny, the density perturbations An; and Anz, the temperature T and 
a scalar W > 0, which is a linear combination of Onsager matrix elements 
Laa, Lab, Lg and Ly,. Begin by using the second law, i.e. 7; > 0, and the 
relation (8.68) for a mixture of ideal gas. 

b) Determine the coupled time evolution equations for the density perturbations 
An, and Anp. 

c) Show that under the condition imposed in a) the relation, 


Amy 43 An, (0) 
Ge ()) = e*' cos(k- r+) Am (0) 
is a solution of the coupled time evolution equations with ’ < 0. 


Ultramicroelectrodes 

In electrochemistry, the observed current is generally determined by ion diffusion in 
the electrolyte. It was found that diffusion-limited currents can be avoided by using 
very small electrodes, known as ‘ultramicroelectrodes’ {192, 193, 194]. In order 
to capture how conductive current densities (also called diffusion current densities) 
vary with the size of the electrode, consider a spherical electrode and a conductive 
matter current density with spherical symmetry, j, = j4,? = j,r. Show that when 
the system reaches a stationary state, the conductive matter current density is non- 
zero. The analysis of the transient behaviour would show that the stationary state is 
reached faster when the electrode is smaller. [195] In spherical coordinates (r, 6, ¢), 
taking into account the spherical symmetry of the conductive matter current density, 
ie. 0/00 = 0 and 0/0¢ = 0, the matter diffusion equation (11.54) for a solute of 
concentration c (r, ¢) reads, 


Oc (r, t) = C= i ae 


Ot Or r Or 


The boundary conditions are, 


c(r>1ro,t =0)=c* and lim c (r,t) =c* 
'r->0o 


where c* is the concentration very far away from the electrode and 7 is the radius of 
the electrode. According to relation (11.51), the conductive matter current density 
scalar j, that characterises this electrode is, 


Jr (Yo) = —D ——— 
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Establish the following results: 


a) The diffusion equation recast in terms of the function w (r,t) = rc(r,t) has 
the structure of a diffusion equation where the spherical coordinate 7 plays an 
analogous role to a Cartesian coordinate. 

b) The diffusion equation, 


Ow (r,t) 4 Ow (r,t) 


Ot Or? 


admits the solution, 


w(r,t)=B / exp (— v'”) dv’ where v= i 
Vv 


First, write w (r,t) = f(7) where the variable 7 is a dimensionless function of r 
and ¢ given by, 


t= — 
n (r,t) Di 


c) In the limit where the radius of the electrode is negligible, i.e. r = 0, the scalar 
conductive matter current density is given by, 


B 
(0,4) = ——_ 
Jr (0,1) 3 par 


d) After a transient behaviour, the scalar conductive matter current density reaches 
a stationary value, 


Effusivity 

Two long blocks, made up of different homogeneous materials, are at temperatures 
T, and T when they are brought into contact with one another. The interface quickly 
reaches a temperature Ty given by, 


ET, + Ey T» 
je eee 
EE, + £2 


where £} = \/Kic; > O and Ey = \/K2¢z > 0 are called the effusivities of 
materials 1 and 2, where k, and xk» are the thermal conductivities and c; and c 
the specific heat per unit volume of both materials. If material 1 is very hot, but it 
has a low thermal conductivity «, and specific heat c,, and to the contrary material 
2 has large thermal conductivity «2 and specific heat co, then the temperature of 
the interface To is almost 7, i.e. material 2 does not ‘feel the heat’ of material 1. 
Establish this result by using the following instructions: 


a) Consider an x-axis normal to the interface with x = 0 at the interface, x < 0 in 
material 1 and x > 0 in material 2. Let 7; (x, t) and 7) (x, ¢) be the solutions of 
the heat diffusion equation (11.35) in materials 1 and 2. Determine the boundary 
conditions on 7; (x, t) and T> (x, f) at the interface. 
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b) Using an approach that is analogous to the one presented in § 11.4.3, show 
that the general solutions for the temperature profiles 7, (x,t) and T> (x,t) are 


given by, 
x 
T\ (x, t) = Ci + Dy, ert (=) where x <= 0 
x 
T (x, ¢) = C2 + Drett (=) where x>0 


where erf (v) is the error function defined as, 


erf(v) = = a exp (— s°) ds 


and C, Cz, D, and D> are constant coefficients. 

c) Use the boundary conditions to determine the coefficients in terms of the temper- 
atures Ty, T; and 77. Show that the temperature 79 is given by the effusivity rela- 
tion just after the two blocks have reached a common temperature at the interface. 


EXERCISES AND SOLUTIONS 


Thermodynamic System and First Law 


The exercises given in the last section of Chapter I are presented here with their solutions. 


1.1 State Function: Mathematics 
CC Ee 


Consider the function f(x,y) = yexp (ax) + xy + bxlny where a and b are constants. 


a) Calculate Of y) Of) and df{x, y) 
Ox Oy 

f(xy) 

b) Calculate "ax Oy 


Solution: 


The partial derivatives and differential of the function f(x,y) = yexp (ax) + xy + bxIny 


are given by, 
a) oe) = ayexp (ax) +y+blny 

Of (x%¥) x 

a exp (ax) +x + 
b 

df (x,y) = (ayexp (ax) +y + blny) dx + (exp (ax) +x + *) dy 

Of (x,y) b 
b) OxBy aexp (ax) +1 +7 


1.2 State Function: Ideal Gas 
a EE rrr re 


An ideal gas is characterised by the relation pV = NRT where p is the pressure of the gas, 
V is the volume, 7 is the temperature, N is the number of moles of gas and R is a constant. 


a) Calculate the differential dp (T, V) 


d ( Op(T,V) d ( Op(T,V) 
b) Calculate aT aV ) and x ( aT 
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Solution: 


The differential and partial derivatives of the pressure p (7, V) of an ideal gas are given by, 


NR NRT 


52 (2EN) a (2) NR 


arT\ av) oaV\ aT V2 


1.3 State Function: Rubber Cord 
SaaS SEE See] 


A rubber cord of length Z, which is a known state function L (7, F) of the temperature T of 
the cord and of the forces of magnitude F applied at each end to stretch it. Two physical 
properties of the cord are : 


a) the Young modulus, defined as E = — 


Lf ony ; 
7 (=) , where A is the cord cross section area. 


b) the thermal expansion coefficient a = Lor 
Determine how much the length of the cord varies if its temperature changes by AT and at 
the same time the force F changes by AF. Assume that AT < T and AF <« F. Express 
AL in terms of E and a. 


Solution: 


Applying definition (1.7) to the differential of the length L (7, F) of the rubber cord, the 
change of length of the rubber cord is given by, 
OL OL 
AL = ar AT+ OF AF 


which can be recast as, 


-1 
1 OL L(L (aL\" 
aru (}) arse (4 (2) ") ‘ar 
Using the two physical properties of the cord, we obtain an expression for the change of 


length of the rubber cord, 
L 
AL = La AT + — AF 
a + TE 


1.4 State Function: Volume 
EEE eee eS ee Eee 


A liquid is filling a container that has the form of a cone of angle a around a vertical 
axis (Fig. 1.1). The liquid enters the cone from the apex through a hole of diameter d at a 
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A liquid enters into a funnel with a laminar flow of velocity v in a tube of diameter d. The funnel is a cone of 
opening angle ca. The cone axis is vertical. 


velocity v(t) = kt where k is a constant. When the surface of the liquid is at height h (1), 
1 
the volume is V(t) = 3 m tan’ ah? (ft). Initially, at time t = 0, the height 4 (0) = 0. Find 


an expression for the rate of change of volume V(t) and determine h (ft). 


Solution: 
The volume rate of change of the liquid is obtained by taking the time derivative of the 
1 
volume V(t) = ra tan’ ah’ (ft), 
V(t) =7 tan? ah’ (t) h(t) 


where the angle a is a constant. The volume rate of change of the liquid inflow is 
expressed as, 
d\” kd? 


Equating the two previous equations yields, 


. kd? 
tan’ wh? (t) h(t) = equi 
which can be recast as, 
kd? 
hr (t) dh(t) = tdt 
(?) (1) 4 tan? a 


When integrating, we obtain, 
h(t) kd? t 
/ h(t) dh’ (¢) = —_— i t dt’ 
h(0) 4 tan“a Jo 
The result of this integration is, 


1 kd? 
_ 7 ia ee 2 
3 (*) 4 tan? a 


Thus, the height of liquid inside the cone is, 


1 
3kd? \3 2 
h(t) = | —] #8 
(! G7) 


1 
xt 
2 
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1.5 Cyclic Rule for the Ideal Gas 
LE | 


An ideal gas is characterised by the relation pV = NRT as in § 1.2 where the pressure 
p(T,V) is a function of T and V, the temperature 7 (p, V) is a function of p and V and the 
volume (7, p) is a function of T and p. Calculate, 


Op (T,V) OT (p,V) OV(T,p) 
OT OV Op 


Solution: 


The partial derivative of the pressure, the temperature and the volume of an ideal gas that 
satisfies the relation p V = NRT are given by, 


Op(T,V) _ 0 (NRT\ _ NR 
OT OT\ Vj) Vy 


OT(p,V) _ a (7) P 


av. AaV\NR)~ NR 


OV(T,p) _ O (27) _ NR V 
Op Op \ p 
Thus, 


Op (T,V) OT(p,V) VTP) _ 
OT OV Op 


This result can be generalised, as shown in § 4.7.2. 


1.6 Evolution of Salt Concentration 
———— EE eee eee ae Sl 


A basin contains N, (t) moles of salt dissolved in NV, (¢) moles of water. The basin receives 
fresh water at a constant rate i". This water is assumed to be thoroughly mixed in the basin 
so that the salt concentration can be considered homogeneous. The salty water comes out 
of the basin at a constant rate 0°" = 2.0" (t) + 0.0" (zt), where 0.0" (t) and 0.0" (t) are the 
salt and water outflow rates. Determine the salt concentration, 
Cs ( t) = _ Ns) 
Ny (t) + Nw (2) 


as a function of time ¢ for the given initial conditions N, (0) and MW, (0). 


Solution: 


The time derivative of the amount of salt in the basin is equal to the salt outflow rate and 
the time derivative of the amount of water is the sum of the water inflow and outflow rates, 
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Ng (t) = 2" (1) 
Ny (t) = Qu? + O5" (2) 


where 22" is the fresh water inflow rate (positive), and 2° and (2% are the salt and water 
outflow rates (negative). Since a matter flow is an extensive quantity, the constant salty 
water outflow rate 0°" is the sum of the salt outflow rate 0°" (¢) and the water outflow 
rate (0"" (2), 


ey =e a) Oe) 
Water and salt are assumed to be thoroughly mixed in the basin so that the salt 


concentration can be considered homogeneous. Thus, the salt outflow rate 0°" (t) is equal 
to the product of its concentration c, (¢) in the basin and of the salty water outflow rate 0%", 


os (t) =C, (t ) qQeut 


SW 


Applying this equation for 9°" (t) in the balance equation for the salt in the basin, using 
the definition of the molar concentration, 


and dividing by N, (t), we obtain, 
N, (t) Osn 


s(t) Ns (t) +Nw (4) 


Adding up the first two balance equations, we obtain the balance equation for the salty 
water in the basin, 


Ng (t) +My (t) = Qh + Oe 


Since the term on the right hand side is constant, we integrate this equation with respect to 
time from t = 0 onwards, 


N, (t) + Nw (t) = (OQ + 0") t+ N, (0) + My (0) 
Applying this into the equation for N, (t) /N, (¢), we obtain, 
N, a. . Qout 


SW 


N,(t) (Qi + Oot) t+ N, (0) + My (0) 


SW 


The time integral of this equation is given by, 


in ( (t) (yout a + N, (0) +My (0) 
ni = n 
Ns (0) J OM + OS Ns (0) + Nw (0) 


The exponential of this integrated expression yields, 


Q: out 


(22 + Oe") ne 
) 


N, (t) =N, (0) (+ eee 
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Applying the equations for N, (¢) and N, (t) + N, (t) in the expression for the molar salt 
concentration c, (t), we obtain, 
out 
N, 0 Qin Qout) ¢ Qin + Qext 
Cs (t) = — 5 (0) ip ee ele ) 
(QP + OSM) t+ Ns (0) + Nw (0) Ns (0) + Nw (0) 


This can be recast as, 
1 


o, (t) = oO) (13 eae 1 OSF/Op 


Ny (0) + Nw (0) N, (0) + Ny (0 


1.7 Capilarity: Contact Angle 


Capilarity effects are taken into account by considering that the energy of the system 
contains contributions that are proportional to the surface area of the interfaces between 
the different parts of the system. For a drop of wetting liquid on a horizontal surface 
(Fig. 1.2), where the drop is assumed to have a spherical shape, the internal energy is 
expressed as U(h,R) = (50 — Yeg) TA” + Veg Where a = Rsind = V2Rh — fh? is the 
radius and A = 27Rh is the surface area of the spherical cap of height / at the intersection 
of the sphere of radius R and the solid substrate. The parameters 7,9, 7,2, Veg characterise 
the substances and are independent of the drop shape. Show that the contact angle @ is 
given by, 


(Ys0 _ ae) + Veg cos 6 = 0 
by minimising the internal energy U (h, R) under the condition that the volume V (h, R) = 
= h? (3R— h) = Vo is constant. 
Solution: 


In order to minimise the internal energy U(h, R), use the Lagrange multipliers method to 
impose the condition that the volume of the drop is fixed, ie. V (A, R) = Vo. The function 
F (h, R, A) to be minimised is, 


F(h,R,) = U(h,R) — A(V (H.R) = Vo) 
= (Ye — Ae) nm (2Rh — h’) + Vpg2mRh 
rd (J h2 (3R — h) Vo) 


where is the Lagrange multiplier. According to this method, the partial derivative of the 
function F (h, R, X) with respect to h has to vanish, 


OF 


an (se — Ysg) 28 (R — A) — Veg 20K + Am (2Rh — fh’) =0 
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A drop of liquid on a horizontal substrate is assumed to have a spherical shape. The angle 0 is called the contact 
angle. Aurface tension is defined for each of the three interfaces: solid—liquid (-y,,), solid—gas (Ysq) and 
liquid—gas (49) 


which yields an expression for the Lagrange multiplier, 


; 2 
A= (sae) (R— h) (Yee — Yee) 4 (sa = 7) wie 


The partial derivative of the function F (1, R, \) with respect to R has to vanish as well, 


FF 
a = (Yee _ Vee) 2h + Veg 27h — Arh? = 0 


which yields another expression for the Lagrange multiplier, 


2 2 
A= h (Yse Yee) h Yee 
Equating the two expressions for the Lagrange multiplier \ yields, 


(R oz h) (Yse > Vex) + Reg _ (2R _ h) (Yse = Vee) a (2R _ h) Veg 


which reduces to, 


R—-|h 
(Yse ae) ( R ) Veg =0 
By graphical inspection (Fig. 1.2), 
R— 
9 = —— 
cos R 


Thus, we find that, 
(Yse _ 7) + Yee cos = 0 


1.8 Energy: Thermodynamics Versus Mechanics 
| 


A weight of mass M is hanging from a rope. The force F applied to the rope is such that 
the weight is lowered vertically at a velocity v, which may vary with time. 
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a) Determine the expression for the time evolution of the mechanical energy £’, which is 


the sum of the kinetic and potential energies. 


b) Determine the time evolution of the energy E of the system according to the first 


law (1.11). 


Solution: 


a) From the standpoint of mechanics, the projection of Newton’s law of motion for the 


b 


wm 


weight, F + Mg = Maa, along a coordinate axis Oz pointing downwards yields, 
—F+Mg=Mz 


The time evolution of the mechanical energy £’ is obtained by multiplying this result 
by z, 
d (1 


a (me “ Mz) =—Fi 


Since the mechanical energy £’ is the sum of the kinetic and potential energies, 
1 
E' = 5 Mz — Mgz 


the previous result can be recast as, 


B=-Fi 
From the standpoint of thermodynamics, the energy of the system F is expressed as, 
1 
B=; M? +U 


where U is the internal energy of the system. Since the system consists of the mass 
M only, its weight is an external force. Thus, the gravitational potential energy is 
not included in the energy E of the system. Since the internal energy U is a function 
of the state variables of the system only, it is independent of the height z in the 
Earth’s gravitational field. Since there is no heat transfer between the weight and the 
environment, the thermal power vanishes, i.e. Pp = 0. Furthermore, the weight is 
assumed rigid, which implies that the mechanical deformation power vanishes as well, 
i.e. Pw = 0. The external power is due to the weight M g and the force F that can change 
the kinetic energy of the system, 


P™ = F.y+Mg-v=—Fz+4+ Mgz 
The first law is expressed as, E = P®*, which implies that, 


E = (—-F+Mg)z 


Since the internal energy of this particular system is constant, i.e. U = 0, the previous 
result reduces to, 


to) ae 
& (5M) = (-F Me) 2 
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1.9 Damped Harmonic Oscillator 
ae) 


A one-dimensional harmonic oscillator of mass M and spring constant k is subjected to a 
friction force Fy(t) = — A v(t) where v(t) is the velocity of the point mass and \ > 0. 
Using a coordinate axis Ox where the origin O corresponds to the position of the point 
mass when the harmonic oscillator is at rest, the equation of motion reads, 


¥4+2yx+ 2x =0 


where wi = k/M and y = \/ (2M). In the weak damping regime, where y < wy, the 
position can be expressed as 


x(t) = Ce~ Y cos (wot + d) 
where C and ¢ are integration constants. 


a) Express the mechanical energy E (f) in terms of the coefficients k, C and 7. 
b) Calculate the power P (t) dissipated due to the friction force Fy (t) during one oscillation 
period. 


Solution: 


a) The mechanical energy of the damped harmonic oscillator of a point mass M and spring 
constant & subjected to a damping coefficient 7, where 7 < wo and uw, = k/M, is the 
sum of its kinetic energy 7 (t) and the elastic potential energy V, (t) of the spring, 


E()=T(H)+V.()= suv (t) + str (t) 


where v* (ft) = x7 (t) is the velocity squared and r’ (t) = x (f) is the displacement 
squared along the axis Ox. The rest position of the point mass is at the origin. Thus, 


1 1 
E(=5 Mx? (t) + ; kx (t) 
Since the position coordinate x (¢) reads, 
x(t) = Ce~ cos (wot + ¢) 
we have, 
x (t) = Ce?" cos” (wot + ¢) 
k 
# (t) = uh Ce 2" sin? (wot + d) = Tr, Ce? sin? (wot + ¢) 
Hence, the mechanical energy is recast as, 
1 1 
E(t)= 5 kee 7? (sin? (wot + ¢) + cos” (wot + ) ) 25 kCe 2" 


b) The power dissipated by the friction force Fy(t) is equal to the time derivative of the 
mechanical energy, 


. 1 
PQ) =B) =F (Fee) = — yar 


Entropy and Second Law 


The exercises given in the last section of Chapter 2 are presented here with their solutions. 


2.1 Entropy as a State Function 
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Determine which of the following functions may represent the entropy of a system of 
positive temperature. In these expressions, Ep and Vo are constants representing an energy 
and a volume, respectively. 


a) 
U RU NEo 
= NR|n | 1 + —— — In({ 1+ — 
S(U,V,N) =N™. n( tam)te n( ++ =) 
b) 
RU UV 
SU,VN) = = exp ( xm) 
c) 
NRU 
S(U,V,N) = = 
OPN = TARY E 
d) 
U3/5 py2/5 
S(U,V,N) = R= 
ED Ph 
Solution: 


Since the entropy S'(U, V, N) is an extensive state function and the state variables U, V and 
Nare also extensive, they have to satisfy the identity S(AU, AV, AN) = AS (U,V, N) where 
\ is a positive integer. Expressions b) and c) do not satisfy this identity. Moreover, since 
the partial derivative of the entropy with respect to the internal energy in expression b) is 
negative, this expression also needs to be rejected because it has a negative temperature. 
Thus, only expressions a) and d) may represent the entropy of a system of positive 
temperature. 
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2.2 Work as a Process-Dependent Quantity 
er—“C™C;éC‘éd 


Three processes are performed on a gas from a state given by (p;, V;) to a state given by 
(p2, V2): 


a) an isochoric process followed by an isobaric process, 
b) an isobaric process followed by an isochoric process, 
c) a process where p V remains constant. 


Compute for the three processes the work performed on the gas from the initial to the final 
state. These processes are assumed to be reversible. Determine the analytical results first, 
then give numerical values in joules. 


Numerical Application: 


Pi = po = 1 bar, Vj = 3 Vo, px = 3:po, V2 = Vo = 11. 


Solution: 


There is no work performed on the gas during an isochoric process, only during the isobaric 
process or during the process where p V remains constant. 


a) The work performed on the gas by an isochoric process followed by an isobaric process 
is given by, 


Vz V2 Vo 
w-- | pav=—p, | dV =—3p9 dV 
V; V) 


1 1 3Vo 
= —3p9(3 Vo — Vo) = 6 po Vo = 600 J 


b) The work performed on the gas by an isobaric process followed by an isochoric process 
is given by, 


Vo V2 Vo 
w=— f pdV=—pi dV = —po dV 
vy VY 3% 
= — po (3 Vo — Vo) = 2 po Vo = 200 J 


c) The work performed on the gas by a process where p V remains constant, i.e. pV = 
pi V; = const, is given by, 


. dV " dV 
== pawv=—pi n | 7 =—3ro% | ae 
[ Y, V 3 Vo V 


Vi 
= —3poVoln (+4) = 3 po Voln 3 = 330J 
0 


2.3 Bicycle Pump 


Air is compressed inside the inner tube of a bike using a manual bicycle pump. The handle 
of the pump is brought down from an initial position x2 to a final position x; where x; < x2 
and the norm of the force is assumed to be given by, 
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X2— XxX 


F (x) = Fax 
X2— X1 


The process is assumed to be reversible and the cylinder of the pump has a cross section A. 
Determine in terms of the atmospheric pressure po, 


a) the work W;, performed by the hand on the handle of the pump, 
b) the pressure p (x), 
c) the work W12 performed on the system according to relation (2.42). 


Numerical Application: 
F max = 10 N, x, = 20 cm, x. = 40 cm, A = 20 cm? and pp = 10° Pa. 
Solution: 


a) The work performed by the hand on the handle of the pump is, 


b) The net pressure p (x) exerted on the air inside the inner tube of the bike when the 
handle of the pump is at position x is the sum of the atmospheric pressure po and the 
force F (x) exerted by the piston on the air divided by the surface A, 


ie FQ) | Fax %2— * 
P\X) = Por a = Por A 


X2— XxX) 
= (10° +5- 10° (2— 5x)) Nm” 
c) The work performed on the system by the atmosphere and by the person pushing the 
handle of the pump is, 


XY] XY 
Wa=— | poAdx— | D(x) Adx = poA (x2 — 41) + W, = 41S 


x2 x2 


2.4 Rubbing Hands 
| 


Rubbing hands together is a dissipative process that we would like to model and quantify. 


a) Determine the mechanical power Py dissipated by friction during this process, in terms 
of the friction force F™ and the the mean relative velocity v of a hand with respect to 
the other. 

b) At room temperature 7, determine the entropy production rate Is of this process. 
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Numerical Application: 


\|F*|| =1N, ||v|| = 0.1 m/s and T = 25°C 


Solution: 


a) With respect to the centre of mass frame of reference of the hands, each hand is moving 
with a velocity of norm ||v||/2. The friction force F™ is opposed to the relative motion 
of the hands, i.e. F* - » < 0. The mechanical power is written, 


Py = (—F*)- (5) + (Ff). (-3) =-F* -y=01W 


b) It can be presumed here that no heat is transferred to the environment, so that the 
evolution equation (2.18) for S implies S = Is. The evolution equation (1.29) for the 
internal energy implies U = Py. As the internal energy U is a function of the entropy S 
only, U = TS. Consequently, the entropy production rate is given by, 


7 Py _ Ft 


“yv 
= 3.36-10°-*W/K 
r i 


Ils 


2.5 Heating by Stirring 


In an experiment similar to the Joule experiment (Fig. 1.1), an electric motor is used instead 
of a weight to stir the liquid. The thermal power Po, assumed to result from the friction, 
is known. The coefficient cy, which represents the heat per unit mass and temperature, is 
known and it is assumed to be independent of temperature. 


a) Deduce the temperature rise AT after stirring for a time Ar. 
b) Find an expression for the entropy variation AS during this process, which started at 
temperature 7. 


Numerical Application: 


M = 200 g, Po = 19 W, cm =3 Jg7'K~!, At = 1205, Ty = 300K. 


Solution: 
a) According to the first law, the increase of internal energy AU during a time interval At 

is given by, 

AU = Po At 
The increase of internal energy AU for a temperature increase AT of the liquid yields, 
AU = Mcy AT 

Thus, by comparing these two equations, the temperature increase AT is found to be, 

_ PoAt 


AT= 
Mcy 


= 3.8K. 
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b) The first law (2.22) is written as, 


. : . &P 
U=TS=Po thus s= 3 
According to a) the temperature is given by, 
Po 
T=TM+——t 
oF Mcnu 
which implies that, 
P 
Po Podt Mc : Tr 
dS = = dt= =Mcy “ 
Q Q 
Tyo + —~t 1+ t 
°" Meu Meu To 
When integrating this equation over time, we obtain, 
P 
ae) May 
sijf= dS = Mcy M rp 
So 0 ig) a 
Mcy To 
Po t 
=S9+Mcyln | 1 
o+ cura ( +7) 


Thus, the entropy increase during the stirring process is, 


PoAt 
AS = S (At) — Sp =Mecyln{ 1 
S = S(At) — So CM n( + eo 


2.6 Swiss Clock 
S| 


A Swiss watchmaker states in a flyer the mechanical power Py dissipated by a specific 
clock (Fig. 2.1). The work provided to the clock is due to the temperature fluctuations AT 
around room temperature 7 that let the clock run during a time ¢. We consider that the 
atmospheric pressure p ext is equal to the pressure of the gas p, i.e. Dext = p. The pressure 


A clock receives its energy from the gas capsule (shaded area). The gas expands and contracts under the effects of 
the temperature fluctuations in the room. 
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p and the volume V of the gas are related by the ideal gas law pV = NRT where R is the 
ideal gas constant. Consider that the gas in the capsule is always at equilibrium with the air 
outside of the capsule (pressure and temperature are the same inside and outside). From the 
watchmaker’s information, estimate the volume V of the gas capsule used to run this clock. 


Numerical Application: 
Py = 0.25 - 10-6 W, T = 25°C, AT = 1°C, pew = 10° Pa and t = 1 day. 
Solution: 


According to relation (2.41), the infinitesimal work performed on the gas in the volume V 
inside the capsule, at constant atmospheric pressure p, is given by, 


OW =—-—pdV 
The ideal gas law implies that, 


a gp 


Thus, the infinitesimal work performed on the gas by the environment is given by, 
dW = — NRaAT 


The initial state i corresponds to the “hotter” equilibrium state just after a fluctuation 
and the final state f corresponds to the “colder” equilibrium state just before the next 
fluctuation. The work Wir performed on the gas between the initial state i, characterised 
by the thermodynamic quantities (V; = V+ AV, T; = T + AT) and the final state 
Jf characterised by the thermodynamic quantities (Vy; = V, Ty = T), is obtained when 
integrating the previous equation, 


Ty 
Wy = — | NRdT = NRAT 
T; 
Moreover, the ideal gas law evaluated in the final state implies that, 
pV 
if = —-AT 
Wig T 


Thus, 
_ We 
~— pAT 


The work Wj, must be equal to the product Pyt of the mechanical power Py required to 
run the clock and the time ¢ during which it runs, i.e. Wir = Pywt. Thus, the volume V of 
the capsule is given by, 

= PywtT 


V= = 128 cm? 
p AT cm 
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2.7 Reversible and Irreversible Gas Expansion 
_————————————————————— ae 


A mole of gas undergoes an expansion through two different processes. The gas satisfies 
the equation of state pV = NRT where R is a constant, N the number of moles, p the 
pressure, T the temperature and V the volume of the gas. The initial and final temperatures 
are To. The walls of the gas container are diathermal. However, if a process takes place 
extremely fast, the walls can be considered as adiabatic. The initial pressure of the gas is 
P1, the final pressure is p2. Express the work performed on the gas in terms of pj, p2 and 
To for the following processes: 


a) areversible isothermal process, 

b) an extremely fast pressure variation, such that the external pressure on the gas is p2 
during the expansion, then an isochoric process during which the temperature again 
reaches the equilibrium temperature 70, 


Solution: 


To compute the work performed on the gas undergoing a process from the initial state 
(Vi, p1, To) to the final state (V2, p2, To), we use the state equation, 
HV=pHewRh tw 222 
Vi po 
a) The work performed on the gas during a reversible expansion from the initial 
state (Vi, 1,7) to the final state (V2,p2, 7) is obtained by calculating the integral 
expression (2.42), 


I ae V> 
Wi2=— | pdV=—-NRT) | = =—NRIpn| — 
Yi Vi 1 


=< WRT lit (2) = NRTp|n (2) 
P2 Pi 


b) There is no work performed on the gas during an isochoric process since the volume is 
constant. However, to determine the work performed by the environment at pressure 
p' = p» on the gas during an irreversible isobaric process from the initial state 
(V\,p1, To) to the final state (V2,p2,7)), we need to integrate the general expres- 
sion (2.36) for the mechanical power Py over time, 


to V2 V2 V2 
Wa = | Pydt=— | puay=— | p,dV =—-po dV 
V 


t a 1 Vi 


= — pov + pV = (piV1) — prV2 = NRT) (2 = 1) 
1 


Thermodynamics of Subsystems 


The exercises given in the last section of Chapter 3 are presented here with their solutions. 


3.1 Thermalisation of Two Separate Gases 
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An isolated system consisting of two closed subsystems A and B is separated by a 
diathermal wall. Initially, they are held at temperatures 7 and 7}. Subsystem A contains 
N, moles of gas. The internal energy of the gas is given by Uy = cyN4RTy, where T, is 
the temperature of the gas, R is a positive constant and cy is a dimensionless coefficient. 
Likewise, there are Nz moles of gas in subsystem B and the internal energy of the gas is 
given by Ug = cgNgRTpz. 

a) Determine the change of the internal energy U, due to the thermalisation process. 


b) Compare the initial temperature 7}, and the final temperature 7; of the system if the size 
of subsystem B is much larger than that of subsystem A. 


Solution: 


According to § 3.2, the equilibrium under the circumstances specified in this exercise 
is characterised by equal temperatures for both subsystems. Since the whole system is 
isolated, the total energy U is conserved which means that the initial value U; is equal to 
the final value U;. Thus, we have, 


U; = caNaR Ti, + cgNgRT5 = caNaR Ty + cpNpR Ty = Uy 
which implies that, 


T= caNaT{ + cgNpgT} 
f c4N4 + cgNp 


a) The internal energy variation is given by, 


; N4Ti + cgNeTi ; 
AU4 = c4NgR (Tp — T4) = c4NaR (é Aly + CaNglp r,) 


c4N4 = cpNpg 


which is recast as, 


-1 
1 1 F ; 

AU, =R —— T, — T! 
Ua Gr - =z) ( = 4) 
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b) The final temperature of the system 7; can be recast as, 


1 ; c4 N4 : 
i es ee Ti peeps AL 
I ca Ng ( Be, 1] 
1+—— 
cp Neg 


If subsystem B is much larger than subsystem A, it will contain much more gas, i.e. 
Na < Ng. In this limit, the final temperature of the system 7; is the initial temperature 
T}, of the subsystem B, 


T= Ts 


Thus, the temperature 7; remains constant during the thermalisation process. In other 
words, the large system does not change its temperature when put in contact with the 
small subsystem A. We will formally introduce the notion of thermal bath in § 4.5.1. 


3.2 Thermalisation of Two Separate Substances 
VSS SSeS SSS 


The entropy of a particular substance is given in terms of its internal energy U and number 


of moles Nas,! 
U RU NEo 
V, = NRl1n| 14 + In{14 
scr na (1652) + BL (14M) 


where R and £» are positive constants. A system consists of two subsystems containing 
such a substance, with V4 moles in subsystem A and Ng moles of it in subsystem B. 
When the subsystems are set in thermal contact, their initial temperatures are 7), and Tp. 
Determine the final temperature 7; of the system. 


Solution: 


As shown in § 3.2, the equilibrium is characterised by equal temperatures for both 
subsystems. Thus, we have to find an expression for the temperature of this substance. 
We defined the temperature as the partial derivative of the internal energy U with respect 
to the entropy S. When taking the inverse of that relation, according to a well-known 
mathematical rule, which can be found in § 4.7.2, we obtain, 


NEo 


'G. Carrington, Basic Thermodynamics, Oxford Science Publications, Oxford University Press, New York 
(1994). 


3.3 Diffusion of a Gas through a Permeable Wall 


Then, as in exercise 3.1, we apply the internal energy conservation to the total system and 
we find, 


-1 


Ny Na 
as 1-4 Na + Ne f Na +Nep 
RT; — Eo _] Eo 1 

P i exp i 

RT! RTA 


3.3 Diffusion of a Gas through a Permeable Wall 
jn es _______—| 


Analyse the time evolution of a gas consisting of one substance that diffuses through a 
permeable wall. Thus, consider an isolated system containing N moles of gas, consisting 
of two subsystems of equal volumes separated by a fixed and permeable wall, with N, (1) 
moles of gas in subsystem | and N>(t) in subsystem 2. In order to be able to find the 
time evolution, model the chemical potentials in each subsystem by assuming that they are 
proportional to the amount of matter. In order to simplify the expressions in the solution, 
write, 


LN 
(M1) ~ Fr 
LN» 
[y(N2) = oe 


where t > 0 will be identified as a specific diffusion time, F > 0 is the Fick diffusion 
coefficient and ¢ > 0 is a specific length. Initially, there are No moles in the subsystem 1, 
ie. N\(0) = No, and N — No moles in the subsystem 2, i.e. No(0) = N— No. Determine 
the evolution of the number of moles N;(¢) and N2(t). Find the number of moles in each 
subsystem when equilibrium is reached. 


Solution: 

The amount of gas in the system is equal to the sum of the amounts of gas in the subsystems, 
N = N\(t) + Na(t) 

According to the irreversible diffusion equation (3.45), the variation rate N; of the number 


of moles of gas in the subsystem | is given by 


M = FS (2-1) = 32 0) ~ MO) =-= (MO - 5) 


The integral of this evolution equation is written as, 


Ni (t) dN 1 ft 
| 0 at Noe | dt’ 
No M << oy T 0 
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and the result of this integration is given by, 


which implies that, 


Given that N>(t) = N — N,(t), we have, 


Na(t) = x 4 (5 = no) exp (- “) 


Thus, at equilibrium, when t > oo, 


N 
Ni (00) = No(00) = 5 
which means that there is the same amount of gas in each subsystem. Thus, at equilibrium, 


the system is homogeneous. 


3.4 Mechanical Damping by Heat Flow 
nn ee | 


An isolated system of volume Vp consists of two subsystems, labelled 1 and 2, separated 
by an impermeable and moving diathermal wall of mass M and of negligible volume. Both 
subsystems contain a gas. The presure p, the volume V, the number of moles N and the 
temperature T of the gas are related by the equation pV = NRT where R is a positive 
constant (see § 5.6). The internal energy of this gas is given by U = cNRT where c is 
a dimensionless coefficient (see § 5.7). Initially, both subsystems are at the temperature 
T;. Subsystem | is in a state characterised by a volume V;; and a pressure p);. Likewise, 
subsystem 2 is characterised by a pressure pz; and a volume V;. Determine, 


a) The number of moles N; and N> in subsystems | and 2. 

b) The final temperature 77 when the system has reached equilibrium. 

c) The final volumes Vir and V2 of the subsystems when the system has reached 
equilibrium. 

d) The final pressure py when the system has reached equilibrium. 

e) Determine the entropy variation between the initial state and the final equilibrium state 
and show that, for the particular case where N; = Nz = N, the result implies an increase 
in entropy. 

f) As in § 3.3, assume that the wall is able to transfer heat fast enough that the temperature 
T stays the same on both sides of the wall, which means that the heat transfer is 
reversible. Take into account the kinetic energy of the wall, neglect any heat stored 
inside the wall. Show that the wall comes to its equilibrium position with a velocity v 
that decays exponentially with a time constant 7 inversely proportional to the thermo- 
hydraulic resistance R tp. 
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Solution: 


a) Since the wall is impermeable, the numbers of moles N; and N are constant. Thus, in 
the initial state, 


V,. Vs. 
= Pil" ii and NA = P2i" 2i 


Mi RT, RE 


b) Since NV, and Np are constant, the conservation of total internal energy implies that the 
temperature is constant, i.e. Ty = Tj, 


CN|RT; + cN2RT; = cN|RT¢+ CNR Ty 
c) Owing to the equation of state for each subsystem in the final state, we have, 
Pip = NRT; and PV 2¢ = NoR Ty 
Similarly, the equation of state for the system in the final state is written as, 
PpVo = (M + Nz) RT, 


By identifying the final pressure py in the relations above, we obtain the final volumes 
of the subsystems, 


meee 
= Ni +Np 


N: 
Vo and Vor = N a Vo 
1 


d) The final pressure py is given by, 


(Ni + Nz) RT, 
0 


It is the pressure of a gas of N; + Nz moles at temperature 7; occupying the volume Vo 
of the whole system. 

e) Although the process is irreversible, as explained in § 3.3, we can make use of the 
fact that entropy is a state function and compute how it would change if the system 
underwent a reversible process. Thus, we consider that subsystem | and 2 undergo an 
isothermal process at the temperature 7; = Ty = T, which implies that their internal 
energy is constant, 1.e. dU; = cN|RdT = 0 and dU, = cNRdT = 0. Hence, we can 


write 
N,RT 
dU, = — p\dV, + TdS, = — 7 dV, + TdS, =0 
1 
NRT 
dU = — podV_ + TdS, = ——— dV, + TdS, = 0 


2 


The integration of these relations between the initial state i and the final state f yields, 


V V. 
ASiy=MRin (7) and ASsy = Nokin (2) 
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In the particular case where N, = Ny = N, Vig = Vor = Vo/2, we have Vo; = Vo — Vii. 
Thus, the entropy variation is given by, 


V. V: 
ASi¢ = AS, i¢ + AS2 if = NR In (72) + NRIn @ 
li 2i 


Vii V2; Nii Vii 
=—NRIn (HF) ——NRIn («7 (1 = )) 
Vig Vor Yo Vo 


where 0 < V4;/Vo < 1. The argument of the logarithm is unity when V;;/Vo = 1/2 and 
then the entropy variation vanishes, i.e. ASjy = 0. This means that in this particular case 
nothing happens as the initial state is already the equilibrium state. For all other values 
of V;;/Vo, the argument of the logarithm is found between 0 and 1, hence the entropy 
variation is positive. 

The internal energy of the system is the sum of the internal energies of the subsystem 
and the kinetic energy of the wall, 


U=U,+U,+ suv 
Since the system is isolated the total internal energy is constant. Thus, 
U=U,+U,+Mvv=0 
Given that both subsystems are at temperature 7, the time derivative of the internal 
energy of the subsystems is given by, 
U, = TS, — po and Uy = TS) — piV2 


Hence, we have, 


U=7(si + 52) pV piV2 +-Mvv=0 


Furthermore, since the heat transfer between the two subsystems is reversible, the total 
entropy of the system is constant. Thus, 


s = S + S$) =0 
This implies that, 
el ; 
lai (p2 Vi + piV2) 


which is Newton’s law of motion for the wall. Since the volume of the system is 
constant, V7 = — V;. Furthermore, according to the law (3.31), Newton’s law of motion 
can be recast as, 

. R hy 
(p2 — pi) V1 Sa 
Assuming that the velocity of the wall v is positive when the volume of the subsystem 
1 incresases, we have V; = Av where A is the area of the wall. Thus, the deceleration 
of the wall is given by, 


1 
Mv= 


Vv 


Ry A? 
Se 


M 
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The integration of this relation from the initial velocity v; to the velocity v (f) yields, 


v(t) =v; exp (- “) 


where tT = M/ (R th A’) is the mechanical damping time constant. 


3.5 Entropy Production by Thermalisation 
7 


In exercise 3.6.2 devoted to the thermalisation of two blocks, show for the particular case 
where N; = N2 = N that the entropy variation, 


7 T 
AS = 3N,RIn ( —£ ) +3N,RIn(| + 
T; T 


is strictly positive. 


Solution: 


In the particular case where VN; = N2 = N, the final temperature is given by, 


Tfp= 


(7, + T2) 


NR 


which implies that the entropy variation is recast as, 


aw 3 - ( 4T\T> 


Since the initial temperatures 7; and 7) are different, taking into account the identity, 
(W-hyY=R+R-2%%>0 implying B+R>27)T% 


the entropy variation is strictly positive, 


4T,T> 
AS > 3NR1n (Fe) =0 


as it should for an irreversible process. 


3.6 Entropy Production by Heat Transfer 
Se ee aa 


An isolated system consists of two subsystems labelled 1 and 2 analysed in exercise 3.6.1. 
Using the second law (2.2), show that in a stationary state when 7; > 7» the entropy 
production rate IIs of the whole system is positive when heat flows across these two 
subsystems despite the fact that, according to equation (2.23), ITs, = Is, = 0. 


Solution: 


Recall that the entropy production rate of the system cannot be simply obtained by adding 
the entropy production rates in each subsystem (see equation (3.14)). The system is in a 
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stationary state, which implies that the time derivative of the entropy vanishes, i.e. S = 0. 
Thus, according to the second law (2.2), the entropy production rate is equal to the opposite 
of the entropy exchange rate, i.e. 


S=Iy+Ts =0 and thus Ils = —Is 


The entropy exchange rate Js is the sum of the entropy inflow rate po /T, from the 
environment into subsystem | and the entropy outflow rate — pe” /T> from subsystem 2 
to the environment, where the negative sign characterises a loss of entropy. Thus, we have, 


p2) po) 
Is 


Ty T, 


Since 7; > 7», heat flows from subsystem | to subsystem 2, thus Pe > 0. As established 
in problem 3.6.1 for a stationary heat flow, e a ie = PS , thus 


3.7 Thermalisation by Radiation 
SSS) 


An isolated system consists of two blocks made of the same substance (Fig. 3.1). The 
internal energies of blocks 1 and 2 are U; = C, T; and Uz = C> T where C, and C) are 
two positive constants. Two sides of the blocks face each other exactly. The area of each 
side is A and they are separated by a fixed air gap. We neglect the heat conductivity of the 
air in the gap. The radiative thermal power that block i exerts on block j, where i,j = 1, 2, 
is given by, 


PY = oA (7 =] (0) 


where o is a constant coefficient. 


Two blocks of the same material face each other, separated by air. Thermal conduction through the air and 
convection are neglected. The blocks come to a thermal equilibrium due to heat exchange by radiation. 
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a) Determine the final temperature 7; of the system when it reaches equilibrium. 

b) Derive the time evolution equation for 7; (t) and T) (f). 

c) Consider the particular case where C; = Cy = C and the limit of small temperature 
variations, i.e. T) (t) = Ty+ AT, (t) and T) (t) = Ty + AT) (t) with AT; (t) < Ty and 
AT) (t) < Ty at all times. Show that the temperature difference AT (t) = AT, (t) — 
AT) (t) is exponentially decreasing. 


Solution: 


a) Applying the internal energy conservation law to the whole system, we obtain the final 


temperature at equilibrium, 
C, T; + C2 T2 
Ty = ————— 
: C; + Co 


b) The first law applied to each subsystem reads, 
t= Ch = Py” =0A (Tf - TH) 
U; = C2 Tr po oA (T} — Tz) 


Thus, the temperature time evolution equations are given by, 
oA E oA 


f= G (- TY) and h= G (T? — T;) 
c) In case where C; = C2 = C, the time derivatives of the temperature variations yield, 

. oA 

An== ((t;+ Any (is ar,)') 
. oA 

An, == ((t;+ Any = (Hs Ar:)") 

In the limit where A7, < Tyand AT) < Ty, these results reduce to, 
: 40A 
AT, = ca T? (AT, — AT) 
40A _, 


AT, = a (AT, — ATy) 


Subtracting these two equations yields, 
. ‘A 
ar=*%4 rar 
CG : 


where AT = AT, — AT). After integration, we obtain, 
AT (1) = AT(0) exp (- =) 
= 


where AT (0) = 7; (0) — T> (0) and the damping time constant 7 is, 


C 
Y > Rel 
8a. 7 
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The exercises given in the last section of Chapter 4 are presented here with their solutions. 


4.1 Adiabatic Compression 
—C:isSCSCSCSCSCsés 


A gas is characterised by the enthalpy H (S,p) = C, T, where C, is a constant (called heat 
capacity and defined in § 5.2), and by pV = NRT, where p is its pressure, V its volume, 
T its temperature and N the number of moles of gas. An adiabatic reversible compression 
brings the pressure from p; to py where p2 > p,. The initial temperature is T,. Determine 
the temperature T> at the end of the compression. 


Solution: 


For a reversible adiabatic process, we have dS = 0. Then, the enthalpy differential is 
given by, 
dH = C,dT = TdS + Vdp = Vdp 
Since pV = NRT, it can be recast as, 
dT _ NR dp 
rT GC, p 
The integration of this relation from the initial state (7), p:) to the final state (T>, p2) yields, 


m(B)-Mtn(2) 
T| Cy Pi 


The exponentiation of this equation yields the temperature at the end of the compression, 


4.2 Irreversible Heat Transfer 
OC Le 


A cylinder closed by a piston contains N moles of a diatomic gas characterised by 

U = (5/2) NRT and by p V = NRT, as in exercise 4.1. The gas has a temperature T when 

it is brought in contact with a heat reservoir at temperature T.,;, causing an irreversible 
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process to occur. The pressure p of the gas is equal to the constant pressure px of the 
environment at all times, i.e. p = Pex, = const. Determine the amount of heat exchanged. 


Numerical Application: 


N=0.5 mol, T= 450K and Text = 300K. 


Solution: 


The enthalpy of the gas is given by, 
5 7 
H=U+pV= pT TART = gee 
According to the relation (4.61), the heat exchanged yields, 


Oi = AH = TNR (Ty— T;) = 2.18K/. 


4.3 Internal Energy as Function of T and V 
a ee ee 


Establish the expression of the differential of the internal energy dU (s (7,V), V) as a 
function of the temperature T and the volume JV. In the particular case of a gas that satisfies 
the relation p V = NRT, show that du(s (T,V), V) is proportional to dT. 


Solution: 


According to the mathematical definition (4.76), the differential dU (s (T,V), v) is 
expressed as, 


au(s(r, ), V) as(T.V) 


S(T) ar | 7 


du(S(T, Y), V) = 


| au(s(r,V).V) OS(T,V) au(sit.7).7) dV 
| aS(S,V) oy ad 


Using the definitions (2.9), (2.10), (4.77) and the Maxwell relation (4.71), we obtain, 
TV 
OU) or 4 (reo ) _ pir, 1) dV 


~ Or 
In the particular case of a gas that satisfies the relation p V = NRT, the terms inside the 
brackets cancel each other out and the differential reduces to, 


du(S(7,V),V) = an aT 
V 


du(S(7, Y), V) 


V 


which is indeed proportional to dT. 
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4.4 Grand Potential 
——SSSS>S>S>S>>>SSS==EESEE=——eE—eE————————————————<$£=| 


The grand potential ® (T, V, {,,}), also known as the Landau free energy, is a thermody- 
namical potential obtained by performing Legendre transformations of the internal energy 
U(S, V, {N4}). Use Legendre transformations to express the thermodynamical potential 
® (T, V, {44}) in terms of the thermodynamical potential F. Also determine the differential 


d® ve V, {H4}). 


Solution: 


To obtain the grand potential ® (7, V, {4.4}), we perform Legendre transformations on the 
internal energy U (S, V, {N4}) with respect to the entropy S and the number of moles Ny of 
every substance A, 


OU OU 
= s = U- TS— s N, 
U s> . wv, NA U S . LyNaA 


=F- 7 u4Na=—pVv 
A 


Differentiating the grand potential ® (7, V, {41,}) yields, 


d& = dU — TdS— SdT- S~ gdNa— S~ Nady 
A A 


=—SdT— pdV— S° Nadu, 
A 


4.5 Massieu Functions 


Two of the Massieu functions are functions of the following state variables: 


The Massieu functions are obtained by performing Legendre transformations of the state 
function entropy S(U,V) with respect to the state variables U and V. Use Legendre 


1 1 F 
transformations to express the Massieu functions J (5 : r) and Y (>. e) in terms of 


1 
the thermodynamical potentials F and G. Determine also the differentials d/ (+. r) and 


1 p 
ig pa ae 
(3) 
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Solution: 


The entropy S(U, V) as a state function reads, 


1 P 
S= -U+EV 
T {FT 


and its differential is written as, 


Thus, 
OSs 1 OS p 
ekaceg ne d alee 
aU TT " ay Tt 
1 ‘ 
To obtain the Massieu function J (5 JV ) , we perform a Legendre transformation on the 
entropy S(U, V) with respect to the internal energy U, 


Os U F 


T T 
perform two Legendre transformations on the entropy S(U, V) with respect to the internal 
energy U and the volume V, 


1 
Likewise, to obtain the Massieu function Y (+. ‘). also called the Planck function, we 


au V OV T T T 


1 
Differentiating the Massieu function J (+. r) yields, 


1 1 1\ p 
dJ = dS— =,dU va(5) - ua(z) + dV 


1 
Similarly, differentiating the Massieu function Y GG : ‘) yields, 


dY = dS = dU va(>) fav va(2) = va(;) va (2) 


4.6 Gibbs—Helmoltz Equations 
SS EEE 


a) Show that 


U(S,V) = ge (AS) 


where T = T(S, V) is to be understood as a function of S and V. 
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b) Show that 


H(S.p) = ee (“oP 


where T = T(S,p) is to be understood as a function of S and p. 


Solution: 


a) The internal energy U is related to the free energy F and expressed in terms of the state 
variables S and V as, 


ue VS F(T(S, ), v) +T(S,V)S 


Using the definition (4.26) and the chain rule, it can be recast as, 


U(S,V) = F(T(S,N),V) — T(S,0) gee) 


,a (F(t”.7) 


b) Likewise, the enthalpy H is related to the Gibbs free energy G and expressed in terms 
of the state variables S and p as, 


H(S,p) = G(T(S.p) .?) + T(S,p)S 
Using the definition (4.40) and the chain rule, it can be recast as, 
H(S,p) = G(T(S T(S 9a(r(s.P).») 
( »P) = ( ( ,P),P) - ( :P) ——a 
> 0 G(T (S.p) .P) 


4.7 Pressure in a Soap Bubble 
EE 


A soap bubble is a system consisting of two subsystems. Subsystem (f) is the thin film and 
subsystem (g) is the gas enclosed inside the film. The surrounding air is a thermal bath. 
The equilibrium is characterised by the minimum of the free energy F' of the system. The 
differential of the free energy dF reads, 


dF = — (Sg +S;)dT +2 dA — (p— po) adv 


where A is the surface area of the soap film and V the volume of the bubble. The parameter 
7¥ is called the surface tension. It characterises the interactions at the interface between the 
liquid and the air. Since the soap film has two such interfaces, there is a factor 2 in front 
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of the parameter y. The surface tension 7 is an intensive variable that plays an analogous 
role for a surfacic system as the pressure p for a volumic system. However, the force due to 
pressure of a gas is exerted outwards whereas the force due to the surface tension is exerted 
inwards. This is the reason why the signs of the corresponding two terms in dF differ. The 
term p — [po is the pressure difference between the pressure p inside the bubble and the 
atmospheric pressure po. Consider the bubble to be a sphere of radius 7 and show that, 

ay 


P— Po=— 
r 


Solution: 
Since the surrounding air is a thermal bath, the temperature is constant, i.e. dT = 0. Fora 
spherical bubble, the area differential is given by, 

dA =4n (r+dr? — 4nr =4n (2rdr + dr’) = 8 rdr 


where we neglect the second-order term in dr*. The volume differential is given by, 
4 4 

d= - (r4 dr) - 

where we neglect the second-order term in dr? and the third-order term in dr>. At 


equilibrium, the free energy F' is minimum. Thus, 


dF = 16m -yrdr — 4x (p — po) r’'dr =0 


4 
r= + (377dr +3 rd? + dr’) we An rdr 


which implies that the pressure difference is given by, 


4y 
P- Po= 
r 


4.8 Pressure ina Droplet 
—SSE—SSEEE—E—EE———EE————EE————>IO—————————— | 


Determine the hydrostatic pressure p inside a droplet, as a function of its radius r (Fig. 4.1). 
Assume that the drop (d) forms at the end of a short thin tube mounted at the end of vertical 
cylindrer containing the liquid (/). When a drop forms at the end of the tube, the change in 
the container height is negligible. If the height of the liquid above the tip of the tube is h, 
then the hydrostatic pressure is p = po + pgh, where p is the volumetric mass density of 
the liquid, and g characterises the gravitation at the surface of the Earth. For this liquid, the 
differential of the free energy reads, 


dF = — (S; + Su) dT + ydA — (p — po) dV 
Show that 
27 
P— Po= — = pgh 
r 
Solution: 


The pressure difference is obtained by performing the same calculation as for the soap 
bubble, using the surface tension y instead of 2. 


394 


Thermodynamic Potentials 


Po 


P= Dy t pgh 


Principle of a setup that could be used to estimate the influence of surface tension on the pressure inside a liquid 
drop. The container is wide enough, so that when a drop is forming, the change in height of the liquid is negligible. 
The system is in a thermal bath at constant temperature 7. 


4.9 Isothermal Heat of Surface Expansion 
I | 


A system consists of a thin film of surface area A, of internal energy U (S, A), where 
dU=TdS+~7dA 


Hence, the surface tension is given by 


OU (S, A) 
S,A) = ——— 
7 (S, A) ey 
Express the heat Q, to provide to the film for a variation AAjy = Ay — A; of the surface of 
the film through an isothermal process at temperature 7, that brings the film from an initial 


state i to a final state f, in terms of y (7, A) and its partial derivatives. 


Solution: 


Perform a Legendre transformation on the internal energy U(S,A) with respect to the 
entropy to define the free energy and derive its differential, 


dF (T,A) = —S(T,A)dT ++ (T,A) dA 


where 
OF(T, A) OF (T,A) 
vl 9 ) OA and S( ? ) OT 
For an isothermal process, we can compute the heat Qj as, 
OS (T,A 
Oy = TAS, = TOLL”) ayy 


The Schwarz theorem applied to free energy F(T, A) yields, 


0 (OF\ a (aF 
a4 at) ar \ aA 
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which leads to the Maxwell relation, 
OS (T, A) Oy (T,A) 


OA OT 


Hence, the heat is given by, 


4.10 Thermomechanical Properties of an Elastic Rod 
Ow a aas| 


An state of an elastic rod is described by the state variables entropy S and length Z. The 
differential of the internal energy U (S, L) of the rod is written as, 


_ OU(S,L) aU (S,L) 
aU Fa) IL 


dS 4 dL = T(S,L) dS +f(S,L) aL 

Note that f(S,Z) has the units of a force. The longitudinal stress 7 on the rod is 7 = i 
where A is the cross-section of the rod. We neglect any change of A due to f. The physical 
properties of the rod material are given by the linear thermal expansion coefficient at 
constant stress, 

_ 1 OL(Tf) 


L OT ° 


and the isothermal Young modulus, 
_ L OTL) 


A OL 
Make use of these two physical properties of the material to answer the following 


questions : 


a) Compute the partial derivative of the rod’s stress 7 in the rod changes with respect to its 
temperature when its length is fixed. Consider that the cross-section A is independent 
of the temperature. 

b) Determine the heat transfer during an isothermal variation of the length of the rod ALi 
from an initial state 7 to a final state fin terms of a and E. 

c) Compute the partial derivative of the rod’s length Z with respect to its temperature 7. 


Solution: 


a) Applying the cyclic rule (4.81) to the force F (7, L) we obtain, 
Of OT OL _ 


OT OL Of | 


and thus 
Of OL Of | 


aT drat °4® 
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Since the cross section A is independent of the temperature, the stress in the rod varies 
with temperature as, 


Or 
ey 2: 
ro 
b) At constant temperature T, the infinitesimal heat transfer is written as, 
os 
60 = TdS(T,L) = T — dL 


Thus, after integration, we obtain the heat transfer for an isothermal process from an 
intial state 7 to a final state f 


Os 
Or = Tor ALiy 


The differential of the free energy is, 
dF = —S(T,L) dT +f(S,L) dh 
The Schwarz theorem applied to free energy F(T, L) yields, 
OOF) . @ [OF 
OL\ OT) OT\OL 
which leads to the Maxwell relation, 
OS(T,A) _ Of(S,L) 
OL COT” 


Using the Maxwell relation and the cyclic rule (4.81), the heat transfer can be recast as, 


of, OL a. — | 


For an abiabatic process, we need to determine the derivative of the length Z (S, 7) with 
respect to temperature when the entropy is kept constant. Using the cyclic rule (4.81), 


Oi = —T 


Cc 


wm 


OL __ or as 
OT ~— OS OL 
When identifying the expressions of the heat transfer Qj obtained above, we find, 
Os 
—=adAE 
aL” 
Thus, 
OL aAET OS (T,L) 
ia h =T 
aT _ where Cr aT 


4.11 Chemical Power 
LEE Se eee 


An open system consists of a fluid of a single substance kept between two pistons sliding 
inside a cylinder with adiabatic walls. Matter enters and exits the cylinder in two specific 
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Po 


Two pistons slide in a cylinder that contains a fluid that enters and exits the system. The pressure at the entrance is 
p* and the pressure at the exit is p— . The mechanical power generated by the pistons on the system is Py and the 
chemical power generated by the matter flows is Pr. 


locations. These two matter flows generate a chemical power Pc. The pressure at the 
entrance is pt and the pressure at the exit is p~. The pistons exert a mechanical power 
Py on the fluid. Since the walls are adiabatic there is a heat transfer through convection 
but no through conduction, ic. Po = 0 (Fig. 4.2). For this open system, show that the 
chemical power Pc generated by the matter flow can be written as, 


Po =h* Nt — h-N~ 
where N+ and N~ are the rates of substance entering and exiting the system and A+ and 
h~ are the molar enthalpies entering and exiting the system. 
Solution: 
The rates of variation of substance and of volume satisfy the following conservation laws, 
N=Nt — N- and Voyr-y 


where WN is the number of moles of substance in the system, V is the volume of the system, 
V+ and V~ are the volumes entering and exiting the system per unit of time. The molar 
internal energies u*+ and u~ and the molar volumes v* and v~ entering and exiting the 
system per unit of time are defined as, 

4 Ur U- ~~ vr V- 


ho > SE u_ Vo =a and Vv 


y ~ WE L ~ VE 


where Ut and U~ are the internal energies entering and exiting the system. The time 
derivative of the internal energy of the system is the difference between the rate of variation 
of the internal energy due to matter entering the system, i.e. w+ N*, and to matter exiting 
the system, i.e. — u~ N~. Thus, 


U=ut Nt — u-N- 
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According to relation (2.16), the mechanical power exerted by the environment on the gas 
is the difference between the mechanical exerted at the entrance, ic. —p*V*, and the 
mechanical power exerted at the exit, i.e. p~ V~. Hence, 


Py=—ptyvt +p V- 


Since there is no conductive heat transfer, the thermal power vanishes, i.e. Po = 0. 
According to the first law (1.28), the chemical power then is written as, 


Po =U-— Pyw=utNt— uN +ptvt— pv 


Thus, the chemical power exerted by the matter flow consists of two convective con- 
tributions : the convective heat transfers ut N+ — u~N~ and the mechanical actions 
p+V+ — p-V-. Taking into account the definition of the entering and exiting volumes 
per unit of time, 


Vt =ytnt and V- =v N- 
and the entering and exiting molar enthalpies, 
ht =ut +ptvt and h~ =u +p v- 
the chemical power reduces then to, 


Po =htNt — h-N7 


Calorimetry 


The exercises given in the last section of Chapter 5 are presented here with their solutions. 


5.1 Heat Transfer as a Function of V and p 


The infinitesimal heat transfer dQ is expressed as a function of the state variables T and V 
in equation (5.4). It was done as a function of the state variables 7 and p in equation (5.17). 
Express the infinitesimal heat transfer 6Q as a function of V and p. 
Solution: 
The infinitesimal heat transfer 6Q can be expressed as a function of V and p as, 

6Q =T(V,p) dS (V,p) = Ly (V,p) dV + L, (V,p) dp 


where 
OS (V,p) OS (V,p) 


Ly (Vp) =T(V,p) aT and = LL (V,p) = T (Vp) a 


5.2 Bicycle Pump 
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A bicycle pump takes a volume AV of air at atmospheric pressure po and constant 
temperature 7) and compresses it so that it enters a tire that has a volume Vo. The air 
inside the tire is initially at atmospheric pressure po and can be considered as an ideal gas. 
Determine the number of times n the user has to pump air into the tire to reach a pressure 
pr. Assume that the pump is designed so that the air in the tire is always at temperature 7p. 


Numerical Application: 


Vo = 501, AV = 1.2 Land py = 2.5 po. 


Solution: 


The initial and final number of moles of air inside the tire of volume Vp at temperature To 
are given by, 

— PoVo 

~ RT) 


No 
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and 
PfVo Nr _ Pf 
N= thus Sa 
1 RT No Po 
The additional number of moles of air pumped into the tire each time are, 
AV 
An =" and = Np=Ny +n AN 
RT) 
Thus, 
N, A A 
“folin =iog ae pee 
No No NoR To Vo ~——Po 
which implies that, 
Pf Yo 
=(—- — = 62.5 
: & AV 


This means that the air has to be pumped 63 times in order to reach a final pressure p, that 


is at least 2.5 po. 


5.3 Heat Transfer at Constant Pressure 


A gas container is thermally isolated except for a small hole that insures that the pressure 
inside the container is equal to the atmospheric pressure po. Initially, the container holds 
N; moles of gas at a temperature 7;. The molar specific heat of the gas at constant pressure 
iS Cp. The gas is heated up to a temperature 7; by a resistive coil in the cylinder. As the gas 
temperature rises, some of the gas is released through the small hole. Assume that for the 
gas remaining in the cylinder, the process is reversible and neglect the specific heat of the 


heater. Determine: 


a) the volume Vp of the container. 
b) the number of moles AW leaving the container in this process. 
c) the heat transfer Or to accomplish this process. 


Numerical Application: 


Po = 10° Pa, No = 10 moles, Ty = 273 K, cy = 29.1 JK~! mol™', Ty = 293 K. 


Solution: 


a) The volume of the container is, 


Vo NEE = 2271 
Po 
b) The final number of moles is, 
_ Po Yo T; 
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Thus, the number of moles leaving the container in this process is, 
T; 
AN = N; — Nr=N; (: - ) = 0.68 mol 
Ty 
c) Using the result established in 5) the heat transfer yields, 


f Ty dT T, 
o= | Neat =onits | F =enitin (22) = 061 
i qT 


: i 


i 


5.4 Specific Heat of a Metal 
ee se ee _— e _..._._..|’- 


A metallic block of mass M is brought to a temperature Ty and plunged into a calorimeter 
filled with a mass M’ of water. The system consisting of the metallic block and the water 
container is considered as isolated. In this process, the water temperature rises from 7; 
to Ty, the equilibrium temperature. The specific heat of the water per unit mass is cy. 
Determine the specific heat per unit mass of the metal cj, in the temperature range used in 
this experiment. Consider that the water container is made of a material with a negligible 
specific heat. 


Numerical Application: 

M=05 ke, M = 1 ke, 7) = 120°C, 7, = 16°C, Ty = 20°C and cy = 4,187 The’ 
Kl. 

Solution: 


Since the system consisting of the metallic block and the water is isolated, the variation of 
internal energy vanishes, 
AU = Mei (Tp — To) + M' cp (Ty — Ti) = 0 
which yields the specific heat of the metal, 
M T,- T; 


* omnes ae ko! K-! 
Cu MM Ty — Ty 335J kg 


5.5 Work in Adiabatic Compression 
SS S| 


An ideal gas undergoes a reversible adiabatic compression from an initial volume V; and 
initial pressure p; to a final pressure py. Determine the work Wj performed on the gas during 
this process. 


Numerical Application: 


V; = 11, pi = 5- 10° Pa, pp = 2p;, c = 5/2 (see definition (5.62)). 
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Solution: 


For an adiabatic compression, the work performed on the gas is expressed as, 


Wy = LU y= cM R= TH) = (ery Di vi) 


where 
1 g 
Pi y Pi ee 
PA =p thus “= ( ) n= (2) V; 
wy I \y Pr 
Thus, 


pi\ 
Wi = Vi; »r (2) — pi) = 28.5) 
: ” \Pr 


5.6 Slopes of Isothermal and Adiabatic Processes 
SS EE EE eS 


For an ideal gas, show that at any point on a Clapeyron (p, V) diagram, the absolute value 
of the slope is greater for an adiabatic process (A) than an isothermal process (/). 


Solution: 
An isothermal process (/) in a Clapeyron diagram is characterised by, 
pV =C;= const where C; = NRT 


Thus, for an isothermal process, 


ae and = = 
a 4 ave Po Vv ey 
An adiabatic process (A) in a Clapeyron diagram is characterised by, 


dp C; NRT 1 D 


pV" = Cy, = const where Cy = p'—7 (NRT)? 
Thus, for an adiabatic process, 


_& dp ya _ NRT\"'p_ op 
or dV. Ht oF) v 


The slopes of both processes are negative in the Clapeyron diagram. Since y > 1, the 
absolute value of the slope of the adiabatic process is greater than that of the isothermal 


and 


process. 
5.7 Adsorption Heating of Nanoparticles 
SS SSS SSS SSS SS SSS SSS SS SSS SSS 


The process whereby molecules bind to a metallic surface is called adsorption. Here, 
molecules are adsorbed on Pt nanoparticles. The specific heat of an average Pt nanoparticle 
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is Cy. The heat transferred to an average Pt nanoparticle during the adsorption of molecules 
is Qj. Determine the temperature increase ATi; = T;— T; of an average Pt nanoparticle, 
assuming that the system consisting of the nanoparticles and the gas is isolated. 


Numerical Application: 


Cy = 14-1078 JK-!, Or = 6.5 107'8 J. 


Solution: 


During the adsorption of molecules, the temperature increase of an average Pt nanoparti- 
cle is, 


AT = Qi = 460K 
Cy 


5.8 Thermal Response Coefficients 
a | 


The thermal response of a homogeneous system subjected to an infinitesimal heat transfer 
6Q is characterised by coefficients defined in equations (5.4) and (5.17) when either the 
state variables (7, V) or (7, p) are used. 


a) Find a relation between the latent heat of expansion Ly (7, V) and the latent heat of 
compression L, (T,p). 

b) Express the latent heat of compression L, (T, p) in terms of the specific heat at constant 
volume Cy (T, V) and the specific heat at constant pressure C, (7, p). 


Solution: 
a) The thermal response is written in terms of the temperature T and the volume V as, 
60 = Cy (T,V)dT+Ly(T,V) dv 
The thermal response is written in terms of the temperature 7 and the pressure p as, 
6Q = C, (T,p) aT + Ly (T,p) dp 


which can be recast in terms of the temperature T and the volume V as, 


Op (T. Op (T, 
50 = G(T) aT + Ly (Tp) ( pe ar ear) 


: (<, (1,p) + Lp (Tp) eee a+ by Tp) PO av 


The identification of the terms multiplying the volume differential dV in the two 
expressions for the thermal response 6Q written in terms of the temperature 7 and the 
volume V yields the relation, 


Ly (2,V) =Ly (T,p) eT) 
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b) The identification of the terms multiplying the temperature differential dT in the two 
expressions for the thermal response 6Q written in terms of the temperature T and the 
volume V yields the relation, 

Op (T, 
Co(TV) = Cp (Psp) + bp (Tp) PEO 
Using relation (4.80) for the inverse of a partial derivative, this result can be recast as, 
OT (p, 
Ly (Tsp) = (Gr(T.Y) ~ Gy(T-p)) ALY 


Phase Transitions 


The exercises given in the last section of Chapter 6 are presented here with their solutions. 


6.1 Melting Ice 


A mixture of ice and water is heated up in such a way that the ice melts. The ice melts at a 
rate r and the molar latent heat of ice melting is 0,0. 


a) Determine the thermal power Po transferred to the ice. 


b) Determine the entropy rate of change 8. 


Numerical Application: 
Q = 2.0 - 10-2 mol s~!, &,¢ = 6.0 - 10° Jmol7!. 
Solution: 
a) The thermal power transferred to the ice is, 
Po = se Q = 120 W 

b) The entropy rate of change is, 

~ Po beQD 

a te 


where 7, = 273 K is the ice melting temperature. 


=0.44WK7! 


6.2 Cooling Water with Ice Cubes 
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Water is cooled with ice cubes (Fig. 6.10). The water and the ice cubes are considered as an 
isolated system. Initially, the ice cubes are at melting temperature 7) and the water at tem- 
perature 7;. The total initial mass of ice is M’ and the initial mass of water is M. The latent 
heat of melting of ice per unit mass is €*, and the specific heat per unit mass of water is cj,. 


a) Determine the final temperature T,,, of the water. 
b) Determine the final temperature T,,, of the water if melted ice (i.e. water) had been added 
at melting temperature 7y instead of ice. 
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Numerical Application: 

M = 045 ke, M = 0.05 kg, T, = 20°C, T = 0°C, &, = 3.33 - 10° J kg! and 
cf = 4.19 10° IkgK71. 

Solution: 


Heat is transferred from the water to melt the ice and increases its temperature while the 
temperature of the water decreases. 


a) Since the system is isolated the total variation of internal energy vanishes, 
AU; =M b+ M'cy (Ty— To) + Mcy, (Ty- T;) =0 
Thus, the final temperature 7} is, 


_ MT;+M'T) M bs, 


ie = 283K = 10°C 
f M+M (M+ M’) cj, 


b) If the melted ice had been added at melting temperature 7p instead of ice, there would 
be no more melting. Thus, the final temperature Ty would be, 
MT;+M T) 


Typ= MLM =291K= 18°C 


6.3 Wire through Ice without Cutting 


A steel wire is wrapped over a block of ice with two heavy weights attached to the ends of 
the wire. The wire passes through a block of ice without cutting the block in two. The ice 
melts under the wire and the water freezes again above the wire. The wire is considered 
a rigid rod of negligible mass laying on the ice block with an area of contact A. The two 
weights of mass M each are hanging at both ends of the wire (Fig. 6.1). The entire system 
is at atmospheric pressure po and the ice is held at temperature 7, — AT where T,,, is the 
melting temperature at atmospheric pressure. The latent heat of melting of ice is @,9, the 
molar volume of water vy and the molar volume of ice is v,. Determine the minimal mass 
M of each weight for this experiment to succeed, i.e. for the wire to pass through the ice 
block. 


Solution: 


The process of ice melting due to the pressure exerted by the weights is represented by 
a vertical line on the diagram p(T) (Fig 6.2). The pressure variation Ap between the 
atmospheric pressure po and the pressure po + Ap at ice melting is expressed on the (p, T) 


diagram as, 
po+Ap Tn— AT d 
14 
Ap = | dp = | — dT 
Po Tn aT 


6.3 Wire through Ice without Cutting 


Asteel wire wrapped over a block of ice with two heavy weights hanging on both sides passes through the ice 
cutting the block in two. 


Dot Ap 


T,-AT T; T 


(T, 5) diagram where the curve represents the coexistence of the solid and liquid phases. The ice melting process 
is due to a pressure variation from point (Tm, — AT, po) to point (Tm — AT, po + Ap). 


Using the Clausius—Clapeyron relation (6.50) where the ice latent heat of melting @,¢ is 
considered as constant, the pressure variation Ap is expressed as, i.e. 


Ap = — a bey (_Im 
a Vs — Ve Jr T Ww Ve Tm — AT 


m 


The pressure variation Ap that allows ice to melt is equal to the pressure exerted by the 
minimal weight of the two masses on the area of contact A between the wire and the ice 
block, 

_2Mg 


Ap A 
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Equating both expressions for Ap, we obtain the minimal value for the mass M of each 


weight, 
M A bse 1 Tn 
= n 
2g (vs — ve) Tn — AT 


6.4 Dupré’s Law 
eee 


A liquid is at equilibrium with its vapour. The vapour is assumed to be an ideal gas. 
The liquid has a molar latent heat of vaporisation ¢, that depends on temperature, with 
Leg = A — BT, where A and B are constants. Apply the Clausius—Clapeyron relation (6.50) 
and consider that the molar volume of the liquid phase is negligible compared to the vapour 
phase, i.e. ve < vg. Use the ideal gas law (5.47) for the vapour phase. Show that at 
equilibrium at a temperature 7, the vapour pressure p depends on temperature according to 


Dupré’s law, 
in( 2 Af 1 B 1 T 
= n 
. Po R T 0 T R To 


where po is the vapour pressure at To. 


Solution: 


Neglecting the molar volume of the liquid phase compared to the vapour phase and using 
the ideal gas law, i.e. ve = RT/p, the Clausius—Clapeyron relation (6.50) can be written as, 
dp _ leg A-—BT_ p(A-—BT) 

ar Ty Te RF 


which can be recast as, 
dp AdT BdT 
p RT RT 


The integration of the relation in the initial state (po, To) to the final state (p, 7) yields 


Dupreé’s law, 
in (2 Afl 1 B 1 T 
= n 
: Po R T 0 T R To 


6.5 Hydropneumatic Accumulator 
ne ee _ ees 


A container contains a substance in gaseous and liquid phases at room temperature 
(Fig. 6.3). The container is closed by a piston of surface area A, held back by a spring of 
elastic constant k. We neglect the mass of the piston. For simplicity, we neglect the volume 
of the liquid compared to that of the gas. The atmospheric pressure is po and assumed 
independent of temperature. 
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sf 


A cylinder containing a substance in liquid and gas phases is closed by a spring-loaded piston. The zero of the 
coordinate x is at the rest position of the spring. The mass of the piston is neglected. 


‘ ne d : ae 
a) Determine the temperature derivative of the gas pressure when there is no liquid 


phase present in the container. 


. eos d eae 
b) Determine the temperature derivative of the gas pressure 7 when liquid is present. 


Solution: 


a) The mechanical equilibrium condition requires the force exerted by the gas pressure to 
be equal and opposite to the elastic force exerted by the spring, 
k 
(p — po) A =kx thus p=po+— 
The temperature derivative of the pressure reads, 
d k k 2 
ip _ dx _ dV ee dV _ A’ dp 
dT AdT A* aT 


dT &k aT 
since dV = A dx. The temperature derivative of the ideal gas equation of state p V= NRT 
implies that, 

dp NR NRTdV_ p A’ p dp 

dT V V2 aT T &k Vad? 


which can be recast as, 


= ane = 
dT Vk T woes T T 
A A 


since V = A(H+x). Note that the terms in brackets are nearly equal to one since 
kx/A < kH/A and po < kH/A because the pressure k H/A needed to compress the 
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gas entirely (such that its volume vanishes) is much larger than the pressure exerted by 
the spring &x/A or by the atmospheric pressure po. 

Using the Clausius—Clapeyron relation (6.50), deducing the entropy of vaporisation 
As¢g = Sg— S¢ from relation (6.44) and using the ideal gas equation of state vy = R T/p, 
where vg > vp, we can write, 


b 


wm 


dp Sg— 8 Aseg p 


al Wee R T 


Note that according to Trouton’s rule”, at standard pressure the entropy of vaporisation 
Asvg of most liquids is about 85 J mol! K~!. Thus, we can consider that Asyg/R > 1. 


: — . | : 
This means that the presence of the liquid enhances the ratio = considerably compared 


to what it would be for a gas. In other words, the pressure change for a given change in 
temperature is much larger in the presence of the liquid phase. 


6.6 Positivity of Thermal Response Coefficients 
OO e—eeeeeeeerr——C—C“‘t 


To establish the positivity of the specific heat at constant pressure C, compressibility 
coefficient at constant temperature «7 (see relations (6.31)), follow the steps given below:? 


a) Show that the Mayer relation (5.42) can be recast as, 
2 

Catt Vr 
Kr 


where a is the thermal coefficient of expansion, 
a= 1 OVE?) an 

VOT Vp 
b) Show that 


PUPU ( PU? 
OF(T,V) as? av? (sar) 
an #U 
OS? 
c) Conclude from these two results that hr > 0 and C, > 0. 


Solution: 


a) The Mayer relation yields, 
Op OV 
= T —_ — 
Cp = Cy + aT oT 


2 F. Trouton, On Molecular Latent Heat, Philosophical Magazine, 18, 54-57 (1884). 
3-H. B. Callen, 7) hermodynamics and an Introduction to Thermostatistics, Wiley, New York, 2nd edition (1985), 
§8.2.2. 


4 6.6 Positivity of Thermal Response Coefficients 


According to the cyclic rule, 


ee a thus an 3. 20 OP. 2 
OT OV Op OT =OTOV Kr 
Moreover, 
OV 
OT =a V 


Thus, the Mayer relation can be recast as, 
2 
CoC Vr 
KT 
b) Using the mathematical definition (4.77), 


OR (T.V) _ d dF(T(S,V),V) dp (T'S, V),V) 


ov? dV dV dV 


dp OT ap pa @ _é (2) 


ar av. aV.~—*é< TT. NV S|) | AV. AV 

Thus, 

@F(T,V) @U ap &U 
0v2——sC«A?—s« HT':“OS OV 


According to the cyclic rule, 
Op OT OS 
—.— =-1 thus ~ = - asa 
OT OS Op OT OS OT 


which is then recast as, 


Hence, 


LU PU &u \? 

PF (TV) dS av (sar) 
aye 2U 
OS? 


c) According to relation (6.32), the compressibility coefficient «7 is expressed as, 


OF\—' 
kr =V | — 
‘ (ira) 
According to relation (6.22), the numerator in the expression for 0°F (T,V)/OV" is 
positive and according to relation (6.14), the denominator is also positive. Thus, 
since the volume V is positive, the compressibility coefficient Kr is positive, i.e. 
kr > 0. Furthermore, since the temperature is positive, the Mayer relation requires 


that C, > Cy. Since Cy is positive according to relation (6.29), this in turn implies that 
Cy is positive, i.e. C, > 0. 
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p+Ap 


TTMVNANN VFL 


Principle of a heat pipe : At the hot side, the liquid passes through a wick and vaporises at pressure p + Ap. At 
the cold side, the vapour condenses at pressure p. 


6.7 Heat Pipe 


Heat pipes are devices used to transfer heat over a certain distance. A typical heat pipe 
looks like a metal rod, but modern versions, that are used for example to cool the hottest 
part of a phone, have a flat geometry. The principe of heat pipes is also considered in 
aerospace research.’ Here, we will examine a simple model to understand the principle of 
a heat pipe (Fig. 6.4). The pressure difference Ap is modelled in a linear approximation, 
with Ap = R,Q, where (2 is the rate of substance flowing down the pipe. The system 
is considered in a stationary state, so that the heat transfer Po is the same (in absolute 
value) on both sides. The heat of evaporation f, is given and assumed independent of 
temperature. The temperature difference AT = T, — T_ is assumed small in order to 
simplify the calculations. Neglect the molar volume of the liquid ve compared to that of 
the vapour vg and treat it as an ideal gas. Express the heat transfer Po as a function of the 
temperature difference AT. 


Solution: 


We note that there is coexistence of the liquid and vapour phases on both ends. Therefore, if 
there is coexistence of phases at temperature T_ and pressure p, in the limit where vp < vg 
and vg = R T/p the Clausius—Clapeyron relation (6.50) implies that, 


Ap - Leg = Lee P 
AT Tv, RT? 


At the hot side, the thermal transfer is Pg = eg 2 where 2 = Ap/R,. Thus, we have, 


be lip 
Po=R Wp RRp tt 
P P 


4 PR. Mashaei, M. Shahryari, S. Madani, Analytical Study of Multiple Evaporator Heat Pipe with Nanofluid; a 
Smart Material for Satellite Equipment Cooling Application, Aerosp. Sci. Technol. 59, 112-121 (2016). 
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6.8 Vapour Pressure of Liquid Droplets 
SSS SEE 


Consider a cloud of droplets and assume that they all have the same diameter 7. According 
to the Laplace formula (exercise 4.8), the pressure p (r) inside the droplets of radius r is 
related to the vapour pressure /g (r) by, 
27 
P(r) =po()+— 
where 7¥ is the surface tension. We note p., the vapour pressure for an infinite radius. At 
temperature T, show that, 


where vz is the molar volume of liquid, in the limit where p.. ve < RT since the molar 
volume of liquid is much smaller than the molar volume of gas. 


Solution: 


The equilibrium between the liquid and the gas is determined by the condition, 


we(T.p (r)) = 11,(T. Po (”)) thus fg (T, Poo) = [Mg (T, Poo) 


We assume that the effect is small and do a first-order series expansion of the terms on both 
sides of the first equation around ju, (T, poo) and 1g (T, po), 


Le (T, Poo) + he (p a= Poo) = Ug (T, Poo) + et (vo i= Poo) 


thus taking into account the second equation and the Laplace formula, 
One 27 Ope ( ) 
Op (v0) + =~ = aus Po (1) — Poo 
The Schwarz theorem applied to the Gibbs free energy G (T, p, N) yields, 
0 (0G\ _ O (0G 
Op \ ON) ON \ Op 
which gives the following Maxwell relations for the liquid and the gas, 
0 
One _ Me yang Oe Me _y RP 
Op ONe Opo  ONg Poo 
The last partial derivative is evaluated at pp = poo. Therefore, 


ve G (r) + a = x) = (po (7)= Poo) 


Co 


Pow Ve 
re he: RT 
Po(r) =Pxwot r 1 _ Powe 
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In the limit where p,. ve < RT, the vapour pressure becomes, 


27 Po Ve 
Po (r) = Poo + RT 


6.9 Melting Point of Nanoparticles 
Se ss se 


The surface tension modifies the melting point of particles. The effect is important effect 
when the diameter is in the nanometer range. A differential equation has to be written 
for T(r), the melting temperature of particles of radius r. In order to perform this 
thermodynamical analysis, assume that the pressure p, inside the particles is defined.> At 
atmospheric pressure po and for infinitely large particles, the melting temperature is noted 
T>.. The surface tension is 7, for a solid particle and y, for a liquid one. According to 
exercise 4.8, the Laplace pressure p, (r) for a solid nanoparticle and the Laplace pressure 
Pe (r) for a liquid nanoparticle are given by, 


2 
oat) and = pg (r) = —— 
r r 


Ps (7) 


Determine the temperature difference T,, — Ty (r) in terms of the latent heat of melting 
lse = Too (se — Ss) and the molar volumes v, and vg that are both assumed to be 
independent of the radius r. Therefore, perform a series expansion in terms of the radius 
r on the chemical equilibrium condition. This result is known as the Gibbs—Thomson 
equation. For some materials, a lowering of the melting temperature can be expected, 
Le. Tn (r) < Too. This effect has been observed on individual nanoparticles by electron 
microscopy.° It is used to sinter ceramics at low temperatures.’ 


Solution: 


The chemical equilibrium between an infinitely large solid particle and the liquid is 
given by, 


Ls (Too, Po) = Me (Too, Po) 


For a given radius r, this chemical equilibrium relation becomes, 


Hy (Zn (") ss (")) = He (2m (") Pe (r)) 


Thus, for a radius r + dr, this relation becomes, 


Hy (In (r+ dr) ps (r+ dr) = Hy (Tn (7 + dr) , pe (r + dr) 


5 J.-P. Borel, A. Chatelain, Surface Stress and Surface Tension: Equilibrium and Pressure in Small Particles, 
Surf. Sci. 156, 572-579 (1985). 

© Ph. Buffat, J.-P. Borel, Size Effect on the Melting Temperature of Gold Particles, Phys. Rev. A 13 (6), 2287 
(1976). 

7 R. W. Siegel, Cluster-Assembled Nanophase Materials, A. Rev. Mater. Sci. 21, 559 (1991). 
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When expanding the pressure and the melting temperature to first-order in terms of the 
radius r, this result is recast as, 


Furthermore, when expanding the chemical potential to first-order in terms of the melting 
temperature and the pressure, we obtain, 


_ Obs ATm 7 Ofls ADs 
Ms iG (r) .Ps (")) t OT »n dr dr + Ops dr dr 


_ Oty dT Opty dp 
= iy (7 (r) ,pe (”) + OT, dr dr + Gon a 


dr 


The expression for the Laplace pressure implies that, 


dp, 2%, dpe 2% 
Pa es 


Thus, the chemical equilibrium condition is reduced to, 


Ops — Ofte = OMs Ope \ ar 
Gs aT, |" \% ap, ey) 


The Gibbs free energy differential reads, 


dG = —SdT+Vdp+ udN 


du 8 (dG\_ a (dG) aS _ 
se or (au) aw (ar) = oN. 
du 8 (0G\_ a (AG\_ av | 
== (a) =an (ae) an. 


The differential equation becomes, 


which implies that, 


dr 
(Se — Ss)dTm = 2 (Ys Vs — Ye Ve) ee 


The integration of this equation from temperature 7, and radius r = oo to temperature 
Tm (r) and radius r yields, 


(se — 8.) (Tm (7) — Too) =— 5 (15% — eve) 
Since .¢ = Too (se — Ss), 
oT. 


Tso — Tn (r) — lor i= eve) 


Thus, if yp ve < 7, Vs, then J, (7) < Tso, which is the case for certain metals. 
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6.10 Work on a van der Waals Gas 
LSE —E————E—EE—————E—eE———————————————= as] 


A mole of oxygen, considered as a van der Waals gas, undergoes a reversible isothermal 
expansion at fixed temperature Ty from an initial volume J; to a final volume V;. Determine 
the work Wj performed on the van der Waals gas in terms of the parameters a, and b. 


Numerical Application: 

Ty = 273 KV, = 22.3 -10 m’, Ve = 3%; po = 1.013 « 10° Pa,a = 0.14Pa m° and 
h=3210-* mr, 

Solution: 


For one mole of oxygen at temperature 7p, the van der Waals equation of state (6.64) reads, 
RT 0 a 


PV b PW 


Thus, the work is expressed as, 


ie av "% qv 
Wiy=- dV = — RT, 
if [ >| V_b a , B 


Vp— 6 14 
——RT) 1 = 2.4 -1 
in (2) (5 7) 9-10°J 


6.11 Inversion Temperature of the Joule-Thomson Process 
eee ————————————— 


A van der Waals gas is going through a Joule-Thomson process that keeps the enthalpy H 
constant (problem 4.8.3). A van der Waals gas in characterised by the following equations 
of state, 
NRT Na Na 
= - d U=cNRT- — 
P<V-Nb wR ™ : V 


and the amount of gas is constant, i.e. VN = const. Use the condition dH = 0 in order to 


: : _ aT : : : 
obtain an expression for the derivative dV" Determine the temperature 7) at which this 


derivative changes sign. 


Solution: 


The enthalpy for a van der Waals gas reads, 
2Na | NbRT 


H=U+pV= (e+ 1)NRT— +7 


and its differential is given by, 


dV = N-bR N-bRT 


V=0 
PV Nb (V — Nb) 


dH = (c+1)NRdT+2Na 
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which implies that, 


dV (ec +1)(V— Nb)? + Nb(V— Nb) 


dT Nb (7 2a (V— mr) 


The derivative changes sign at the temperature at which dT/dV vanishes, which takes place 
at temperature, 


2a (V— Nb)’ 
y= — — 
bR VP 


6.12 Lever Rule 
ee 


A phase diagram is drawn for a mixture of two substances at a fixed pressure p with a 
liquid phase and a gaseous phase (Fig. 6.5). The substances are labelled 1 and 2 and the 
diagram is shown as a function of the concentration c, of substance 1. There is a range of 
temperature for which there is coexistence of two phases. Answer the following questions, 
treating the concentrations cj and c? as given values. 


a) Apply the Gibbs phase rule (6.62) to find the number of degrees of freedom when two 
phases coexist at a fixed pressure p. 

b) We distill a substance 1 with an initial concentration c/ by heating the liquid up to the 
temperature T-. Determine the final concentration of substance 1 after distillation. 

c) A mixture with a concentration c€ of substance 1 is put in a container. The mixture is 
brought to a temperature Tc while the pressure remains at p. Establish that, 


Ne i _ ¢) = Ng (ey — er) 


where Nz the amount of mixture in the liquid phase, and N, that in the gas phase. This 
is known as the /ever rule. 


| 
| 
| 
q 
| 
| 
| 
| 
q 
q 
| 
| 
| 
| 
q 
| 
q 

Cy 
1 


Phase diagram of a binary mixture presenting two phases and an exclusion zone (see § 6.4). 
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Solution: 


a) According to Gibbs phase rule (6.62) 7 = 2 and m = 2 imply that f= 2. If the pressure 
p is fixed then there is only one degree of freedom. If we choose c; as the variable, then 
the temperature where the two phases coexist can be read on the phase diagram for each 
value of c,. 

b) When the liquid mixture reaches the temperature 7, a vaporisation takes place. After 
condensation, the concentration of substance 1 is ce ; 

c) The concentration c7, c? and c® are defined as, 


_ Na Bp Nai c_ Nat+Na 


d ee 2s d - 
1 N an Cy Ne an Cy Ne ai Ne 


where Ng = Ne, + Neg and Nz = Ng, + Ngo are the amounts of substances 1 and 2 in 
the liquid phase @ and the gaseous phase g. Thus, 


(Np +Nz)c€ = Nec} +N, c? 
which implies that 
Ne (er — 7) = Nz (cf = cf) 


This result would be obtained if we had two ‘weights’ Ny and N, hanging from the ends 
of a mechanical lever of length AB at equilibrium around its axis at C. 


6.13 Eutectic 


A phase diagram is drawn for a mixture of two substances at a fixed pressure p with one 
liquid phase and two solid phases (Fig 6.6). The substances are labelled 1 and 2 and the 
diagram is shown as a function of the concentration c,; of substance 1. This diagram 
presents what is called a eutectic point. At the eutectic concentration c’, the freezing 


\ 
1 
\ 
I 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
1 
\ 
\ 
\ 
\ 
\ 
1 
1 
\ 
\ 
| 
1 


0 cE ce cB 


Phase diagram of a binary mixture presenting a eutectic point at F. 
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temperature is the lowest. In particular, it is lower than the freezing temperatures of the 
pure substances (points C and D). At the eutectic, the liquid freezes into a mixture of two 
solid phases, the a and ( phases. 


a) Consider a liquid at concentration c/. As the temperature is lowered, the point 4 is 
reached. Describe qualitatively what happens then. 
b) Describe what happens if a liquid of composition c/ is cooled. 


Solution: 


a) At point A, the solid phase a starts to precipitate. Notice that the concentration c? of 
solid thus formed is different from the concentration c# of liquid. 

b) At point £, the entire solution becomes a solid alloy. The concentrations of the solid 
phases a and / in the alloy are given by the lever rule with respect to point E. 


Heat Engines 


The exercises given in the last section of Chapter 7 are presented here with their solutions. 


7.1 Refrigerator 


A thermoelectric refrigerator becomes cold by expelling heat into the environment at 
a temperature 7+. The power supplied to the device is Py and the thermal power 
corresponding to the rejected heat is Pg. Determine the lowest temperature 7” that the 
system can reach if it had an optimal efficiency. 


Numerical Application: 


Py = 100W, Po = 350 W and Tt = 25°C. 


Solution: 


The lowest temperature that the system can reach is obtained when the refrigerator operates 
a Carnot refrigeration cycle. Then, the cooling coefficient of performance (7.42) of a Carnot 
cycle is given by (7.49), 


_ Pg i 
Eo —— = 
Pw Tt-T 
Thus, the lowest temperature 7~ is given by, 
P 
 S=— 2 Tt = 41°C 
Pot+Pw 


7.2 Power Plant Cooled by a River 
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A power plant operates between a hot reservoir consisting of a combustion chamber or a 
nuclear reactor and a cold reservoir consisting of the water of a river. It is modelled as 
a thermal machine operating between the hot reservoir at temperature 7* and the cold 
reservoir at temperature 7~. Analyse this power plant by using the following instructions : 


a) Determine the maximum efficiency 7) of this power plant and the thermal power Pg+ 
describing the heat exchange with the combustion chamber. 
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7.2 Power Plant Cooled by a River 


b) Assume that its real efficiency is 7 = k7- and find the thermal power Pg- describing 
the heat exchange with the river. 

c) Determine the temperature difference AT of the water flowing at a rate V down the river. 
The water has a density m and a specific heat at constant pressure per unit of mass c;. 


Numerical Application: 


Py = — 750 MW, T* = 300°C, T- = 19° C,k = 60%, V = 200 m/s, m = 1,000kg/m? 
and cy = 4, 181J/kgK. 


Solution: 


We mainly examined thermodynamic cycles composed of distinct processes in chapter 7. 
Here, we consider a power plant as a heat engine in a continuous regime, so it is more 
natural to speak in terms of its power output Pyy, the thermal power Po+ at the hot reservoir 
and the thermal power Pg- at the cold reservoir. 


a) The maximal efficiency is the Carnot efficiency (7.46). When this efficiency is written 
in terms of powers, the definition (7.38) reads, 
Py T~ 


= =1 = 49 
os no 


Thus, the thermal power Po+ describing the heat exchange with the heat source is 
given by, 


Poy aw 
oe 


b) Since the nuclear power plant is in a steady state, the first law (1.29) is written as, 
U=Py+Po+ +Po- =0 
which implies that, 
Po- =— (Pw+ Por) 
The efficiency (7.38) reads, 


Hence, 


c) Since the mass of water M is the product of the water density m and volume V, the mass 
flux is given by, 


M=mV 
The thermal power is given by, 


Po- =Mc* AT=mVci AT 
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which implies that the temperature difference is given by, 


Py 
AP==2 = 276 
mV cs 


7.3 Braking Cycle 
—————————— es 


A system is made up of a vertical cylinder which is sealed at the top and closed by a piston 
at the bottom. A valve A controls the intake of gas at the top and an exhaust valve B (also at 
the top) is held back by a spring that exerts a constant pressure p2 on the valve. The system 
goes through the following processes: 


* 0 —> I: the piston is at the top of the cylinder; valve A opens up and the piston is lowered 
into it so that some of the gas at atmospheric pressure po = p, is added to the cylinder. 
The gas is at room temperature 7;. Valve B is closed. The maximum volume occupied 
by the incoming gas is V;. 


1 —> 2: Valve A is now closed and the piston moves upward, fast enough so that the 
process can be considered adiabatic. Valve B remains closed as long as the pressure 
during the rise of the piston is lower than p2. As the piston continues in its rise, the gas 
reaches pressure p2 = 10/1, at a temperature 77 in a volume V2 . Assume a reversible 
adiabatic process for which equations (5.90) and (5.83) apply. 


2 — 3: As the piston keeps moving up, valve B opens up, the pressure is p3 = p2 and 
the gas is released in the environment while valve A still remains closed until the piston 
reaches the top, where V3 = Vo = 0. 

« 3 —> 0: Valve B closes and valve A opens up. The system is ready to start over again. 


Analyse this cycle by using the following instructions : 


a) Draw the (p, V) diagram for the three processes that the system is undergoing. 
b) Determine the temperature T) and the volume Vp. 
c) Find the work W performed per cycle. 


Numerical Application: 


Vo V3 0, Po P1 10° Pa, V7; = 0.25 1, T| = 27° C and 2 a 1.4. 


Solution: 


a) The (p, V) diagram consists of an isobaric expansion 0 —+ 1, an adiabatic compression 
1 —> 2, an isobaric contraction 2 —> 3, and an isochoric decompression 3 —+ 0 
(Fig. 7.1). 

b) For the adiabatic compression, the adiabatic condition (5.83) is written as, 


I- 1- 
T? Pi T= TY p, ‘ 
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(p, V) diagram of the braking cycle (exercise § 7.3). 


which implies that, 


1-y l-y 
h=7; (2) =T7, (<5) = 579K 
P2 10 
The adiabatic condition (5.90) is written as, 
PV) =p2 V7! 


which implies that, 


1 


1 
7 1\7 
Cav (2) =V, (5) = 0.0481 
P2 10 


c) The work performed on the gas over the entire cycle is the sum of the works performed 


during the four processes, 
W = Wor + Wir + Wr3 + Wo 


The work performed during the isobaric processes is, 
0 


Wo + Wo =—pi if dV — po A dV=—p\V\ +p2V2 
a 
There is no work performed during the isochoric process, 
W3) = 0 
The work performed during the adiabatic process is, 


iM 2 dV _ pb 1 1 
12 ” 1 Vy y—-1 2 1 


1 Yi 


1 
en ee 
yo 2—- piVi) 
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Thus, 


W = —'— (py, V2 — pi Vi) = —~ pi (10 Vn — V1) = 80.5KI 
y-1 y-1 

Since the work W is positive, the system can act as a brake for whatever mechanism 

drives the motion of the piston. 


7.4 Lenoir Cycle 
[nn _—__eseseseseseesss_s_ | 


The Lenoir cycle is a model for the operation of a combustion engine patented by Jean 
Joseph Etienne Lenoir in 1860 (Figs. 7.2 and 7.3). This idealised cycle is defined by three 
reversible processes : 


« 1 — > 2 isochoric compression 
¢ 2 —> 3 adiabatic expansion 
* 3 —+ | isobaric contraction 


Assume that the cycle is performed on an ideal gas characterised by the coefficient c found 
in relation (5.62). The following values of some state variables of the gas are assumed to 
be known : the pressure p;, volumes V; and V3, temperature 7; and the number of moles 
of gas N. Analyse this cycle by using the following instructions : 


a) Draw the (p, V) and (7, S) diagrams of the cycle. 

b) Determine the entropy variation AS), of the gas during the isochoric process 1 —> 2. 

c) Express the temperature 7> in terms of the heat exchanged Q)) during the isochoric 
process 1 —> 2. 

d) Determine the pressure p2 in terms of the pressure p;, the volume ), and the heat 
exchanged Q)p. 

e) Determine the pressure p3 in terms of the pressure pz and volumes V2 and V3. 

f) Determine the work W23 performed during the adiabatic process 2 —> 3 and the heat 
Q>3 exchanged during this process. 

g) Find the work W3, performed during the isobaric process 3 —~+ | and the heat Q3; 
exchanged during this process. 

h) Find the efficiency of the cycle 7, defined in conformity with relation (7.38) as, 


aa 
O12 


Express the efficiency 77, in terms of the temperatures 7), 7> and 73. 


1p = 


Solution: 


a) For the isochoric process, V = V; = V2 = const (Fig. 7.2). For the adiabatic process 
according to relation (5.90), p(V) = const/V7 where y > 1 and const = pV)’ = 
p2 V3’, which is a monotonously decreasing convex function of V. For the isobaric 
process, p (V) = p3 = pi = const. 
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V 


>v 


(p, V) diagram of a Lenoir cycle. 


(T, S) diagram of a Lenoir cycle. 


For the isochoric process, according to relation (7.20), T(S) = T exp ((S — S,) /c NR), 
which is a monotonously increasing function of S (Fig. 7.3). For the adiabatic process, 
S = S, = S) = const. For the isobaric process, according to relation (7.23), T(S) = 
T, exp ((S — S,) / (¢ + 1) NR), which is a monotonously increasing function of S. 

b) According to relation (7.20), the work performed during the isochoric process vanishes, 


ie V; 
AS = cNR In({ = ) = (c +1) NR In( + 
T| V3 


c) According to relation (7.19), the heat exchanged during the isochoric process is 
written as, 


U2 Tr 
On = AU = | au=enr | dT = c NR (Th — T) 
U; T 
Thus, 
O12 
Th = T, + = 
2 fr oNR 
d) Using the ideal gas equation of state (5.47), the pressure p2 is given by, 
_NRM _NR(,, Q2\_) , Ov 
Ee Oy | ENR) OOF 
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e) According to relation (5.90) for an adiabatic process, 


_— V2 : 
P3 = P2 Vs 


f) According to relations (7.14) and (7.13), the work performed during the adiabatic 
process is given by, 


T3 
Way = AUn = enR | aT = cNR (T3 — T>) 


Th 


and there is no heat exchanged, 


3 
on = | TdS =0 
2 


g) According to relation (7.21) and (7.22) characterising the isobaric process, the work 
performed can be written as, 


1 Vi 
Wa =— | paV=—pi dV = —p (Vi — V3) = NR (T3 — T1) 
3 


V3 


and the heat exchanged is given by, 


Q3, = Az, -| 


A, 


Ja Ty 


dH = (c+ 1) [ dT = (c+ 1)NR(T; — T3) 
Ts 
This heat transfer is not taking place during an isothermal process. Thus, it cannot be 
described by a heat transfer to a thermal reservoir. 
h) Applying the results above to the definition of 7, and using the coefficient 
y = (c+ 1) /c, we can write, 


Wat We OU — 73) + (1) — Ty) 


ve On etn — Th) 
~hreb= rls Go Yat h— 7s 5 peer 
c(T)— T;) T, — T; T,— T 


7.5 Otto Cycle 


The Otto cycle is a model for a spark ignition engine and represents the mode of operation 
of most non-diesel car engines. It consists of four processes when the system is closed, and 
of two additional isobaric processes when the system is open, corresponding to air intake 
and exhaust. Thus, we have, 


* 0 —> 1 isobaric air intake 

« 1 —> 2 adiabatic compression 
« 2 —> 3 isochoric heating 

¢ 3 —> 4 adiabatic expansion 

« 4 —+ | isochoric cooling 

« 1 —> O isobaric gas exhaust 
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Assume that the adiabatic processes are reversible and that the gas is an ideal gas 
characterised by the coefficient c found in relation (5.62) and coefficient y = (c + 1) /c. 
The following values of state variables are assumed to be known : the pressure p,, the 
volumes V; = V4 and Vz = V3, the temperature 73, and the number of moles N of air at 
the intake. Analyse this cycle by using the following instructions : 


a) Draw the (p, V) and (7, S) diagrams of the cycle. On the (p, V) diagram, show also the 
intake and exhaust processes. 

b) Describe what the engine does in each of the processes. 

c) Explain why an exchange of air with the exterior is needed. 

d) On the (p, V) and (7,S) diagrams determine the relation between the area enclosed in 
the cycles and the work W and the heat Q per cycle. 

e) Determine all the state variables at points 1, 2, 3 and 4 of the cycle, 1.e. find po, p3, pa, 
T: 9) and 7. 4. 

f) Compute the work W performed per cycle and the heat Q exchanged during a cycle. 

g) Determine the efficiency of the Otto cycle, 


W 


lo ~ OF 


where OF = Q)3. 


Solution: 


a) For the isobaric processes, p(V) = p,; = p2 = const (Fig. 7.4). For the adiabatic 
processes, according to relation (5.90), p (V) = const/V7Y where y > 1 and const = 
pi V;) =p2 V3 or const = p3 V;’ = ps V;', which are monotonously decreasing convex 
functions of V. For the isochoric processes, V = V2 = V3 = const or V = V4 = Vi = 
const. 

For the adiabatic processes, S=S; =S2 =const and S= $3; =S4=const (Fig. 7.5). 
For the isochoric processes, according to relation (7.20), T (S) = 7; exp((S — S,)/c NR) 
and 7(S) =7T)exp((S — S2) /c NR), which are monotonously increasing functions 
of S. 


(p, V) diagram of an Otto cycle. 
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(T, 5) diagram of an Otto cycle. 


b) During the isobaric air intake 0 —+ 1, a mass of air is brought in the cylinder at 


constant atmospheric pressure p, as the piston moves and the volume inside the cylinder 
increases from V, to V;. During the adiabatic compression 1 —> 2, the air inside 
the cylinder is compressed adiabatically by the piston from an initial volume V; to a 
final volume V2. During the isochoric heating 2 —- 3, the fuel-air mixture is lit up. 
During the adiabatic expansion 3 —-+ 4, the gas is expanded adiabatically from an 
initial volume V3 to a final volume V4, moving the piston back to its initial position. 
At this point, the gas occupies a volume V4. During the isochoric cooling 4 —> 1, 
heat is transferred to the environment until the pressure comes back to the atmospheric 
pressure p). Finally, during the isobaric gas exhaust 4 —> 0, the gas is removed from 
the cylinder at constant atmospheric pressure p; as the piston moves and the volume 
inside the cylinder decreases from V; to V2. 


c) An engine that runs according to the Otto cycle is a combustion engine. This means 


d 


e 


wm 


wm 


that oxygen is essential for the chemical combustion reaction to take place. After each 
ignition, fresh air needs to enter the cylinder in order to run a chemical combustion 
reaction again. 

The area enclosed in the cycle on the (p, V) diagram is written as, 


V2 V4 
fav = | pav+ | pdV= Wi2 W34 = —W 
Vi V: 


3 


since W23 = Wy, = 0. Thus, the area enclosed in the cycle on the (p, V) diagram 
represents the opposite of the work performed per cycle W. 
The area enclosed in the cycle on the (7, S) diagram is written as, 


S3 Si 
fras= [ras | TdS = Oo3 + On =O 
Sy S4 


since O17 = Q34 = 0. Thus, the area enclosed in the cycle on the (7,S) diagram 
represents the heat QO exchanged per cycle. Since the internal energy U is a state 
function, we must have O = — W, as stated in relation (7.6). 

Using relation (5.90) and the ideal gas equation of state (5.47), the pressures are 
given by, 


(nN _ NRT; _ NRT (V2\7* 
P2=P1 V; P3 = V; pa= y, y, 
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and the temperatures by, 
—] y-1 
pry rh (vi Vy 
T, = T, = — T4 = T3 | = 
' "NR > "NR (7) EN 


f) According to relation (7.14), the work performed during the adiabatic compression and 
expansion is written as, 


T 
Wi = AU) = cnr | aT = cNR (T> — T) 


T 


T4 
Way = AU = ene | aT = cNR (Ts — T3) 


T3 


The work performed per cycle is given by, 
W = Wi2 + Wa = cNR(T, — T3 + T,- T) 


According to relation (7.19), the heat exchanged during the isochoric heating and 
cooling is written as, 


U; T3 

O73 = AUx3 = i dU =cNR | dT = c NR(T3 — T)) 
Ur Tr 
YU; T, 

Ou = AUay = dU =cNR | dT =cNR(T, — T4) 
U4 T4 


The heat exchanged per cycle is given by, 
O = 0x3 + Oa = CNR (T3 — To + T, — Ts) 
g) Using the definition of the efficiency (7.38) we obtain, 


_ W W e(f4— T3+Th- Ti) _, Ty, — Ti 
ne or 023 c(T3 — T>) T; — Ty 


7.6 Atkinson Cycle 
a 


James Atkinson was a British engineer who designed several combustion engines. The 
thermodynamic cycle bearing his name is a modification of the Otto cycle intended to 
improve its efficiency. The trade-off in achieving higher efficiency is a decrease in the work 
performed per cycle. The idealised Atkinson cycle consists of the following reversible 
processes: 


« | — > 2: adiabatic compression 
« 2 —> 3: isochoric heating 

« 3 —> 4: isobaric heating 

« 4 —+ 5: adiabatic expansion 

* 5 —> 6: isochoric cooling 

* 6 —> 1: isobaric cooling 
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Assume that the adiabatic processes are reversible and that the cycle is operated on an ideal 
gas characterised by, 


c+1 
Cc 


pV=NRT U=cNRT i= 


The following physical quantities that characterise the cycle are assumed to be known : 
volumes |, V2 and V6, pressures p; and p3, temperature 75, and the number of moles N of 
gas. Analyse this cycle by using the following instructions : 


a) Draw the (p, V) diagram of the Atkinson cycle. 

b) Determine the pressures p, p4, Ds, Po, the volumes V3, V4, V5; and temperatures 7), 7), 
T3, T4, Ts, in terms of the known physical quantities. 

c) Find the works W12, W23, W34, Was, W556, Wo and the work W performed per cycle. 

d) Find the heat transfers O12, 023, O34, Oas, Oso, Qo; and the heat OT = Qn; + O34 
provided to the gas. 

e) Determine the efficiency of the Atkinson cycle, 


W 
la =~ OF 


Solution: 


a) For the adiabatic process, according to relation (5.90), p (V) = const/V’ where y > 1 
and const = pj V} = p2 V3 or const = p4Vj = ps V2, which are monotonously 
decreasing convex functions of V (Fig. 7.6). For the isochoric processes, V = V2 = 
V3 = const or V = V5 = Vo = const. For the isobaric processes, p(V) = p3 = pa = 
const or p (V) = po = pi = const. 

b) Using relation (5.90) and the ideal gas equation of state (5.47), the pressures are 
given by, 


_ NRT 


Vi - 
P2>=P\1 va P4=P3 PSs Po=P1 
2 


V6 


(p, V) diagram of the Atkinson cycle. 
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the volumes by, 


NRTs5\7 = 
V;=Vp r= { :) V7 V5=V¢ 
P3 
The temperatures are written as, 
= 
rv pin (Vv p3V3 
‘NR 2 NR (3) > "NR 
y-1 
P3Ve\ 7% W* Pi Vo 
Ty = Te Ts = 
us ( NR ) 5 6° "NR 


c) According to relation (7.14), the work performed during the adiabatic compression and 


expansion is written as, 


T> 
Wi = AU) = cnr | aT = cNR (T> — T) 


T) 
Ts 
Was = AUss = NR | aT = cNR (Ts — T4) 

T4 
According to relation (7.18), there is no work performed during the isochoric heating 
and cooling, 

Wz = Wso = 0 

According to relation (7.21), the work performed during the isobaric processes can be 
written as, 


4 Va 
Wa=— [ pav=—ps | dV = — p3 (V4 — V3) = NR (Ta — T3) 
3 V 


3 


1 Vi 
Wa =- | pav=—p | Va-n Vi=— Vea NR (Th — TO 
6 Vi 


6 
The work performed per cycle reads, 
W = Wi2 + Wa + Was + Wor 
= cNR(T) — T, + Ts — Ts) + NR (Ts — 73 +7, - To) 

d) According to relation (7.13), there is no heat exchanged during the adiabatic compres- 

sion and expansion, 

Qi2 = Q4s = 0 
According to relation (7.19), the heat exchanged during the isochoric heating and 
cooling is given by, 


U; T3 
On = AUy = | au=enr | dT = c NR(T3 — T>) 
f; 


Uy 2 


U6 To 
Ose = AUs5 = | dU =cNR | dT =oNR (fe = 73) 
T: 


Us 5 
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According to relation (7.22), the heat exchanged during the isobaric processes can be 
written as, 
Ts 


HH 
O34 = AA34 = dH = (c+ 1) NR dT = (c+ 1) NR (Ts — T3) 


3 T3 
Hy T 

Oo. = Ao, = dH = (c+1)NR dT = (c+ 1) NR(T — To) 
He Ts 


The heat provided from the hot reservoir reads, 
Ot = On; + Ox4 = CNR(T3 — To) + (c +1) NR(Ty — T3) 
e) Using the definition of the efficiency (7.38), we obtain, 
— We Oe Tak a) eae Tt Ze) 
4 OF é(Ia— In) +{e+1)(a— 1) 
(T; T> t T4 Ts) t (y 1) (T3 T4 t T6 T1) 
a pry a 23) 


7.7 Refrigeration Cycle 


An ideal gas characterised by the coefficient c found in relation (5.62) and the coefficient 


y = (c+1)/c undergoes a refrigeration cycle consisting of four reversible processes 
(Fig. 7.7): 


« | — > 2: adiabatic compression 
« 2 —> 3: isobaric compression 
« 3 —> 4: isochoric cooling 

« 4 —+ |: isobaric expansion 


(p, V) diagram of a refrigeration cycle 
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Analyse this cycle by using the following instructions : 


a) Determine the volume V, in terms of the volumes V; and V3 and the pressures p; and po. 

b) Find the entropy variation AS,3 during the isobaric compression. 

c) Determine the heat exchanged Q>3 during the isobaric compression. 

d) Assume now that instead of an ideal gas a fluid is used, which is entirely in a gaseous 
state at point 2 and completely in a liquid state at point 3. The isobaric compression 
2 —> 3 is then a phase transition occurring at temperature T and characterised by the 
molar latent heat of vaporisation fg. Determine the entropy variation AS»; during the 
phase transition in terms of the number of moles N of fluid, the volume V2, the pressure 
p2 and the molar latent heat of vaporisation £7,, assuming that p V = NRT in the gas 
phase. 


Solution: 


a) Using the adiabatic condition (5.90), the volume V can be written as, 


i 
non) 
P2 


b) According to relation (7.23), there entropy variation during the isobaric compression is 
given by, 


aE T. 
AS» = as = (c-+1)R | eo soon 
So To T T> 
c) According to relation (7.22), the heat exchanged during the isobaric compression is 
written as, 


Hy T3 
On = Atty = | dH = (c+1)NR dT = (c+ 1) NR(T3 — Tr) 
cb) Tr 
d) According to relation (2.43) for an isothermal process like the phase transition at 
temperature 7, 
S3 
Qo = T dS = T(S; — S$.) = TAS»; 
So 


According to relations (6.43), (6.44) and the ideal gas equation of state (5.47), 


Q23 Ow Nk NRkoe 
AS3 = = = = 
T T T P2 V2 


7.8 Rankine Cycle 


An ideal gas characterised by the coefficient c found in relation (5.62) and the coefficient 
+ = (c + 1) /c undergoes a Ranking engine cycle consisting of four reversible processes: 
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(T, S) diagram of a Rankine cycle operated on an ideal gas 


* | — > 2: isobaric expansion 

« 2 —> 3: adiabatic expansion 

« 3 —> 4: isobaric compression 
« 4 —+ 1: adiabatic compression 


Thus, the cycle in a (7, S) diagram as shown in Fig. 7.8. 
Analyse this cycle by using the following instructions: 


a) Draw the (p, V) diagram of a Rankine cycle for an ideal gas. 

b) Determine the works performed Wi, W23, W34 and Wa, and the work performed per 
cycle W in terms of the enthalpies H,, H2, H3 and Hy. 

c) Find the heat provided by the hot reservoir Ot = Q)2 in terms of the enthalpies H,, Hb, 
A; and 4. 

d) Determine the efficiency of the Rankine cycle for an ideal fluid defined as, 


W 
R= ~ OF 


Solution: 


a) For the isobaric processes, p(V) = p: = p2 = const or p(V) = p3 = ps = const 
(Fig. 7.9). For the adiabatic processes, according to relation (5.90), p(V) = const/V7 
where y > 1 and const = p, VV) = p4Vj or const = po V} = p3 V2, which are 
monotonously decreasing convex function of V. 

b) According to relation (7.21), the works performed during the isobaric expansion and 
compression are given by, 


Wa=- | pdv=-p dV = —p(V2— V,;) =—NR (1) — T;) 
1 


Yi 


4 V4 
Wa = -{ pwW=-p a= D(Vs V3) = NR (Ts — T3) 
3 V3 


7.8 Rankine Cycle 


(p, V) diagram of a Rankine cycle 


According to relation (5.65), these works can be recast in terms of the enthalpies as, 


1 — 1 

Wig = —— (Hy — Hy) = -—— (Hy — By) 
c+l1 ay 

1 — 1 

Waa = —— (Hy — Hs) = _— (BH; — Ma) 
c+1 y 


According to relation (7.14), the works performed during the adiabatic expansion and 
compression are given by, 


T3 
W 3 = AU 73 =cNR | dT =cNR (T3 = T>) 


Ty 
Ts 
Wat = AU4 = cnr | aT = cNR(T; — T4) 
Ty 
According to relation (5.65), these works can be recast in terms of the enthalpies as, 
Cc 


1 
Wr3 = (H3 — Hy) = e (H3 — Hp) 


c+1 


c 1 
Wa, = (H, — H4) = — (Ai — Ha) 
c+l1l Y 


The work performed per cycle is given by, 


W = Win + Wr3 + W3q + Way 


— 1 1 
=" (HM, — Hy + Ay el rae Hy +H, — Hy) 


=H, — H,+H;3- Hy 


c) According to relation (7.22), the heat exchanged during the isobaric expansion is 


given by, 
OT =O. =AHy) =H, - AH, 
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d) Using definition (7.38) of the efficiency, we obtain, 


= W W H, — Ay + Hy — Hy | Ay — Hy 
ue or O12 Hy -— Hy — 


7.9 Rankine Cycle for a Biphasic Fluid 


An engine consists of a boiler, a condenser, a turbine and a water pump (Fig. 7.10). This 
engine is operating a Rankine cycle on a biphasic fluid (Fig. 7.11). The cycle consists of 
five processes: 


turbine 


vapour 


boiler condenser 


liquid 


heater water pump 


Diagram of the Rankine engine for a biphasic fluid. 


Si Sy 55 


(T, 5) diagram of the Rankine cycle for a biphasic fluid. 
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7.9 Rankine Cycle for a Biphasic Fluid 


* | —>2: The fluid coming out of the turbine is completely condensed (1). The liquid goes 
then through an isentropic compression from an initial pressure p, to a final pressure pp. 


2 —> 3: The liquid is heated up at constant pressure p> by the boiler. It undergoes an 
isobaric heating until it reaches the vaporisation temperature (3). 

3 —+ 4: The liquid is vaporised at constant pressure p>. It goes through a phase transition 
until saturation is reached (4). 


4 —+ 5: The fluid undergoes an isentropic expansion from an initial pressure p2 to a final 
pressure p). 

5 —> |: The fluid is condensed at constant pressure p,. It goes through a phase transition 
until full condensation is reached (1). 


Analyse this cycle by using the following instructions: 


a) Determine the heat provided by the boiler OT = Q23 + O34, the heat released at the 
condenser O~ = Qs, in terms of the enthalpies per unit mass h7, h3, hj and A= and the 
M of fluid undergoing this cycle (Fig. 7.11). 

b) Find the work performed by the pump W}, and the work performed on the turbine W45 in 
terms of the enthalpies per unit mass h}, 45 and hz and the mass M by using the results 
obtained for the open system presented in § 4.11 and assuming that the mechanical 
power is due to the chemical power Pc of the fluid flowing through the pump and the 
turbine, i.e. Py = Pe. 

c) Determine the efficiency of the Rankine cycle for a biphasic fluid defined as, 


W 
TR =~ OF 


Solution: 


a) The isobaric heating and the vaporisation both occur at constant pressure p2. According 
to relation (4.61), the heat provided by the boiler is written as, 


OT = Qo; + Ox4 = AMp3 + AH = AHyg = M (hy — h5) 


The condensation occurs at constant pressure p;. According to relation (4.61), the heat 
provided to the condenser is given by, 


Q- =Qs; = AHs; = M (hj — hi) 


b) In view of the expression obtained for the chemical power Pc exerted on an open system 
due to matter flows in § 4.11 and assuming that the mechanical power Py is due to the 
chemical power Pc of the fluid flowing through the pump or the turbine, we have, 


Py = Pc = it (if ft) 


where M is the mass flux, h* and h; are the constant initial and final enthalpies per unit 
mass. When integrating this result over time, we find the work performed during the 
process i — f, 


Wir = M (hy — hi) 
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Thus, the work W 7 performed by the pump on the fluid is, 
Wy = M (hy — hi) 
and the work W4; performed by the fluid on the turbine is, 
Was = M (hs — hy) 
c) Using the definition of the efficiency (7.38), we obtain, 
W Wrot+tWa hy — hi t+hs— hj 


DR = * * 
. Ce or hy — hy 


Chemistry and Electrochemistry 


The exercises given in the last section of Chapter 8 are presented here with their solutions. 


8.1 Oxidation of Ammonia 
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The chemical reaction of ammonia oxidation reads, 
4NH3+502 — 4NO+6H20 


Consider that initially this reaction is taking place with Nyn, (0) moles of NH3 and No, (0) 
moles of O>. Find the amount of NH3, O2, NO and H2O at the end of the reaction. 


Numerical Application: 


Nyu;, (0) = 2 mol, No, (0) = 2 mol, Nno (0) = 0 mol and Ny,0 (0) = 0 mol. 


Solution: 
The stoichiometric coefficients of the chemical reaction, 
4NH3 +50, — 4NO+6H20 


are Vyn, = —4, Yo, = —5, Uno = 4 and y,,9 = 6. According to relation (8.6), the time 
evolution of the number of moles of a substance A is given by, 


Na (t) = Na (0) + va€ (2) 


where € (f) is the extent of the chemical reaction. The molecular oxygen O» will run out 
first. The reaction will stop at time ty given by, 


No, (7) = No, (0) + vo, € (4) = 0 
which implies that the final extent of the reaction yields, 


é (4) = — No) 2 mot 


VO, 


At the end of the reaction, the amount of NH; is, 
Nn; (t~) = Nu, (0) + wu, € (Y) = 0.4 mol 
the amount of NO is, 


Nyo (ty) = Nno (0) + uno € (f) = 1-6mol 
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and the amount of H,O is, 


Nu,o (tf) = Nu,o (0) + vio € (4) = 2.4 mol 


8.2 Acetylene Lamp 


Acetylene (C,H) can be produced through a chemical reaction between water (H2O) and 
calcium carbide (CaC2): 


CaC>(s) + 2H20 (1) + CoH> (g) + Ca(OH), (s) 


where (s) and (1) indicate whether the substance is solid or liquid. A cave explorer considers 
using an acetylene torch, known to consume this gas at a volume rate of V (at standard 
conditions of temperature and pressure). As the expedition is due to last a time ¢, find 
the amount of calcium carbide that the explorer would need if he chose this type of light 
source. Determine the amount of water used by this torch during this time. 


Numerical application: 


T = 0°C, p = 10° atm, V = 10 In and t = 8h. 


Solution: 


Acetylene can be considered as an ideal gas. Thus, at standard conditions of pressure and 
temperature, the number of moles of C2H» needed for this exploration is, 


pV pvt 
= — = — =3,52 mol 
Nooto RT RT 3.52 mo 
Since the stoichiometric coefficients of acetylene and calcium carbide are equal and 
opposite, 1.e. Vc,H, = —Vcac, = 1, it means that Ncac, = Nou, = 3.52 mol of calcium 


carbide are consumed and produce 3.52 mol of acetylene. The mass mcac, of calcium 
carbide is the product of the number of moles Nc,y, and the molar mass Mcac, = 64 g, 


Mcac, = Neac, Mcacy = Ney: Mcac, = 225 g 


Since the stoichiometric coefficient of water is twice the opposite stoichiometric coefficient 
of acetylene, i.e. ¥y,90 = —2Vc,n, = 2, it means that Ny,9 = 2Nc,n, = 7.05 mol of water 
are consumed in order to produce 3.52 mol of acetylene. The mass my,o of water is the 
product of the number of moles Ny,o and the molar mass My,0 = 18 g, 


mp0 = Nu,0 Myo = 2 Novy, Muzo = 1278 


8.3 Coupled Chemical Reactions 
EE | 


The oxidation of methane can take place according to either one of the following reactions: 


CH, 4305. -—=s CO, 4310 
2CHe+30. —> 200+4H,0 
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8.3 Coupled Chemical Reactions 


When the reactions stop at time ty because all the methane is burned, the total mass of the 
products (CO2, CO, H20) is 
m (t,) = mco, (ty) + mco (tf) + mu,o (%) 


Determine the initial mass of methane mcy, (0) in terms of the total mass of the products 
m (ty) and the mass of water my,0 (ty). 


Numerical Application: 

m (t/) = 24.8 g and my, (t) = 12.6. 

Solution: 

The stoichiometric coefficients of the chemical reaction, 


CHi +20, —3 CO,+2H,0 
FC 430s —s. 2CO +a 


are V1,CH4 — Lis V1,0, = =2, V1,CO, — i, V1H2O — 2, V2,CH4 — —2, V1,0) = —3, 
V2co = 2 and v2H,0 = 4. According to relation (8.11), the time evolution of the number 
of moles of a substance A taking part in the coupled reactions | and 2 is given by, 

Na (t) = Na (0) + 14 & (0) + v2 & (2) 
The reactions stop at time ¢ when all the methane is burnt. Thus, according to rela- 
tion (8.11), we write, 


Neu, (47) = New (0) + vicuy €1 (4) + V2,cHy 2 (t”) = 0 


which implies that the initial number of moles of methane yields, 


Neu, (0) = €1 (t) +2 € (4) 


Initially, there is no water, i.e. Ny,0 (0) = 0. Thus, according to relation (8.11), we write, 


Nuno (4) = Nino (0) ale V1.0 gy (t) ale V2,Niy0 &> (t) 
Since my,o (t7) = 12.6 g and My,0 = 18g, we obtain the following identity, 


my, 0 (t 
Nino (4) = 2D = 26, (y) +46 (y) = 0.7 mol 
HO 
Initially, there is no carbon dioxide and monoxide, i.e. Nco, (0) = 0 and Nco (0) = 0. 
Thus, according to relation (8.6), the time evolution of the carbon dioxide and monoxide 


are given by, 


Neo: (4) = Neo2 (0) + ¥1,co2 &1 (f) = &1 (ty) 
Nco (4) = Neo (0) + ¥2,co 2 (4) = 2 & (y) 
The total mass m (t,) of products of their number of moles times their molar masses, 
m (t) = Neo, (t,) Mco, + Neo (t,) Mco + Nuno (4) Mino = 24.8 g 


which implies that, 


M M 
—"° Neo (t) + = Nu,0 (t~) = 1 mol 


Mco, 2 
t m (t) m (t) 


>; (n) Neo, (tf) + 
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and can be recast as, 
M M M M 
( aD a E(t) 4 (2 oad | £5 (ty) = 1 mol 
m(t) — mt) m(t) mt) 
Since m(t)) = 24.8g, Myo = 18g, Mco = 28g and Mco, = 48g, we obtain the 
following identity, 


3.39 €, (4) + 5.26€, (ty) = 1 mol 
Solving the system of equations, 
2€, (t) +4 & (y) = 0.7 mol 
3.39 € (t7) + 5.26 € (t,) = 1 mol 
we find that, 
€, (t) = 0.10 mol and &) (t)) = 0.12 mol 


Since Mcu, = 16 g, the initial mass of methane mcu, (t,) burned in this reaction is, 


mew (t7) = News (t)) Mew = (£1 (4) +262 (() Mens = 5-4 8 


8.4 Variance 
LL _ _EEEEEEE====EEE—eE—————eE—————E—————————————————==——s| 


The variance v is the number of degrees of freedom of a system consisting of r substances 
in m phases taking part in m chemical reactions. The variance v is obtained by subtracting 
n constraints from the number of degrees of freedom f determined by the Gibbs phase 
tule (6.62), 


v=f-—-n=r—m—n+2 


The pressure p and the temperature T are not fixed. Otherwise, there are additional 
constraints to fix p and 7. Apply this concept to the following situation. 


a) Determine the variance v of methane cracking described by the chemical reaction: 
CH4(g) = C(g) + 2H (g) 


b) A system consists of three phases and there is one chemical reaction between the 
substances. The variance is known to be two. Determine the number r of substances 
in the system. 

c) A system is at a fixed temperature and consists of three phases. Its variance is known 
to be two and there are two chemical reactions between the substances. Determine the 
number r of substances in the system. 


Solution: 


a) There are three substances (CHz, C and Hp), i.e. ry = 3. There is one gaseous phase, i.e. 
m = 1. There is one chemical reaction, i.e. m = 1. Thus, the variance v is, 


v=r—-m—n+2=3 
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b) There are three phases, i.e. m = 3. There is one chemical reaction, i.e. = 1. The 
variance is known to be two, i.e. v = 2. Thus, the number r of substances is, 


r=v+m+n—2=4 
c) There are three phases, i.e. m = 3. There are two chemical reactions, i.e. 2 = 2. The 
variance is known to be two, i.e. v = 2. However, there is one additional constraint due 


to the fact that the temperature is fixed. In this particular case, there is one fewer degree 
of freedom. Thus, the variance is given by, 


v=r—m—n+l 
which implies that the number r of substances is, 


r=v+m+n—1=6 


8.5 Enthalpy of Formation 


a) There are two isomers of butane: butane (C4H 9) and isobutane (methylpropane) (iso- 
C4Hj0). Determine the standard enthalpy of isomerisation Ah° of butane to isobutane 
in terms of the enthalpies of formation of the two isomers, /c,H,, and Niso-cyHio- 

b) The lunar module ‘Eagle’ of the Apollo mission was propelled using the energy released 
by the reaction: 


H2NN(CH;),(L) + 2 N2O4(1) + 3 No(g) + 2 CO2(g) + 4 H2O0(g) 


Determine the molar enthalpy AA° of this exothermic reaction in terms of the enthalpies 
of formation of the reactants, Ay,NN(cH,),()> 4N20,0) and of the products Ay,(g) Acox(g); 
hy,0.- 

c) The combustion of acetylene (C,H?) is described by the chemical reaction: 


C2Ha(g) + Ong) — 2 CO2(g) + H20(1) 


Determine the enthalpy of formation fc,y, of acetylene (C2Hz2) in terms of the molar 
enthalpies o,(g), Aco,(g), Au,0(g), the molar enthalpy of the reaction AA° and the 
vaporisation molar enthalpy of water Ayap. 


Numerical Application: 

a) hcyuy) = — 2,877 kJ/mol, hi-cyu,. = — 2, 869 kJ/mol, 

b) hyocg) = — 242 kJ/mol, hcox(g) = — 394 kJ/mol, 

hyo(g) => 0kJ/mol, hy 0,(1) = 10 kJ/mol, hiyNN(CH;),(1) = 52kJ/mol 
c) AhA° = — 1,300kI/mol, yap = 44 kJ/mol, ho,(g) = 0kI/mol, 


Solution: 


a) According to Hess’ law (8.53), the standard enthalpy of isomerisation AA° of butane 
to isobutane is the difference between the enthalpy of formation of isobutane and the 
enthalpy of formation of butane, 
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Ah? = Niiso-C4Hyo = AcyHy = 8kJ/mol 


which implies that the isomerisation is endothermic since Ah° > 0. 
b) The molar enthalpy released Ah° by this exothermic reaction is obtained by applying 
Hess’ law (8.53), 


AR® = 3 hy) + 2 hog) + 4 Arn0() — AHNN(CH,),) — 2 AN20.0) 


= — 1,828kJ/mol 

c) The molar enthalpy released Ah° by the combustion of acetylene (C2H2) is obtained by 
applying Hess’ law (8.53), 

= 

2 


Ah® = 2 hcoxg) + hu,00) — het, — 5 ho, 


where the molar enthalpy of gaseous water hy,c(g) is equal to the sum of the molar 
enthalpy of liquid water hy,oq) and the vaporisation molar enthalpy of water Ayap, 


hy,00) = Aro) + Avap 


Thus, the enthalpy of formation hc,y, of acetylene (C2H2) is given by, 


2 ho, — Ah° — hyap = 226kJ/mol 


hon, = 2 hcox(g) + Ar, 01g) 5 


8.6 Work and Heat of a Chemical Reaction 
Te) 


Steel wool is placed inside a cylinder filled with molecular oxygen Oz, considered as an 
ideal gas. A piston ensures a constant pressure of the gas. The steel wool reacts with the 
molecular oxygen to form iron rust Fe2O3, 


3 
2Fe + 5 02 — FeO; 


The reaction is slow, so that the gas remains at ambient temperature 7). Determine the heat 
Qi, the work Wir and the internal energy variation AU; in terms of the enthalpy of reaction 
AH for a reaction involving two moles of iron. 


Numerical Application: 


AHiy = — 830kJ, Ty = 25°C. 


Solution: 


Since the system is coupled to a work reservoir at constant pressure, according to the 
relation (4.61) the heat transfer Qj is equal to the enthalpy of reaction, 


Oi = AHy = — 830kI 
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8.8 Mass Action Law: Carbon Monoxide 


According to relation (2.28), the work Wy performed on the ideal gas at constant pressure 
Po is given by, 


Vy Vi— AV 
Ws=—- f podY =—po | dV = po AV 
V; V; 


When two moles of iron are consumed 3/2 moles of molecular oxygen Op are oxidised, 
i.e. AN = 3/2. The change in volume of the molecular oxygen AV at constant pressure po 
is expressed as, 


Po AV = ANRTp 
Thus, the work Wiis recast as, 
Wi = po AV = ANRT) = 3, 715k 
According to the first law (1.44), the internal energy variation AUjy is given by, 
AU = Wi + Oi = 2, 885 kJ 


8.7 Mass Action Law: Esterification 
a eee 


The Fischer esterification reaction is given by, 

R-(C=O)-OH + R-OH = R-(C=O)-OR + H20 
Determine the equilibrium constant K of this reaction in terms of the concentrations of the 
reactants Cr-(c=0)-0H; Cr-on and of the products cr_(c—o)—or and cy,0 at equilibrium. 
Numerical Application: 


€r(c=0)-0n = 1/3, cron = 1/3, ¢r_(c=0)-or = 2/3, Cu,0 = 2/3. 


Solution: 


In this reaction, the stoichiometric coefficients of the products are equal to | and the 
stoichiometric coefficients of the reactants are equal to — 1. By applying the mass action 
law (8.80), we determine the equilibrium constant, 


__ €R-(C=0)—OR CH,0 


K =4 


CR-(C=0)-OH CR-OH 


8.8 Mass Action Law: Carbon Monoxide 
Sa | 


In a reactor of volume Vo, initially empty, solid carbon is introduced in an excess amount 
together with Nco,(g) (0) moles of carbon dioxide. The reactor is brought to temperature To 
and the system reaches a chemical equilibrium, 


CO,(g) + C(s) @ 2CO(g) 
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At equilibrium, which occurs at time t = % the density of the gases relative to air is 6. 
Determine: 


a) the pressure p (t,) in the reactor. 

b) the equilibrium constant K. 

c) the variance v as defined in exercise (8.4). 

Numerical Application: 

Vo = 11, To = 1, 000°C, Neo, (0) = 0.1 mol, 6 = 1.24, Mair = 29 g. 


Solution: 


a) The stoichiometric coefficients of the reaction, 
CO.(g) + C(s) = 2CO(g) 


are Vco,g) = — 1, Yc(s) = — 1 and vcog) = 2. According to relation (8.6), the time 
evolution of the number of moles of CO2(g) and CO(g) are given by, 


Ncoxg) (t) = Neorg) (0) — € (¢) 
Neo) (t) = 2 € (¢) 


since Ncoig) (0) = 0. The total number of moles of air is equal to the total number of 
moles of gas, 


Nair (t) = Neas (0) = Nco3(g) (t) + Neo) (t) = Nco3(g) (0) + c (0) 
The density 6 of the gases relative to air at chemical equilibrium occurring at ¢ = ty is, 


i= Nox) (4) Mco, + Neo (4) Mco 
Neas (ty) Mair 


(Ncoue) (0) — € (4) Mcos +2€ (4) Mco 
(Neoxe) (0) +é (1) Mair 
Thus, the extent of the reaction is, 
Ncox(g) (0) (Mco, — Mair 5) 
Wan 8 -+ Meo, — 2Meo 


since Mco = 28 g and Mco, = 48 g. The gas pressure p (t,) inside the reactor is given 
by the ideal gas law, 


News ()RTo _ (Neoxw (0) +€(H)) RT 


= 0.043 mol 


= = 1.51-10°P 
P(t) Vo Vo 51-10° Pa 
b) The concentrations of gases at equilibrium are, 
_ Neow (44) _ 2€ (y) 
cco = 


Neas (7) Ncox(g (0) + € (f) 
= Neo3(g) (t/) = Ncos(g) (0) _ E(t) 
Naas (t~) Neorg) (0) + € (4) 


CCOp 
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8.9 Entropy of Mixing 


By applying the mass action law (8.80), we determine that the equilibrium constant is, 
2 2 
4E(t 
K = (ool _ é ) = 0.91 
Cc 2 
© (Neoww (0) = & (H) 


c) There are three substances, CO(g), CO2(g), C(S), ie. 7 = 3, two phases (g), (s), Le. 
m = 2, and one chemical reaction, 1.e. 2 = 1. Since the temperature Tp is fixed, there is 
an additional constraint. The expression for the variance is, 


v=r—m—n+1=1 


8.9 Entropy of Mixing 


A gas container of fixed volume V is divided into two compartments by an impermeable 
fixed wall. One compartment contains ideal gas 1, the other ideal gas 2. Both sides are at 
pressure p and temperature 7. When the wall is removed, the system reaches equilibrium. 
During this process, going from an initial state i to a final state { the system is held at 
constant temperature 7. There is no chemical interaction between the two gases. Therefore, 
the mixture is an ideal gas also. 


a) Determine the internal energy variation AU; during this process. 
b) Show that the total entropy variation ASjr is given by (Fig. 8.1), 


2 


ASig = — (NM) +.N2) RS © ca In (es) 
A=1 


Solution: 


a) The internal energy remains constant during this process, because the temperature of 
the two ideal gases is constant and the internal energy of an ideal gas is proportional to 


0.8 
0.6 
0.4 


0.2 


ASy/[(Ny+Ny) Rl 


0 0.5 1 
Concentration c, of gas 1 


Entropy of mixing, as a function of the concentration c, of gas 1. 
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its temperature. Note that the mixture of two non-interacting ideal gases is also an ideal 
gas. Thus, 


AU = Uy — U; = 0 
c) According to the Euler equation (4.7), we express the initial internal energy 
U; (Si,S2,Mi,N2) and the final internal energy U;(S,N1,N2) in terms of their state 
variables, 


2 


U; (S1,S2,Mi,N2) = T(S1 + S2) + 9) by (Trp) Na 
A=1 
2 


Uy (SiMi,No) = TS+S— ug (T,p,c4) Na 
A=1 


Since the internal energy remains constant, 


2 


AUy=T(S— S:- %)+ >> (1 (T,p,¢4) — ba (7,p)) Ny =0 
A=1 


Using the expression for the entropy variation, 
ASi¢ = Sp — Sj = S— S) — Sy 
and the chemical potential of an ideal gas mixture (8.68), 
bg (Lp, ca) = Mg (Lp) + RT In (cy) 


the previous relation can be recast as, 


2 
TAS + RTS ~ In (ca) Na = 0 
A=1 
Using expression (8.35) for the concentration cy = Ny/ (Ni; +.N2), the entropy of 
mixing ASj is found to be, 
2 
ASip = — (Ni +.N2) RS © ca ln (cy) 
A=1 

where ASj > 0 since 0 < cy < 1. This expression for the entropy variation is 
analogous to the von Neuman entropy. 


8.10 Raoult’s Law 


A container at a pressure p and temperature 7 contains two substances | and 2, present 
both in liquid and gas phases. Estimate the partial pressure p4 of substance A in the gas 
phase (A = 1,2) as a function of the concentrations cl? and of? of substances | and 2 in 
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8.10 Raoult's Law 


the liquid phase. Raoult’s law relates the partial pressure p, of substance A to the saturation 
pressure p%, 


6 te 
PA = prc? 


where the saturation pressure p{ is the pressure that the pure substance A would have in 
the gas phase in equilibrium with the liquid phase at temperature 7. Establish Raoult’s law 
by assuming that the liquid and gas mixtures can be treated as ideal mixtures (§ 8.5.2) and 
by considering that molar volumes in the liquid phase are negligible compared to molar 
volumes in the gaseous phase. 


Solution: 


The chemical potentials of substance A in the liquid and gas phases depend on the 
concentration cl) in the gas phase and cl) in the liquid phase according to the ideal 
mixture mixing law (8.68), 


uo (Zp. ee po (T,p) +RTIn (cP) 
pu) (Zp. a _ u®) (T,p) +RTIn (¢ - 


Here, wo (T, p) and pe) (T, p) are the chemical potential of the pure substance in the liquid 
and gas phases. When a concentration appears in the argument, then the substance is part 
of a mixture. Since the problem refers to the saturation pressure p$, we want to introduce 
it in the relations above. For the gaseous phase, we simply apply relation (8.58) and write, 


u® (7, (z , DC ef) = pe) (T,p4) + RTIn (4) +RTIn ( cf) 


For the liquid phase, we turn to relation (8.85), that was established for incompressible 
liquids, and write, 


£ ° ° L £ 
uP (Bee?) =n? (rp) + @- PY? +RTIn (cf?) 


The equilibrium condition for substance A in the mixture reads, 


ye) (rp. o) yi (rp. o(?) 


The saturation pressure p§ is defined by the equilibrium between the liquid and the gas 
phases of the pure substance, which is characterised by, 


a ° 
pe (7,9) = uw? (Tp) 


Therefore, the equality of the chemical potentials of the substance A in the gas and liquid 
phases yields, 


erm (2 -) + ern (c$) = (p — po) v' ) +RTIn (c o) 


f 
which can be recast as, 
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According to relation (8.67), the partial pressure of substance A in the gaseous phase is 
PAa=pP c®), and according to relation (8.89), 


(p— pi) vy? = RT 


Pa yi 
In| —“@ | =-@ 
PACA VA 


Since the molar volume in the liquid phase is negligible compared to the molar volumes in 
ia yl!) (g) 
the gas phase, i.e. vy’ < vy", 


which implies that, 


Thus, we recover Raoult’s law, 


8.11 Boiling Temperature of Salt Water 
ee i 


Consider a mixture of water and salt with a low salt concentration. Use the ideal mixture 
law (8.68) to evaluate the chemical potential of water in the salt solution. Recall that 
according to relation (8.51), for any substance A in any given phase, w,(T) = ha — Ta. 
Assume that near the boiling temperature 7) of pure water, the molar enthalpy 44 and the 
molar entropy s4 of the liquid and vapour phases do not depend on temperature. Determine 
the boiling temperature variation T— To as a function of salt concentration c4. 


Solution: 


Since the salt concentration is cy, the water concentration is 1 — cy, where cy < 1. Since 
the mixture is assumed to be ideal, the chemical potential of water is written as, 


uO (7,1 = c4) = ph? (1) + RTIn (ey) © uw (T) — RTea 


When water vapour and salt water are at equilibrium, the chemical potentials of water 
in the liquid and gaseous phases are equal. Thus, we have for pure water at boiling 
temperature 7, 


e 
uy? (To) = uw? (To) 


When the salt water solution is at boiling temperature 7, the same equilibrium condition 
reads, 


e 
wy (TA ¢4) = wy? (2) 
The difference between these two conditions reads, 


e 
wi (Z,1— ca) — wh? (To) = vw (1) -— w® (1) 
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Using the ideal mixture relation, it can be recast as, 
e e 
wD (1) — wh? (To) — Blea = wf (1) - uP (a) 


Now, we express the chemical potentials in terms of the molar enthalpies and the molar 
entropies, 


Re Te? =n) + ysl? = Rte an — 7s) — 1,2 — The? 


which reduces to, 
(T— T)s\? + Rey = (T— T)s® 
Thus, the boiling temperature variation in the presence of salt is, 


R1cy 


o_O 


T— T= 


8.12 Battery Potential 


Apply the general definition of the battery potential, 
1 
Ag =-— y a 
" ZF r 7 ne 


to the Daniell cell (§ 8.7.4) and show that it yields relation (8.108). Show that the battery 
potential can be written as, 
Ag AGG — AH TA,S 
ZF r ZFrp ZF r 


where 
AH = aa Vaahy and AS = S- VaASA 
A 


A 


Solution: 


Apart from the electrons which are produced at the anode and consumed at the cathode 
inside the Daniell cell, there are four other substances in this electrochemical reactions, i.e. 
Cu*+, Cu, Zn?* and Zn. Thus, the battery potential is given by, 


1 
Ay = - — P 
~ wip Ds Vad 


1 
a 2F rr (Vict Mew+ + Y+Cu Mou 7 Ya zn2+ Mzn2+ + Y—zn zn) 


where the + sign labels the reduction occurring at the cathode and the — sign labels the 
oxidation occurring at the anode. According to the redox equations at equilibrium (8.96) 
and (8.95), the stoichiometric coefficients v.¢.+ =— 1, v4cu= 1, V_zm+ =1,¥-z=—1, 
and the electrovalence is z = 2. Thus, the battery potential reduces to relation (8.108), 


( (uc = Feu) — (Hame+ — Hn) ) 


ges = 
OOF er 
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According to relation (8.18), 
1 Aa 
A = — — ‘a. = --— 
a ZF r » Mgnt A ZFr 
In view of relation (8.16), 


1 AqG 
A = -—-— a =_— 
? Bip Da Vad bs ZF r 


According to relation (8.51), 


AH — TAS 


1 
A = — — 7 =—_— A h = 7 — 
Os > Vad La » Vad (ha — Ta) Fe 


8.13 Thermogalvanic Cell 


Consider an electrochemical cell made of two half-cells that are identical except that they 
are maintained at different temperatures. This is called a thermogalvanic cell. Determine 
the thermogalvanic coefficient, 


OAyp  A,S 
a= = 


OT ZF r 


using the definition of the battery potential introduced in exercise (8.12). 


Solution: 
According to the definition of the battery potential introduced in exercise (8.12), the 
thermogalvanic coefficient is given by, 
JOAg 1 0 A,S 
= = A,H — TA,S) = 
“~~ “ar a or | a, 


Note that a typical value for the Seebeck coefficient of a metal (equation 11.86) is much 
smaller than a typical value of the thermogalvanic coefficient. Thermogalavanic cells have 
been considered to convert heat to energy.® 


8.14 Gas Osmosis 
= 


An isolated system consists of two rigid subsystems of volumes /, and V2 separated by a 
rigid and porous membrane. Helium (He) can diffuse through the membrane, but oxygen 
(Oz) cannot. We label the gases as A for helium and B for oxygen. The whole system is in 
thermal equilibrium at all times. Each gas can be considered an ideal gas, i.e. they satisfy 


8 S. W. Lee, Y. Yang, H.-W. Lee, H. Ghasemi, D. Kraemer, G. Chen, Y. Cui, An Electrochemical System for 
Efficiently Harvesting Low-Grade Heat Energy, Nat. Commun. 5, 3942 (2014). 
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Initial Final 


B: Np 


I 1 
Pressure: pj; 1 Pressure: Dj Pressure: p,1Pressure: p29 
I 1 


A system is divided into two by an osmotic membrane which lets substance A diffuse through it, but not 
substance B. 


the equations of state (5.46) and (5.47), namely, pV = NRT and U = c NRT. The gas 
mixture obeys the ideal mixture relation (8.68), that is, 


L4 (T, p, CA) = py (T,p) +RTIn (c4) 
LB (T, p, cB) = LB (T,p) +RTIn (cg) 


where ju, (T,p) and pup (T,p) are the chemical potentials of substances A and B when they 
are pure, c4 and cg are the concentrations of A and B. Initially, the system contains No 
moles of helium in subsystem 1, and Ng moles of oxygen in subsystem 2 (Fig. 8.2). The 
numbers of moles No and Nz are chosen so that the initial pressure p; is the same in both 
subsystems. At all times, each subsystem is assumed to be homogeneous. Designate by N; 
and N, the number of moles of helium in subsystems | and 2, respectively. 


a) At equilibrium, show that p24 (7, p1) = 4 (T,p2, ca). 

b) Deduce from the previous result a relation between the pressures p; and p2 when the 
two sub-systems reach equilibrium. Express c4, p; and p2 in terms of Ny. Determine 
P1 and po in terms of the initial pressure p; under the condition of equal volume, i.e. 
Vi =V. =p. 


Solution: 
a) Applying Gibbs’ relation (2.12) to the helium in each subsystem yields, 
UO, =TS, +4, and Uy = TS + pty No 


which implies that, 


$=S += 5(H + th) - EN 


T T 
Since the system is isolated U = 0, which implies that U; = —U)>. The helium 
conservation law implies that Ny = —N. Thus, 
: Mi — box 
S= — ———-N 
T 1 


and equivalently, 


454 


b 


wm 


Chemistry and Electrochemistry 


According to the second law, the total entropy S' of the system reaches a maximum at 
equilibrium. Thus, at equilibrium, 
Os 
aN: 
which implies that u, = 144 (T,p1) is equal to uw, = py (T,p2,c4), 


=0 (equilibrium) 


M4 (Typ) = Ma (T,p2,€4) (equilibrium) 

Using the ideal mixture relation (8.68), 

M4 (T,p2,C4) = Ma (7, p2) + RT In (ca) 
which implies that at chemical equilibrium, 

fa (T,pi) = Ma (T,p2) + RTIn (ca) 
Moreover, according to relation (8.58), 
Pi 

Ma (Typi) = Ma (T,p2) + RTIn (2) 
Comparing the two previous relations and using the definition of the concentration cy, 
we obtain, 


Pi Ny 
C4 = Po and C4 = Ny cone 
The ideal gas equation of state implies that, 
(No _ N2) RT (No + N>) RT 
P= ack an and P= =e 
Using the last four equations, we obtain, 
No 
Nz = = 
Thus, 
NoRT 3 NoRT 
ia Std Say, 
Moreover, since, 
_ NoRT 
Pi Vo 


we have that, 


1 d 3 
= -)i an =-D)i 
P1 aP P2 aP 


8.15 Osmosis Power Plant 


At sea level, water from the outlet of a river is diverted to a power plant that operates on 
the principle of osmosis. A turbine is installed in the pipe that brings the river water to an 
osmotic membrane separating the clear water from the salt water of the sea. The sea water 
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at the location of the membrane is assumed to have a constant low salt concentration c, 
i.e. c < 1. The pure water pressure in the river and in the sea is po. Because of osmosis, 
water is driven from the river through the turbine and then across the osmotic membrane 
into the sea. Just after the turbine and before the membrane the pressure is p; = po — Ap. 
Calculate the mechanical power of the water flowing through the turbine, 


Py = ApNv 


where v is the molar volume of water and N are the number of moles per unit time flowing 
through the osmotic membrane. The hydrodynamics of the turbine is such that we can 
assume, 

RyN 


Vv 


Ap = 


so that Py = RyN, i.e. it is similar to the form of the Joule power for electrical heating. 
Use the ideal mixture relation (8.68) to determine the mechanical power Py. Since the salt 
concentration c is low enough, we can assume at ambient temperature that Ay: >> RTc. 
Show that the mechanical power is given by, 


where Ay is the chemical potential drop between the river and the sea water. 


Solution: 
The water chemical potential difference between the two sides of the membrane is given by, 
Ap = (po, 1 — c) — (pr) 


Here, we use the notation of § 8.6. In particular, when a chemical potential does not depend 
on a concentration, it means that we are referring to the pure substance. According to 
relation (8.85), we have for pure water, 


Le (P1) = BH (Po) + (P1 — Po) = (Po) — vAp 

For the salt water, assuming c < 1, we use relation (8.84) and write, 
(Po, 1 — c) = w(po) — RTe 
Hence, since Ay: >> RTc, we find that, 
Au = vAp — RTc~vAp 
Thus, using the previous relation and the assumption v Ap = Ry N, 
Aw =RyN 
Therefore, the mechanical power is given by, 
Py = RyN* = AuN 


This expression is analogous to the electrical power, expressed as the product of a current 
(i.e. N) and potential difference (i.e. Ay). 


Matter and Electromagnetic Fields 


The exercises given in the last section of Chapter 9 are presented here with their solutions. 


9.1 Vapour Pressure of a Paramagnetic Liquid 


456 


At constant temperature 7, show that the vapour pressure p (7, B) of a paramagnetic liquid 
has the following dependence on the magnetic induction field B, 


cB? 


p(T, B) — p(T,0) = —p(T,0) Dug RT? 


in the small field limit, ic. cB < jig RT?. The liquid phase satisfies the Curie equation of 
state (9.106), 


cB 
me = — 
Mo T 


where my is the molar magnetisation. The molar volume ve of the liquid phase can be 
neglected compared to the molar volume vz of the gaseous phase, i.e. ve < Vg. 
Solution: 


Since the gaseous phase is non-magnetic, i.e. mz = 0, and the temperature is fixed, 
i.e. dT = 0, the Gibbs-Duhem equations (9.15) for the liquid and gaseous phases read, 


dtp = vedp — m;- dB and dptg = Vg dp 


The vapour pressure is defined at chemical equilibrium between the liquid and gaseous 
phases, 


Ajig = dp 
which is expressed in the limit where vp < vg as, 
Vgdp +m; -dB =0 
According to the ideal gas equation of state (5.47), 


RT 
Ve = — 
=. 
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Using the Curie equation of state the chemical equilibrium equation implies that, 
dp _ cB 
Pg RT? 


When integrating from a zero initial magnetic induction field B, we obtain 


” (203) _ cB 


-dB 


P (7, 0) 2 {oR ie 
Thus, 
p(T,B) cB 
= exp | - ———— 
Dp (7, 0) 2 Lo R Te 
In the small field limit, i.e. cB < [up RT?, the previous result reduces to, 
p(T,B) _ cB 
p(T,0) 7 2 py RT? 
Hence, 
cB’ 
T,B) — p(T,0) = —p(T,0) ———~ 
p(T,B) — p(T,0) = —p( ) yy RT 


The dependence of vapour pressure on the magnetic induction field was observed for liquid 
oxygen.’ The contribution of nuclear spins to the magnetic field dependence of the vapour 
pressure of He3 was also observed and analysed.!° 


9.2 Magnetic-Field Induced Adsorption or Desorption 
EEE 


We consider a substance that can be either in a gaseous phase inside a rigid container 
or in an absorbed phase on the surface of a substrate inside it. We analyse the equilibrium 
reached by the substance in the gaseous and adsorbed phases. The entire system is at a fixed 
temperature 7. We assume that when the substance is adsorbed, it acquires a magnetisation 
M. The reason whether and why this might happen has been the subject of much research.!! 
The gas has no magnetisation. Use relation (8.58) for the pressure dependence of the 
chemical potential of the gaseous phase and assume that the chemical potential of the 
adsorbed phase is independent of pressure. Find the dependence on magnetic induction 
field B of the pressure p. 


Solution: 


Let the gaseous phase be labelled 1 and the adsorbed phase labelled 2. The chemical 
equilibrium is characterised by the equivalence of the chemical potentials, 


Ly (P) = Hp (B) 


° K. Nishigaki, M. Takeda, The Effect of Magnetic Fields on the Vapor Pressure of Liquid Oxygen, Physica B 
194-196 (1994) 

10 J. Kopp, The Vapour Pressure of Helium-3 in High Magnetic Fields, Cryogenics 271-273 (1967). 

"| §, Ozeki, J. Miyamoto, S. Ono, C. Wakai, T. Watanabe, Water-Solid Interactions under Steady Magnetic 
Fields : Magnetic Field-Induced Adsorption and Desorption of Water, J. Phys. Chem. 100, 4205-4212 (1996). 
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since the gas is assumed to be non-magnetic and the chemical potential of the substance 
in the adsorbed phase is independent of pressure. To first-order, this equilibrium condition 
can be recast as, 


3) to) 
Hy (Po) + FP — po) = Hn (0) + eB 


According to relation (8.56), 


Ou, _ O (NRT\ _ RT 

dp ON\ p =p 
According to relation (9.29), the differential of the magnetic free enthalpy density of the 
adsorbed phase yields, 


dgm (T, N2, B) =—s,daT+4 Lo dN, — M-dB 


Applying the Schwarz theorem (4.67) to the magnetic free enthalpy density g,, (T,.N2, B) 


we obtain, 
0 OZm _ 0 OZm 
OB \ON,) ~~ ONz \ OB 


which yields the Maxwell relation, 


OMy OM 
= — my) 
OB ON> 
where mp» is the molar magnetisation of the adsorbed substance. This implies that the 


chemical equilibrium relation can be recast as, 


RT 
My (po) + =~ (p — Po) = Hy (0) — mB 
Applying the chemical equilibrium condition when the magnetic induction field is zero, 
which is, 
Ly (Bo) = Hz (0) 
we find the magnetic induction field B dependence of the pressure p, 


P- Po m-B 


7) RT 


9.3 Magnetic Battery 
————————__ 2 


A U-shaped tube contains a solution of paramagnetic salt, such as CoSO4. One side of the 
U-shaped tube, considered as a subsystem 1, is in a magnetic induction field B, the other 
side, considered as a subsystem 2 is at B = 0. The initial concentration of paramagnetic 
Co*™ salt is cg and the ideal mixture relation applies. Find the electric potential difference 
Ay in terms of the magnetic induction field B and the molar magnetisation m, of electrodes 
made of the same material dipped in the the salt solution. Determine also the concentration 
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ratio of paramagnetic Co** salt in both subsystems at equilibrium in terms of the magnetic 
induction field B. 


Solution: 


When the subsystems reach equilibrium, their chemical potentials are equal, 


My (c1,B) = fp (c2,0) 
where c; and c2 are the concentrations of paramagnetic Cot salt in both subsystems at 
equilibrium. To first-order, this equilibrium condition can be recast as, 
Oni 
OB 
According to relation (9.29), the differential of the magnetic free enthalpy density of 
subsystem | yields, 


Hy (c1,0) + B= [ly (C2, 0) 


dgm (T, Ni, B) =—s,dT+4 by dN, M-dB 


Applying the Schwarz theorem (4.67) to the magnetic free enthalpy density g,, (T,.N\,B) 


we obtain, 
0 OZm _ 0 Ogm 
OB \ON,/ ON, \ OB 


which yields the Maxwell relation, 
OL OM 


= =—m 
OB OM 
where m1, is the molar magnetisation of the paramagnetic Cot™ salt in subsystem 1. Thus, 


the equilibrium condition is recast as, 


fy (c1,0) — pug (c2,0) = mm) - B 


According to relation (8.105), the Nernst potential Ay, which is the concentration- 
dependent potential difference between the two electrodes, yields, 


RT Cc 
Ap =p (c1,0)~ pa (c2,0) = AP Im (2) ak 


Thus, the concentration ratio c; /c2 in terms of the magnetic induction field B is given by, 


Cl ZF r 
oF a ~~ (m,-B 
es exp (SF om ) 


9.4 Electrocapilarity 
—SESESEeEeEeEeEeEeEeyeS>EeEEEEEEEE——————————— SS SSS eee 


Electrowetting is a means of driving microfluidic motion by modifying the surface 
tension.'* Here, we determine the effect of an electrostatic potential difference Ay applied 


2 T.M. Squires, S. R. Quake, Microfluidics: Fluid Physics at the Nanoliter Scale, Rev. Mod. Phys. 77, 977 
(2005). 
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Contact angle for a drop for an applied electrostatic potential difference Aw. 


between the solid and liquid phases on the surface tension. Since the liquid is now 
electrically charged a double layer forms at the interface between the solid and the liquid 
phases. The capacitance per unit area c of this double layer is supposed to be known. 
Determine the electrically charged surface tension 7,, in terms of the neutral surface 
tension 7,9. 


Solution: 


According to § 1.7, the neutral surface tension y,, is the internal energy per unit area 
of the interface between the solid and liquid phases. In this exercise, the electrostatic 
potential difference Avy is the state variable. Therefore, the thermodynamic potential is the 
electrostatic enthalpy density. In view of relation (9.69), at constant electrostatic potential 
difference Ay, the electrically charged surface tension 7,» is the sum of the neutral surface 
tension y,, and the electrostatic enthalpy per unit surface — 1/2c Ay* where c is the 
capacitance per unit surface. Thus, 
Vet = Yee — sey? 


which means that the presence of an applied electrostatic potential difference Ay lowers 
the surface tension at the interface between the solid and liquid phases. 


9.5 Magnetic Clausius—Clapeyron Equation 
a nT) 


Some magnetic materials undergo a first-order phase transition when a magnetic induction 
field B is applied. These materials are of interest because some of them have a strong 
magnetocaloric effect, which could be used for refrigeration applications.'* In these 


3A. M. Tishin, Y. I. Spichkin, Recent Progress in Magnetocaloric Effect : Mechanisms and Potential 
Applications, Int. J. Refrigeration 37, 223-229 (2014). 
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materials, at any given temperature 7, there is a critical magnetic induction field B in 
which the two phases coexist. The two phases, labelled 1 and 2, are characterised by their 
molar magnetisation m, and my and their molar entropies per unit volume s; and s7. Show 
that, the temperature derivative of the magnetic induction field B satisfies the magnetic 
Clausius-Clapeyron equation, 

dB 

~ 
which is analogous to the Clausius-Clapeyron equation (6.49). 


= (8) — 82) (my — my)" 


Solution: 


According to the Gibbs-Duhem relation (9.15) for a system with a single substance, the 
differentials of the chemical potentials are given by, 


du, = —s,dT— m,-dB 
dpty = —82dT — m2 - dB 
The coexistence between these two phases is characterised by, 
dp, = djry 
which implies that, 
(s| — s2)dT + (m, — mz)-dB=0 
Thus, the magnetic Clausius-Clapeyron equation is found to be, 


dB 


ar (1 — 82) (my — mp)" 


9.6 Magnetocaloric Effect 
SSS ey 


The magnetocaloric effect is defined by the temperature variation observed in a material 
under adiabatic conditions when the applied magnetic induction field B varies. The 
effect becomes particularly large when the material undergoes a phase transition due to 
the magnetic induction field variation. An application of this effect was considered for 
space exploration.'* The applied magnetic induction field may be produced by permanent 
magnets.!> Show that the infinitesimal temperature variation dT during an adiabatic process 
characterised by an infinitesimal magnetic induction field variation dB at constant pressure, 
is given by, 


where cz Is the specific heat per unit volume at constant magnetic induction field B. 


'4 C. Hagmann, D. J. Benfod, P. L. Richards, Paramagnetic Salt Pill Design for Magnetic Refrigerators Used in 
Space Applications, Cryogencis, 34 (3) 213-219 (1994). 

15 X. Bohigas, E. Molins, A. Roig, J. Tejada, X. X. Zhang, Room-Temperature Magnetic Refrigerator Using 
Permanent Magnets, IEEE Trans. Mag. 36 (3), 538-544 (2000). 
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Solution: 


A reversible adiabatic process is charaterised by a constant entropy. Thus, 
Os (T, B) Os (T, B) 
dT 
ar“ OB 


According to relation (9.122), the specific heat per unit volume at constant magnetic 
induction field B is defined as, 


ds (T,B) = -dB=0 


Os (T, B) 
= Bi 
oT 
which implies that, 
T Os 
dT = — — — -aB 
CB OB 


According to relation (9.29), the differential of the magnetic free enthalpy density yields, 
dg, (T,B) =—sdT— M-dB 


Applying the Schwarz theorem (4.67) to the magnetic free enthalpy density g,, (7, B) we 


obtain, 
O (Ogm\  O ( O8m 
OB \ oT) OT\ OB 


which yields the Maxwell relation, 


OB OT 


9.7 Kelvin Probe 


Two parallel plates are made of two metals 1 and 2 inside a vacuum chamber (Fig. 9.2). 
The chemical potentials of electrons in metals 1 and 2 are js, and js». When contact is 
established between the two metals, conduction electrons flow until equilibrium is reached. 
As a result of this electron flow, there is a charge Q and —Q at the surface of the 
electrodes. These electric charges produce an electric field E between the plates. According 
to relation (9.67) the corresponding electrostatic potential difference Avy is related to the 
charge Q by, 
Q=CAy 


where C is the capacitance of the capacitor. The plates have a surface area A and they are 
separated by a distance d. It can be shown that the capacitance C is given by, 


E9A 
c= 
d 
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97 Kelvin Probe 


OSO0CO0S 
OSO0COS 


4 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


! ey 
Sot 


My 


A parallel plate capacitor is made of metals 1 and 2 which have electrochemical potentials ji, and /4, and 
chemical potentials j., and jz. On the left, the plates are not connected and the electrochemical potentials 
are not equal. On the right, when conduction electrons of charge e (sign included) are allowed to flow, the 
electrochemical potentials are equal. If the spacing d varies over time, electric charges flow through the 
resistance R and a voltage V can be measured. 


where €o is the electric permittivity of vacuum. For practical applications, the flow of 
electric charges is too difficult to detect. It is easier to make the separation distance d 
oscillate in time, which causes C to vary, hence Q oscillates in time, which implies that 
an electric current of intensity J flows through the resistance R. Determine the voltage V 
detected between the plates as a function of d, p1, and iy. 


Solution: 


On the left, the electrochemical potentials 4, and ji, are different since the plates are 
not in contact (Fig. 9.2). On the right, the electrochemical potentials are equal since the 
plates are not in contact and electrochemical equilibrium is reached (§ 3.4). According 
to relation (9.97), the electrochemical potentials jz, and 2, are expressed in terms of the 
chemical potentials jz; and 15, the electrostatic potentials ~, and y, and the electric charge 
q=e, 

Hy = fy +e yy and fly = fly + EY) 


where e is the electric charge of an electron (sign included). At chemical equilibrium, 
Hy = Hy 
Thus, the electrostatic potential difference is given by (Fig. 9.2), 


lig — Hb 
Ap = p= 4 
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The intensity J of the electric current is defined as the time derivative of the electric 
charge Q . This is only due to the oscillation of the separation distance d in time. Thus, 


pt 8 an g (24) __ «Ad d 


a a a a ra ae 
According to Ohm’s law (§ 11.4.8), the detected voltage V is the product of the resistance 


R and the intensity / of the electric current, 


d RCd 
V=RI=—RC7Ag=——~— 5 (to — Mi) 


If the physical characteristics of the Kelvin probe are known, namely the resistance R, 
the capacitance C, the electric charge e, the distance d and its time derivative d, then the 
voltage V provides a measure of the chemical potential j1, of the conduction electrons in 
metal 1 with respect to the chemical potential jz. of the conduction electrons in metal 2. 
This setup was analysed recently because of its relevance to electrocatalysis.!® 


9.8 Electromechanical Circuit 
|| 


In the electromechanical system presented here (Fig. 9.3), a metallic plate 1 is fixed 
mechanically and a metallic plate 2 vibrates under the effect of a spring of elastic constant 
k, of length z and of natural length zo. The distance between the plates is 2 — z and their 
surface area is A. The capacitance of the parallel plate capacitor is, 


— 


A parallel plate capacitor is made of metals 1 and 2. The metallic plate 1 is fixed mechanically. The metallic plate 2 
vibrates under the effect of a spring of elastic constant k. When it vibrates, conduction electrons flow through the 
resistance R and the spring. The electrostatic potential difference Aw is maintained constant by the power supply. 


16 P Peljo, J. A. Manzares, H. H. Girault, Contact Potentials, Fermi Level Equilibriation, and Surface Charging, 
Langmuir 32, 5765-5775, (2016). 
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9.8 Electromechanical Circuit 


The electrostatic potential difference Ay between the plates is maintained constant by 
a power supply, which generates a flow of conduction electrons through the circuit. 
The chemical potential of the conduction electrons on plate 1 and 2 are jx, and p15. 
At equilibrium, we assume that the deviation of the plate Az = z — zg is small enough, 
ie. Az < zy. Determine this deviation Az to first-order. 


Solution: 


This system consists of the parallel plate capacitor of capacitance and the spring. Since 
the electrostatic potential difference Ay is held constant, the thermodynamic potential is 
the electrostatic enthalpy H,. The total electrostatic enthalpy of the system is the sum of the 
electrostatic enthalpy (9.69), the elastic energy, and the chemical energy of the conductions 
electrons on both plates, 


1 1 
H, (Ay, z) = — 5 C (Ay) + 5 kz zo) + py Mi + py No 


where N; and N> are the number of moles of conduction electrons on plates 1 and 2. 
The electric charges on plates 1 and 2 are — Q and Q. Thus, 


O=CAy=eN, = —eN 


where e is the electric charge of an electron (sign included). This implies that, 
CAy «6A Ay 
e e €-2Zz 


M No 


Thus, the total electrostatic enthalpy is recast as, 


OA (Av) + 5k (e— 20)? + (uy — te) 24 


Since the potential difference Ay is maintained constant by the power supply, at 
equilibrium, i.e. z = zo + Az, the partial derivative of the electrostatic potential energy 
with respect to z vanishes, 

OH, 


which is written as, 
1 EA 
2. (025 — Az) @ (2= 2 — Az)’ 


and recast as, 


eoA (1 - 
Az(€— zy — Azy = 7 (5 (Ay)? Ay ; ae Ay) 


Thus, to first-order in Az, the deviation of the plate is given by, 
A 1 - 
ige ( (Ay — ay) 
k(€— 2) \2 e 
Thus, we have derived an expression for the deviation of the moving plate that depends 
on the electrostatic potential difference between the plates and on the chemical potential 
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difference of the conduction electrons on them. We have assumed that the chemical 
potential does not depend on the concentration of conduction electrons on the plates. This 
assumption is valid for bulk metals. When the electrode is very small, the concentration of 
conduction electrons on the plate needs to be taken into account.!” 


'7 C. Chen, V. V. Deshpande, M. Koshino, S. Lee, A. Gondarenko, A. H. MacDonald, Ph. Kim, J. Hone, 
Modulation of Mechanical Resonance by Chemical Potential Oscillation in Graphene, Nat. Phys. 7, 242-245 
(2015). 
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The exercises given in the last section of Chapter 10 are presented here with their solutions. 


10.1 Chemical Substance Balance 
a EE rrr 


Consider a homogeneous and uniform fluid which consists of different reactive chemical 
substances. 


1. Determine the variation rate 74 of the chemical substance density A. 
2. When the system is in a stationary regime, determine the condition imposed on the 
stoichiometric coefficients Vq4. 


Solution: 


1. For a uniform system, the divergence of the velocity v and the divergence of the 
chemical current density j, vanish, 


V-v=0 and V -j,=0 


Thus, the continuity equation (10.26) for the chemical substance A reduces to, 


n 
n4 = S Wa Vad 
a=1 


2. For a stationary regime, 
ng =0 


which implies that the stoichiometric coefficients satisfy the condition, 


n 
) WaVaA = 0 
a=1 


10.2 Pressure Time Derivative and Gradient 


1. Determine the expression of the pressure time derivative. 
2. Determine the expression of the pressure gradient. 
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Solution: 


1. Taking into account equations (10.86) and (10.71), the internal energy density wu is 
given by, 


. 
u=Ts—p+ >> ugnataqy 
A=1 


The internal energy density time derivative u is expressed as, 


; 
w=sT+T3— pt). (mitatiyna)t+ogt+ae 
A=1 


Since the internal energy density u (s, {n4},q) is a state function density, it is written as, 
_ Ou. wr ou, ou. 
pa EY 8 a 
Os d Ong . Oq q 


Taking into account the definitions of the intensive variables temperature 7, chemical 
potential 4, of substance A and electrostatic potential y in equation (10.77), we have, 


. 
w=TS+S> pyhat eg 
A=1 


Equating the two expressions for the internal energy density time derivative, we obtain 
an expression for the pressure time derivative, 


p 
p=sT+)S> nasi tae 
A=1 


2. The internal energy density gradient u is expressed as, 


Vu=sVT+TVs— Vp+), (ng V by t+ugVna)dt+¢eVq+qVe 
A=1 


Since the internal energy density u (s, {4}, q) is a state function density, it is written as, 


Ou “. Ou Ou 
Ve Oe On, V4 + aq V4 


Taking into account definitions (10.77), we can write, 
Vu=TVs+)) yy Vutyeva 


A=1 


Equating the two expressions of the internal energy density gradient, we obtain an 
expression for the pressure gradient, 


Vp=sVT+S. maVigt+qVe 
A=l 
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10.4 Floating Tub Stopper 


A container with equal heights of oil and water, with water filling the spout to its end. 


10.3 Oil and Water Container 
| 


A container with a long spout is filled with oil and water in such a way that the spout is filled 
to its etop (Fig. 10.1). The water and the oil surfaces are in contact with the atmosphere. 
The height / of the water and oil are the same in the container. Determine the expression 
of the tilt angle a of the spout in terms of the mass densities m,, and m, of water and oil. 


Solution: 


The hydrostatic pressure p at the bottom of the container is the sum of the atmospheric 
pressure po, the oil pressure m, gh and the water pressure m,, gh, 


P=Potmgh+mygh 


The hydrostatic pressure at the bottom of the spout is equal to the hydrostatic pressure at 
the bottom of the container. It is the sum of the atmospheric pressure po and the water 
pressure m,, gL sina, 
P=PpotmygLl sina 
From these two equations, we find the expression of the tilt angle a, 
My +Mo h 


sin @ = ———— — 
m, OL 


10.4 Floating Tub Stopper 
| eee 


A spherical weight of radius R is blocking a horizontal circular hole at the bottom of a 
container filled with a liquid (Fig. 10.2). The liquid of mass density m is at a height H 
above the hole (H > R/2) and the lowest point of the sphere is at a height 4 below 
it (4 < R/2). The pressure above the liquid and below the sphere is the atmospheric 
pressure po. Determine Archimedes’ force F', exerted by the liquid on the spherical 


plug, 
Ss 
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A spherical floater used as tub stopper. 


An infinitesimal spherical ring inside a floater. 


Solution: 
In order to find Archimedes’ force Fy exerted by the liquid on the spherical plug, we first 
need to determine the infinitesimal force dFy (z) exerted by the liquid on an infinitesimal 
spherical ring located at a height z above the bottom of the container (Fig. 10.3). According 
to the definition of Archimedes’ force, we have, 

dF 4 (z) = —p(z) dS (z) 
The pressure p (z) exerted by the liquid at height z is given by, 

p(z) =mg(H— z) 


By symmetry, the vector dS (z) is oriented vertically downwards. Thus, the surface dS (z) 
of the infinitesimal spherical ring is, 


27 
dsc) =—R° sind (2) ao | doZ = —2nR’ sinO (z) doz 
0 


where Z is the unit vector along the z-axis, 


— = 
sin (2) = ——>— and RdO = dz 
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Thus, the infinitesimal surface element becomes, 
dS (z) = —2n(R— h-— z) dzZ 
and the infinitesimal force is recast in terms of the vertical coordinate z as, 
dF 4 (z) =2nmg(H— z)(R—h- z) dzz 
The integral over the vertical coordinate z is written as, 


H 
Fy =2nmg | (H — z)(R—h-— z) dzZ 
0 


or equivalently as, 


H 
Fy, =2nmg | (H(R h) — zH— z(R-— h)4 2) dzz 
0 
Thus, Archimedes’ force is given by, 


H 
Fy,=nmgH (e-1- a) 


10.5 Temperature Profile of the Earth’s Atmosphere 
SSS] 


Model the temperature profile T(z) of the Earth’s atmosphere as a function of height z. 
Ignore winds, clouds and the many effects due to the presence of moisture in the air and 
treat the air as an ideal gas. Assume that the Earth’s atmosphere reaches an equilibrium 
mostly by matter transfer. Suppose that when an air mass moves up or down, it does so 
adiabatically because the air thermal conductivity is small. 


a) Show that, 
T(z) =T—- ey 


Cp 


where c;, is the specific heat at constant pressure per unit mass. 


b) Deduce from the temperature profile T(z), the pressure profile p(z) and the mass 
density profile m (z) of the Earth atmosphere, 


ee (ney et eis ey 


where c is defined in equation (5.60). 


Solution: 


a) For an adiabatic process, the internal energy differential dU is only due to the 
infinitesimal work 6W = — pdV performed on the air, 


dU = cNRdT = —pdV 
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Since the air is treated as an ideal gas, 
U=cNRT=cpV 


Here, the pressure p is a function of volume V, thus 


dU dp V4 7 
vy eee 
which implies that, 
av c dp 
Vo et+l1 p 
The internal energy differential dU becomes, 
cV 
dU =cNRdT = d 
7 c+1 . 


The hydrostatic pressure p (z) decreases linearly with altitude, 
dp = —mgdz 


Thus, 
aT mgV 


dz (c+1)NR 


Using the definition of the specific heat at constant pressure per unit mass, 


~ Cy (c+1)NR 
es 


P mV mV 
the temperature gradient reduces to, 
dT 
Oe eee thus dT=—2 az 
dz co cs 


When integrating this relation from an initial position zo where the temperature is Tp to 
a final position z where the temperature is T(z), we find, 
= & 
T(z) =T- —e 


Cp 


b) According to property (5.83), 


Terl 
= const 


where c + 1 = cy, we deduce the pressure profile from the temperature profile, 


According to the property, 


mV = const 
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and to the ideal gas equation of state, 


V 
oe = c NR = const thus 7 = const 
we deduce the following relation, 
m(z) _ ple) To 
mo PoT (z) 


Using the pressure profile as a function of temperature, we obtain the mass profile as 


function of temperature, 
T c 
m (z) = mo ( 2) 


10.6 Stratospheric Balloon 
—SSSCSCSCéC 


Model the rise of a balloon of mass M, which rises from the ground into the stratosphere. !® 
At ground level, the balloon has a volume Vo, which is much smaller than the volume V max 
it has when it is fully inflated. Nonetheless, the volume Vo is sufficient to lift the payload. 
The ballom is filled with helium, which is considered an ideal gas. Use Archimedes’ 
principle given in exercise 10.4.5 and the model of Earth’s atmosphere established in 
exercise 10.5. 


a) Find the maximum height z max reached by the balloon. 
b) Show that Archimedes’ force F'4 exerted on the balloon is uniform as long as the balloon 
is not fully inflated. 


Solution: 


a) The mass density profile established in exercise 10.5 is written as, 


T max . 


Pp 


which implies that the maximum height z max is given by, 
Z max = &p To (: = 
& mo 


At the maximum height z max, Archimedes’ force, given in exercise 10.4.5, is equal and 
opposite to the weight. Thus, these forces have equal norms, 


m (Z max.) V max & = Mg 


18 T. Yamagami, Y. Saito, Y. Matsuzuka, M. Namiki, M. Toriumi, R. Yokota, H. Hirosawa, K. Matsushima, 
Development of the Highest Altitude Balloon, Adv. Space Res. 33, 1653-1659 (2004). 
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which implies that, 


m (Z max) = V 


Thus, the maximum height z max is recast as, 
7 ce To (: M ) I/c 
Z max = 
2 mo V max 


b) As the balloon rises, i.e. V < Vmax, the pressure inside the balloon is equal to 
the atmospheric pressure and the balloon is always at thermal equilibrium with the 
atmospheric air because it rises so slowly. At height z, Archimedes’ force is given by, 


F4(z) =m (z)V(z)gz 
According to exercise 10.5, 
mV = const thus m (z) V(z) = mo Vo 
Hence, Archimedes’ force is constant, 


Fy (z) = Mo Vogiz= const 


10.7 Velocity Field Inside a Pipe 
San S| 


A fluid flows through a pipe which is shaped in such a way that the velocity field depends 
linearly on the position x along the pipe (Fig. 10.4). At the inlet (« = 0), the velocity is vo. 
At the outlet (x = L), it is 3 vo. Determine the acceleration a (x) of a small volume of fluid. 


Numerical Application: 


vo = 3 m/s, L = 0.3 m. 


EL = 30cm 


A pipe imposes a certain velocity field v (x, t) to the fluid flowing through it. 
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10.8 Divergence of a Velocity Field 


Solution: 


The velocity field v (x,t) is a linear function of the spatial coordinate x and a function 
of time. At the initial time ¢ = 0, the small element of fluid is at the inlet. At the final 
time ¢ = ¢, it is at the outlet. The velocity field v (x,t) has to satisfy the initial and final 
conditions, 


v (0,0) = vo and v(L, te) = 3 vo 


Thus, the velocity field is given by, 


v (x,t) = vo (1+=) 


The acceleration field a (x,t) is obtained by taking the unidimensional material deriva- 
tive (10.18) of the velocity field, 


a(x, t) =v(x,t) = Ov (x,t) +v (x, Ov, 0) 


The velocity field is a stationary field because it does not depend explicitly on time, 
ie. O,v (x,t) = 0. Thus, the acceleration field a (x, f) yields, 


2x\ 2v 2M; 2x 
t)= 1 = 14 
a(si) =v (1+) 38 = 28 (145) 


23 6Vv 
a(0,0) = = 60 mis and a(L,) = ~~ = 180m/s 


which implies that, 


10.8 Divergence of a Velocity Field 
| 


Establish the continuity equation (10.34) for the mass density by working out the change in 
mass inside an infinitesimal cubic box centred at a position written in Cartesian coordinates 
as (x,y,z). The box has square faces orthogonal to the Cartesian axes and the dimensions 
of the edges of the box are dx, dy and dz. The velocity field is v (x, y,z). 


Solution: 


First, we consider the faces of the box that are orthogonal to the x-axis. The mass 
flow through the face located at position x — dx/2 is determined by the velocity 
Vx (x — dx/2,y,z) and the mass flow through the face located at position x + dx/2 is 
determined by the velocity v, (x + dx/2,y,z). The infinitesimal mass variation dM, inside 
the box during an infinitesimal time interval dt is due to the mass flowing through these 
two faces. Thus, the infinitesimal mass variation is written as, 
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2 2 


d. dx 
—m (x+ F.8] Vy (x+ 8] dy dz dt 


dM, =m (x- Fun2) Vy (x- Fn2) dy dz dt 


where m (x,y,z) is the mass density. The signs on the right hand side of this equation are 
due to the fact that the velocity v, (x — dx/2,y,z) is positive for an inflow of mass and 
the velocity v, (x + dx/2,y,z) is positive for an outflow of mass. The first-order series 
expansion of the mass densities m (x + dx/2,y,z) and the velocities v, (x + dx/2,y,z) are 
given by, 


d. 1 
m (x + 2] =m (x,y,z) + 5 Ox m (x,y,z) dx 


dx 1 
Vy (x + F.n2) = vy (x, y,Z) £ 5 Ox Vy (x,y, 2) dx 


With this, the expression for the infinitesimal mass variation becomes, 
1 1 
dM, = (m = ama) (. ae 2.4) dy dz dt 


1 1 
= (m+ 5 amd) (+ 5 Osc) dy dz dt 


which reduces to, 

dM, = — (v, 0,m +m O, v,) dx dy dz dt 
In the same line of thought, the infinitesimal mass variation dM, inside the box during an 
infinitesimal time interval dt due to the mass flowing through the two faces orthogonal to 
the y-axis is given by, 

dM, = — (vy 0,m+ m0, v,) dx dy dz dt 


and the infinitesimal mass variation dM, inside the box during an infinitesimal time interval 
dt due to the mass flowing through the two faces orthogonal to the z-axis is given by, 


dM, = — (v,0,m +m 0, v,) dx dy dz dt 


The partial time derivative of the mass density is defined as, 


dM, + dM, + dM, 


ON ee aaedl 


which implies that, 
O;m = — (vy Oy + vy Oy + vz Oz) m — mM (Ox Vy + Oy Vy + Oz Vz) 
Using the vectorial relations, 


v-V =v, 0, + vy O, + vz O- 
V v= Ovny+Ovy + Ov, 
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the partial time derivative of the mass density is recast as, 
Oim=—(v-V)m—(V-v)m 
Using the definition (10.18) of material derivative, 
m=0,m+(v-V)m 
we obtain the continuity equation (10.34) for the mass density, 


m+(V-»v)m=0 


Thermodynamics of Irreversible Processes 


The exercises given in the last section of Chapter 11 are presented here with their solutions. 


11.1 Heat Diffusion Equation 
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Show that the temperature profile (11.44), 


T(x,t) = ai = (- «a 


where 7 is the temperature and x the spatial coordinate, is a solution of the heat diffusion 
equation (11.37). 


Solution: 


To show that the temperature profile T(x, f) is a solution of the heat diffusion equation 
(11.37), we need to compute the partial derivatives of this function. The partial derivative 
of the temperature 7 with respect to fis given by, 


OT O/C x CO x 

ai ~ 3 (a) 8? (ana) + yao (-ax)) 
C , a Cx - 
28/2 exp ( a + ae? exp ( «) 


The first-order partial derivative of the temperature T with respect to x yields, 


oT _ CO x? _ Cx x? 
Ox Vt Ox VP ane) ) ~~ 282 OP ane 


which implies that the product of \ and the second-order partial derivative of the 
temperature T with respect to x is given by, 


eT 6 (ar 

aged (2) 
mee ee ex x aN Ce # ex ee 
SN ANDAR ON ag DBP oe OP ant 


C x2 4: Cx x2 
wpe \ ake) Ape ake 
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11.2 Thermal Dephasing 


Thus, we find that the expressions for O7/Ot and \ 0*7/Ox? are identical, which establishes 
that the temperature profile T (x, t) is a solution of the heat diffusion equation (11.37). 


11.2 Thermal Dephasing 


A long copper rod of thermal diffusivity A is heated at one end with a flame passing 
underneath it periodically, while the other end is located so far away that it remains at room 
temperature 7). Consider the rod as a one-dimensional system with a periodic temperature 
variation of amplitude AT at x = 0, given by, 


T (0,t) = To + AT cos (wt) 


where x is the the spatial coordinate along the wire. Once the rod has reached a regime at 
which every point of the rod has a periodic temperature variation, show that the temperature 
profile is given by, 


2A 

7 (x,t) = To + ATexp (— =) cos (wt — *) where d= ae 

The temperature oscillation at position x is dephased by an angle — x/d with respect to 
the oscillation at position x = 0. The amplitude of oscillation is attenuated by a factor 


exp (—x/d). 


Solution: 


To show that the temperature profile T(x, f) is a solution of the heat diffusion equation 
(11.37), we compute the partial derivatives of this function. The partial derivative of the 
temperature 7 with respect to ¢ is given by, 


or _ 


= ATexp (- :) my (008 (wr *)) 


_  2AAT ( *) : ( : *) 
- qz &xP(— 4) sin (w 7 
The first-order partial derivative of the temperature 7 with respect to x yields, 
OT O x x 
a= &(areo(-j)em(or—3 
cS ax ( exp d cos (wt d 


== p(-2) (on(or~ 1) —sn(or— 3) 


which implies that the product of A and the second-order partial derivative of the 
temperature T with respect to x is given by, 
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ax x 
= ABTS (exo (-3) («om (us 3) ~ xn (ws 3)) 
a Am exp (- *) (cos (wr ~) — sin (wt — *) 
a sin (wt “) - cos (wt — *)) 


= 2422 (3) in (or 9) 


Thus, we find that the expressions for 07/Ot and  0?T/Ox? are identical, which establishes 
that the temperature profile 7 (x, ¢) is a solution of the heat diffusion equation. 


2 
ce 


11.3 Heat Equation with Heat Source 
———————————————— 


The heat diffusion equation was establish in § 11.4.2, in the absence of any source term 
due to a conductive electric current density, i.e. j, = qej, = 0. Show that for an electric 
conductor in the presence of a conductive electric current density j,, the heat equation 
becomes, 


2 


Iq 
Oc 


AT =AW?T— “j,-VT+ 


where A is the thermal diffusivity, o is the electric conductivity, 7 is the Thomson 
coefficient of the electric conductor and c is the specific heat density of the conduction 
electrons. 


Solution: 


In the frame of reference of the electric conductor, i.e. vy = 0, and in the absence of any 
mechanical constraint on the metal, i.e. 7, = 0, the internal energy continuity equation 
(10.43) is reduced to, 


ju+V -j, =0 
According to relation (11.33), 
O,u =cO,T 
Taking into account relation (11.102) and the definition (11.104) of the Thomson coeffi- 


cient, relation (11.100) yields, 


2 
Vij=-kVTHrj, 0TH 2 (11.1) 
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Thus, we obtain the heat equation, 
T ij 
THAW T- —j,-VT+ 4 
c ac 


It contains a heat source, which consists of a Thomson and a Joule heating. 


11.4 Joule Heating in a Wire 
SESE Se 


Estimate the temperature profile of a wire of length Z and radius r when an electric current 
J is driven through it, from the left end to the right end, causing it to heat up. The wire 
has an electric conductivity o and a thermal conductivity «. The heat propagates down the 
wire to its ends, i.e. no heat is dissipated at the surface of the wire. The Thomson heating is 
negligible compared to the Joule heating. The left end and right end are kept at a constant 
temperature 7». Determine the temperature profile T (x) along the wire when it has reached 
a stationary state. 


Solution: 


In the frame of reference of the wire, i.e. vy = 0, in the absence of any mechanical constraint 
on the metal, i.e. 7,, = 0, and in a stationary state, i.e. 7 = 0, the internal energy continuity 
equation (10.43) yields the condition, 


Vv ‘Sy =0 
Neglecting the Thomson heating, i.e. V ¢ = 0, relation (11.100) reduces to, 
2 
KWeT= me 
a 
where 
I 
WT=H8TR and j,=—;% 
ur 
Thus, 
P 
& T = — —_— 
* rrAKka 
The indefinite integral of this equation over x is, 
P 
0, T= —- =—— x +A 
: Pro ” 


where A is a constant. The indefinite integral of this equation over x is in turn, 
1 FP 
27rKo 


where B is a constant. The constants are determined by the boundary conditions on the 
temperature, 


T(x) = xr +4+Ax+B 
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which implies that, 


1 PL 
A= d B=T 
27rKo - 
Thus, 
1 P 
T(x) = + Ti 
my 2m7ArkKo ( x) 


Using the definition of the electric resistance R (L) of the wire of resistivity p = 1/o, 
length L and section A = 77°, 


L 1 L 
R = - => — — 
p A orr 
the temperature profile can be written as, 
RP 1 
= —~x(L— T 
Co ear a cemia Gl 


which is maximal for x = L/2 in the middle of the wire. 


11.5 Thomson Heating in a Wire 
SSS SSS) 


Estimate the temperature profile of a wire of length Z and radius 7 when an electric current 
is driven through it, from the left end to the right end, causing it to heat up. The wire 
has an electric conductivity 0 and a Thomson coefficient 7. The heat is entirely carried by 
the wire to its ends. The heat dissipated at the surface of the wire and the Joule heating 
are assumed negligible. The left end is kept at a constant temperature 7). Determine the 
temperature profile T(x) along the wire when it has reached a stationary state. Also give 
an expression for the temperature at the right end in terms of the Thomson coefficient 7 
and the electric resistance R of the wire. 


Solution: 


In the frame of reference of the wire, i.e. vy = 0, in the absence of any mechanical constraint 
on the metal, i.e. 7,, = 0, and in a stationary state, i.e. 7 = 0, the internal energy continuity 
equation (10.43) yields the condition, 


V-j, =09 
Thus, the power density (11.103) is reduced to, 
Io? (7 VT- “) =0 
a 
which has to hold for any conductive electric current density j,. This implies that, 


Iq 
OT 


VT= 
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According to relation (11.22), the temperature gradient is given by, 
T(x) — T 
VT= T(x) ~ To PS 
x 


The conductive electric current density j, is written as, 


wk 
Iq = Tt 2 
where J is the electric current. Thus, 
I 
T(x) =T™+—,—*x 
TK OT 
At the right end, i.e. x = L, the temperature is, 
LI 
T(L) = Tp + ——— 
(L) a TIreoT 


The electric resistance R(L) of the wire of resistivity p = 1/o, length L and section 
A=mTr is given by, 
L 12 
Rp 
) PA one 
Therefore, the temperature on the right end can be written as, 


r= m+ 20! 


11.6 Heat Exchanger 


A heat exchanger is made up of two identical pipes separated by an impermeable 
diathermal wall of section area A, thickness / and thermal conductivity «. In both pipes, 
a liquid flows at uniform velocities vy} = vj and ». = — vx, with v; > 0 and v2 > 0, 
where ¥ is the unit vector that is parallel to the liquid flow in pipe 1. The temperature 7; 
of the liquid in pipe | is larger than the temperature T> of the liquid in pipe 2, i.e. 7; > 7). 
Thus, there is a heat current density jp = jo y, with jg > 0 going across the wall separating 
the pipes, where is the unit vector orthogonal to the wall and oriented positively from 
pipe 1 to pipe 2. There is no liquid current density across the wall, i.e. 7, = 0. Heat 
conductivity is considered negligible in the direction of the flow and yet large enough to 
ensure a homogeneous temperature across any section of both pipes. Consider that the heat 
exchanger has reached a stationary state. 


a) Show that the temperature profiles in the fluids are given by the differential equations, 


K 
oT) =-—— (fh £ 
t ede : 2) 


K 
0 ele ae 
9 ia 1-7) 
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where c, and c) are the specific heat densities of liquids 1 and 2, and & is the thermal 
conductivity of the diathermal wall and ¢ is a characteristic length for the thermal 
transfer. 

b) Show that the convective heat current density 7 = c; v; T; + cz v2 T, is homogeneous. 

c) Determine the temperature difference AT (x) = T, (x) — T> (x). 

d) Determine the temperature profiles 7; (x) and T) (x). 

e) Show that on a distance that is short enough, i.e. x/d < 1, 


_ jterv, AT(0) KAT(O) | 


T; 
1 (x) C1 Vy + C2 v2 hecv, 
1 (x) _J= an AT (0) i & AT (0) : 
C1 V1 + C2 V2 hkeov 


Solution: 


a) According to relation (10.101), since there is no liquid current density across the wall, 
i.e. jc = 0, the heat current density jp across the wall is equal to the internal energy 
current density j,,, which is the opposite of the internal energy current density j,,, due 
to energy conservation, 

J oS =], ul =j u2 
Since the flow of liquid in both pipes is uniform, there is no fluid expansion, i.e. 
V-v, = V- v2 = 0. Moreover, since there is no mechanical constraint on the liquids, 
Le. Ty, = 7, = 0, the internal energy continuity equations (10.43) for the liquid in 
pipes | and 2 can be recast as, 
uy =-—V-jy =V-jo 
uz =-V- jin =-V-jo 
The internal energy densities uw; and wz are written in terms of the temperatures 7, and 
T> of the liquids as, 
uy =c, T, and Uy = C2 T 
In a stationary state the time derivatives of the internal energy densities vanish, i.e. 
O,u; = O;u2 = 0. Thus, by applying relation (10.18) to the internal energy densities 
u, and wz in the particular case of a uniform liquid flow at velocities vy) = v; ¥ and 
Vv. = — VX, we find, 
ty = O,u; +> Vu = vj O, uy = cv, O, Ty 
U2 = O,u2 + v2 > V ur = — V2 Oy U2 = — C2 V2 Oy Th 


According to equation (10.104) for an infinitesimal section of wall of volume dV, of 
infinitesimal cross section dA and of thickness A, the thermal power is given by, 


Po =-dVV -jg =—hdAV -jo 
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In view of the discrete Fourier law (11.21), the divergence of the heat current density jy 
is written as, 


Po = K 
hdA he 


Thus, the spatial derivatives of the temperatures are given by, 


V -jg= (f= Tp) 


O, T, = — T) 


K 
— ——— (7, 
rem } 


0, T> —T)) 


K 
= —— (T 
h Le v2 ( : 
b) In view of the spatial derivatives of the temperatures, 
Oxf = O, (€1 v1 Ty + C2 V2 Te) = €1 v1 O, Ty + €2 v2 O, Th = 0 


which implies that the convective heat current density 7 is homogeneous. 
c) The difference between the spatial derivatives of the temperatures can be written as, 


0, (T — Th) = (T, — To) 


where the decay length d is given by, 


1 K K — K& ( CV +02 V2 
d hlavy hlovw hl\ avon 


Thus, the temperature difference AT (x) = T; (x) — T> (x) decays exponentially, 


x 
AT (x) = AT(0) exp (- *) 
d) The convective heat current density 7 can be recast as, 
. x 
J=avwyT, (x) +2 v2 (n (x) — AT(0) exp (- *)) 


j=avy (7 (x) + AT (0) exp (- *)) + €2 V2 T> (x) 


Thus, the temperature profiles are given by, 


nial= At (iremartoan(—3)) 
nie) = 1 (/- amare (-3)) 


e) When the heat transfer occurs on a distance that is short enough, i.e. to first-order in 
x/d, the temperature profiles reduce to, 


T; (x) _Jterve AT (0) k AT (0) 
. Evy tay hee, vy 
j-cvAT(O)  «KAT(0) 
T- a 
2 (x) Cy Vy +€2V2 hor v2 - 
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11.7 Harman Method 
L— >>> eee] 


A rod is connected at both ends to electrodes. The electric wires that connect the rod to each 
electrode are strong enough to carry an electric current flowing through the rod and yet thin 
enough for the heat transfer to be negligible. The contact resistance and the heat radiated 
from the rod are negligible. In these experimental conditions, an adiabatic measurement 
of the resistivity of the material can be performed. As Harman suggested in his seminal 
paper,!? experimental conditions can be found such that the Joule and Thomson heating 
have negligible effects. Use the empirical linear equations (11.92) to show that the adiabatic 
resistivity thus measured is given by, 


e 
p= (1+ <7) 
Kp 


where p = 1/c is the isothermal resistivity, « is the thermal conductivity and ¢ is the 
Seebeck coefficient of the rod material. 


Solution: 


In the experiment analysed here, the conductive electric current density is j, = qej, and 
there is no chemical effect, i.e. Wu, = 0, which implies that V i, = ge V y according 
to relation (11.93) since the electric charge g, is a constant. Thus, the transport equations 
(11.95) are written as, 


jg=—cEVT-oVep 
jg =—-KVT+TeEj, 
An adiabatic resistivity is measured in the absence of a heat current density, i.e. jg = 0 
(§ 11.4.9). Hence, the second transport equation implies that the temperature is given by, 
© ms 


Thus, according to the first transport equation, the conductive electric current density is 
written as, 
PB: 
jg=-7VG- a Tj, 
The isothermal conductivity o is the inverse of the isothermal resistivity 7, ic. 9 = 1/p. 
Therefore, in view of definition (11.81) of the adiabatic resistivity ,4, the electric potential 
gradient is given by, 


2 
€ : 5 
Ve=-p(1+=T) i, =~Pusk 


which implies that the adiabatic resistivity p,, is written in terms of the isothermal 


resistivity as, 
2 
€ 
Pra = 0 (1 + r) 
pK 


19 TC. Harman, Special Techniques for Measurement of Thermoelectric Properties, J. App. Phys. 29, 1373 
(1958). 
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Harman suggests to determine the resistivity p in the same sample by using an alternative 
current of high enough frequency so that no temperature gradient has time to build up 
in each half period of the current. Then, the ratio (e?/p«) T can be deduced from the 
measurements of the resistivities p and p,q. This ratio is called the ZT coefficient of 
the material. It is a figure of merit that characterises materials for thermoelectric power 
generation. As an alternative to a high frequency, a transient method was suggested,”° 
and corrections for non-adiabatic conditions in the steady state measurements were also 
analysed.”! 


11.8 Peltier Generator 
_ es 


A Peltier generator is made up of two thermoelectric elements connected in series 
(Fig. 11.1). One side of the Peltier generator is maintained at temperature 7+ and the other 
temperature 7~. The electric current J generated by the Peltier generator flows through 
the thermoelectric materials labelled 1 and 2. The plate which is heated up to temperature 
Tt connects electrically these two materials but is not electrically available to the user. 
Its electric potential is V+. The other ends of the thermoelectric materials are on the cold 
side, at a temperature T~. They are connected to the electric leads of the device. A load 
resistance Ro is connected to these leads. The voltage V designates the electric potential 
difference between the leads. 

Analyse the operation of this generator using the electric charge and heat transport 
equations, 


jg =—-NaAVM- iV yy, and Jo, =—MmVN+N E1),, 


dq = — 9282 VT, — 02 V and Jo, = — #2 V Th + Theaj,, 


The thermoelectric materials 1 and 2 have a length d and a cross-section surface area A, 


which can be written as, 
d 
a | dr-X A= | as-2 
0 s 


where ¥ is a unit vector oriented clockwise along the electric current density j,, and the 
infinitesimal length and surface vectors dr and dS are oriented in the same direction. The 
temperature difference between the hot and cold ends is given by, 


d d 
ar=rt-r =f avr = | dr: (—VT>) 
0 0 


20 E.E. Castillo, C. L. Hapenciuc, and Th. Borca-Tasciuc, Thermoelectric Characterization by Transient Harman 
Method under Non-Ideal Contact and Boundary Conditions, Rev. Sci. Instruments 81, 033902 (2010). 

21 T-J. Roh, Y. G. Lee, M.-S. Kang, J.-U. Lee, S.-H. Baek, S. K. Kim, B.-K. Ju, D.-B. Hyun, J.-S. Kim, B. 
Kwon, Harman Measurements for Thermoelectric Materials and Modules under Non-Adiabatic Conditions, 
Sci. Rep., 6, 39131 (2016). 
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A Peltier generator has a load represented by the resistance Rp connected to its leads. V is the voltage between the 
leads. The electric bridge at V* is not accessible to the user. The regions marked 1 and 2 represent the two 
thermoelectric materials. The regions marked 7* and 7— are the hot and cold sides of the device. 


Likewise, the electric potential differences A y, and A y, between the hot and cold ends 
are written as, 


d 
Ay, = y= | dr-V ~, 
0 


d 
Ay, =Vt- v= | a(- Vie 
0 


The electric charge conservation implies that the electric current densities are the same in 
each material, ie. j,, =j,,. The electric current / flowing through materials | and 2 is the 
integral of the electric current densities j,, and j,, over the cross-section area A, 


t= f iy -as= f j,48 


According the relation (10.104), the thermal powers Po, and Po, are the integrals of the 
heat current densities jp, and jp, flowing through materials 1 and 2 over the cross-section 
area A, 


Po= f (fg)) 48 Po.= | ig. as 


Determine: 


a) the thermal power Po applied on the hot side of the device when no electric current 
flows through the device. 

b) the effective electric resistance R of the two thermoelectric materials when the tem- 
peratures are equal, i.e. 7* = 7, and no electric current flows through the resistance 
Ro, i.e. when Ro = oo. Instead, an electric current flows through the thermoelectric 
materials. 

c) the electric current / as a function of the temperature difference AT. 
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d) the thermodynamic efficiency of the generator defined as, 
RoP 
Po 
where here, Po is the thermal power at the hot side when the electric current is flowing 
through the device. Show that the optimum load resistance is given by 
Ro 
R 


where ¢ is a dimensionless parameter given by, 7” 


C= T* (e; — &2) 
(tm) (244) 


O71 02 


= V1+¢ 


Solution: 


a) When no electric current flows through the device, ie. j,, = j,, = 0, in order to 
determine the thermal power P/,, we integrate the heat transport equations over the 
volume V. The integrals over the volume are the product of integrals over the cross- 
section area A times integrals over the length d of the thermoelectric materials, 


d d 
| Cio) as f dre= nf avn; | as: 
Ss 0 0 Ss 
d d 
ip, dS | dr-®= | dr-(—V%) | as- 
O 
Ss 0 0 Ss 


which reduce to, 


* 


* 


A A 
Thus, the total thermal power is given by, 
A 
o= 0: + Po, =— («1 + K2) gar 


b) When the temperatures of the hot and cold sources are equal, ie. T¢ = T~, the 
temperature gradients vanish, ie. V7; = WV 7», which implies that there is no 
thermoelectric effect. The integrals of the electric charge transport equations over the 
volume are the product of integrals over the cross-section area A times integrals over 
the length d of the thermoelectric materials, 


d d 
| -i)-as [ tre=o [ arV 9, | as-s 
S 0 0 S 
d d 
[ Cin) a8 fare=—o02 ff ar(-V 9.) f ass 
S 0 0 S 


Since, the load resistance is infinite, i.e. Ro = oo, the electric current used for the 
measurement flows in the opposite direction, J +> — J under the condition that V* < V. 
In this case, the electric charge transport equations integrated over the volume reduce to, 


22H. J. Goldsmid, Introduction to Thermoelectricity, Springer (2010). 
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A A 
T= 5 Agave 
A A 
er ne (ile V) 


The potential difference across the thermoelectric materials 1 and 2 connected in series 


is given by, 
df 1 2d 1 
V=Ay,-Ay,=!I (. + y= 
1 


A 02 Ao 


where o is the effective conductivity of both thermoelectric materials. Since the 
effective electric resistivity p is the inverse of the effective electric conductivity p, 


1 (2 -) 
p= = + 
ao 2\o, oa 


Thus, the potential difference across both thermoelectric materials is written as, 


9 
V=p-e1=RI 


where 2d is the effective length of both materials of length d each, section area A, 
connected in series, and R is their effective resistance. Hence, 


rapetai(i,1)\2¢4 
~PA 2\a 2) A 
c) The integrals of the electric charge transport equations over the volume are the product 


of integrals over the cross-section area A times integrals over the length d of the 
thermoelectric materials, 


d d 
Jana | dre=—orer [ a0; [ ds-8 
Ss 0 0 Ss 
d 
-o f ar Vy | asx 
0 S 
d d 
ina | drt = ore | ar(-V 1) fas: 
S 0 0 S 


d 
+a | dr (—V 2) | as: 
0 s 


The electric charge transport equations integrated over the volume reduce to, 


> 


* 


A A 
I= oe, 7AT a 
A A 
I= 0282 GAT 4 025 Gag V) 


Ohm’s law for the load resistance is written as, 


V=Rol 
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In view of this relation that charaterises the electric properties of the load, the charge 
transport equations can be recast as, 


1 /d 
yao (4I- aie, AT) 


1 d 
Vr = — (( + 0nRo) 1- mae. AT) 
02 A 


which implies that the electric current is given by, 


&€o— €| &2— €1 

1 1\d R+R 

(4+4)f4R 
(onl 02 A 


This result for the current / is consistent with the current obtained in the analysis of the 
Seebeck loop (§ 11.6.2), which is equivalent to a Peltier generator (Fig. 11.1) in which 
the load resistance is set at zero, i.e. Ro = 0. 

d) In order to determine the thermal power Po entering through the hot plate at temperature 
Tt, we integrate the heat transport equations over the volume V. The integrals over the 
volume are the product of integrals over the cross-section area A times integrals over 
the length d of the thermoelectric materials, 


d d 

[ Cio) -as [ dr-e=m f a0; | as-3 

S 0 0 Ss 

d 
= rhe [ j,,-as | dr-X 
S 0 
d d 

fio 4s [dr a=m | dr(-V) [ as-2 

S 0 0 S 


d 
+The f j,-as [ dr-x 
S 0 


which reduce to, 


A 
Po =n GAT- Tred 


1 
A 
Po, =o GATH+T Teg! 
and implies that, 


A 
Po =Po, + Po, = (Ki t K2) GAT + T* (€o €1)1 


Therefore, the efficiency 7 for any load resistance Rp is given by, 


F (e2 — 61)? AT? 
ea ae 
oe RoP (R + Ro) 


P. A 
Q (4 t K2) GAT + Tt (€2 e1)° 


AT 
R+Ro 
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which can be recast as, 


Ro 
AT a 


is fe 1 41 Ray R 
is =) ( a \ (142) + (+2) 
T+ (eg -—€1) \O1 92 R R 


Using the definition of the coefficient ¢ > 0, the temperature difference AT = Tt — 
T~ > Oand the ratio r = 1 + Ro/R > 0, the efficiency is reduced to, 


=(1 =) r—1 
= T+ Cle +r 


To find the optimal load resistance, we have to optimise the efficiency 7 with respect to 
the ratio r, 


n= 


dy T- Cor +Pr— (= (C1? +r) 
=(1 = =0 
dr Tt (Ce v2 +4 r) 
which implies that, 
r—2r—C=0 
Thus, the optimum ratio r > 0, is given by, 
r=14+vV1+¢ 
Hence, for an optimal resistance load, the efficiency is given by, 
v=(1 7) CVI +¢ a4 T~ 
i) Ge wlae, elie). 


In the limit ¢ —> 00, the efficiency of the Peltier generator 7) tends towards the Carnot 
efficiency 7), (7.46), 
rT 


Aa 


11.9 ZT Coefficient of a Thermoelectric Material 


The transport properties of a thermoelectric material of cross section area A and length L 
are defined by the transport equations, 


jg=—7EVT-oVep and jg =—-—KVT+Tej, 


in conformity with relations (11.92), where V 4, = 0, and (11.95). The efficiency 7 of the 
thermoelectric material is defined as, 


Pg 


ae 
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where Po is the heat entering at the hot end and P, is the electric power defined as, 
Py= f ig: (-Ve)av 
Vv 


Write the efficiency 77 in terms of the ratio”, 


ffi 1 

ek OT 
where / is the electric current flowing through the thermoelectric material. In the limit 
where the thermoelectric effect is much smaller than the thermal power, i.e. re < 1/T*, 
show that the optimal efficiency 7) is given by, 


T\e¢ 
i ( Tt ) 4k 
The coefficient (o e? / K) T* is called the ‘ZT coefficient’ of the thermoelectric material. 
The term in brackets is the Carnot efficiency. 


Solution: 


In order to determine the thermal power Po, we integrate the heat transport equation over 
the volume V. The integral over the volume is the product of an integral over the cross- 
section area A times an integral over the length L of the thermoelectric material, 


L L L 
fic-as | ire=n f ar(-V17) fas.2+tte [ j,-a5 | dr -& 
S 0 0 S S 0 


where ¥ is a unit vector in the direction of the current densities jg and j,, and the 
infinitesimal length and surface vectors dr and dS are oriented in the same direction. The 
thermal power Po and the electric current / are defined as, 


L 
Po= | ig-as t= | j,-as ar= [ dr-(—VT) 
s s 0 
The cross-section surface area A and the length Z can be written as, 
L 
A= | as-2 b= f dr +X 
Ss 0 
Thus, the thermal power Po is written as, 
A 
Po =n AT+ Tel 


Similarly, in order to determine the electric power P,, we deduce V y from the electric 
charge transport equation and integrate the scalar product between — V y and the electric 
current density j, over the volume V of the thermoelectric material, 


L 1 L 
[ic Cvear=—e fi,-as | ar(-V1)+— | j,-as [ j,-de 
V S 0 o Js 0 


23 G. J. Snyder, T. S. Ursell, Thermoelectric Efficiency and Compatibility, Phys. Rev. Lett. 91 (4), 138301 (2003). 
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The electric power P, is defined as, 
Pa= f ig (-Vo)av 
V 


and 


Thus, the electric power P, is written as, 
L 

Py =-el1AT+—— 

4 E + aa 


Hence, the efficiency 77 of the thermoelectric material is given by, 


PL 

2 ee 

ae: A 
T= 

2 -«—-AT+Tel 


which can be recast as, 


IL 1 
Ee — aed tes fee 
_AT o AAT 
T+ % KA AT 
“TTL T+ 
Using the dimensionless ratio, 
IL 1 
r=--—7> 
KA AT 
the efficiency 7) becomes, 
K K 
ee Ce 
—w | 71) 2 7 1 
E+ - T+ re+ TH 


Using the relation AT = T* — T~ in the limit re < 1/T", the efficiency 77 is reduced to, 


v= (1- &)tr(e- 2) 


To find the optimum efficiency ratio r, we have to optimise the efficiency 7 with respect to 


the ratio 7, 
dn T~ 26 
J ee a = 
dr ( 7) (< fo r) 


which implies that the optimal ratio is, 


O€ 


fake 7 


Thus, the optimal efficiency of the thermoelectric material is, 


T-\ oe 
” ( =) 
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which is a quarter of the product of the Carnot efficiency and the ‘ZT coefficient’ 
(0 a) K) Tt. In the limit where the thermoelectric effect is much smaller than the thermal 
power, 
e L Tt 
I RAAT <1 
where according to Ohm’s law and the Seebeck effect, the order of magnitude of the electric 
current / is given by, 


7a At 


A 
=ceocAT— 

L 
Thus, the condition is recast as, 


2 

O€E 
—T <1 

K 


11.10 Transverse Transport Effects 
ESaSS_______J5Q5SJQJqqqqQqeEEz 


A transport equation such as Ohm’s law (11.74), 

Ve=—-P ‘i, 
relates two vectors, which are the conductive electric current density j, and electric 
potential gradient V y, through a linear application, which is the electric resistivity p. 


Mathematically, a vector is a rank-1 tensor and a linear application between two vectors is 
a rank-2 tensor. 


a) Show that the electric resistivity p can be decomposed into the sum of a symmetric part 
p’ and an antisymmetric part p*. 

b) Show that the antisymmetric part p* has a contribution to the transport that can be 
written as, 

Vig =— p(t xJ,) 
where V“ yy is the antisymmetric part of the electric potential gradient and # is a unit 
axial vector. 
The decomposition and the expression for the antisymmetric part of the electric 

potential gradient is a general result that applies for any empirical linear relation 
between a current density vector and a generalised force vector. 


Solution: 
a) The components of the symmetric rank-2 resistivity tensor are written as, 
1 
Py = 5 (pi + pi) 
The components of the antisymmetric rank-2 resistivity tensor are given by, 


a 1 
Pi ~ 5 (pi ~ Pji) 
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The components of the rank-2 resistivity tensor are written as, 


1 1 
Pi = 5 (py + py) + 5) (Pi — Pj) 


which implies that, 
Pi = Pig + Pi 


Thus, the conductivity tensor p is the sum of the symmetric rank-2 conductivity tensor 
p’ and the antisymmetric rank-2 conductivity tensor p“, 


p=p'+p* 
The linear application p* -j,, can be written in components as, 
0 Pir Pis\ (Ja Pi2dan + Pi3Ja3 
—Pi2n 9 33] [Ja | = | — Phrota + Po3J03 
—Pi3, — P30 3 — Pi3dqr — P33Jar 


The vector product p* (@ x j,) is written in components as, 


p* uy Jai p* tir jiga _ p* U3jqr 
pot | Xx Ja |} = \ 2" U3 jq, — p* Ui jg 
p* ts iq Po ti ja, — P* trjg 


The identification of the components of these two vectors yields, 


a a a 
P23 ~ — P13 ~ _  —Pi2 
= fy = 3 = 


p* pe pe 


> 
| 


Since the vector # is a unit axial vector, 


A A A 1 a 2 a 2 a 2 
ai = +h +i = ( (os) + (pfs) + (ofs)?) =1 


which implies that, 


a a \2 a <2 a \2 

p= / (oh)? + (os + (04) 

Thus, the antisymmetric part of the electric potential gradient is given by, 
Vig =— pj, =— 0 (& xi,) 


where the unit axial vector # is written in components as, 


1 f p53 
a=—| pis 
ee Gee 
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11.11 Hall Effect 
———SSREEE__SSSSssSSSSSSSSSS__=_—SSSSSSS=s 


An isotropic conductor is in the presence of a magnetic induction field B. The electric 
resistivity rank-2 tensor is a function of the magnetic induction field B and Ohm’s law is 
written as, 


The reversibility of the dynamics at the microscopic scale, implies that the transpose of the 


electric resistivity tensor is obtained by reversing the orientation of the magnetic induction 
field B.”4 Thus, 


p’ (B) = p(—B) 
This result cannot be established in a thermodynamic framework but requires the use of a 
statistical physics. In a linear electromagnetic framework, when the magnetic induction 


field B is applied orthogonally to the conductive electric current density j,, show that 
Ohm’s law can be written as, 


Ve=-—p-j,—- Hi, xB 
where the first term is Ohm’s law (11.74) in the absence of a magnetic induction field B and 
the second term is the Hall effect (11.75) in a direction that is orthogonal to the magnetic 


induction field B and to the conductive electric current density. Use the result established 
in § (11.10). 


Solution: 


We showed in § 11.10 that the electric resistivity tensor p (B) can be expressed as the sum 
of a symmetric part p* (B) and an antisymmetric part p* (B). Thus, Ohm’s law (11.74) is 
recast as, 

Vye=—p (B)-j,— p(B) -i, 
The electric resistivity tensor p(B) is a linear function of the magnetic induction field 
B in a linear electromagnetic framework. According to the statistical relation based on 
the reversibility of the dynamics at the microscopic scale, the electric resistivity tensor is 


antisymmetric when a magnetic induction field B is present. Thus, the symmetric part of 
the resistivity tensor p* = p (0) = p is independent of the magnetic induction field since, 


p’ (0) = p(0) 
According to the result established in § (11.10) for the antisymmetric part, Ohm’s law is 
recast as, 


Ve=—p-i,— p(B) a xj, 
where p* (B) is a linear function of the magnetic induction field B and id is a dimensionless 
unit vector that can be chosen orthogonal to the conductive electric current density j, 


24 L. D. Landau, E. M. Lifshitz, L.-P. Pitaevskii, Electrodynamics of Continuous Media, Landau and Lifshitz 
Course of Theoretical Physics volume 8, Pergamon Press, 3rd edition, (2000). 
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without imposing restrictions. The anisotropy unit vector # is due to the presence of 
the magnetic induction field B that breaks the isotropy of the conductor leading to off- 
diagonal terms in the electric resistivity tensor p (B). Therefore, the anisotropy unit vector 
ii is oriented along the magnetic induction field B. When the magnetic induction field B 
is applied orthogonally to the conductive electric current density j,, the anisotropic term 
in Ohm’s law can be recast as, 


p(B) a xj, =—HB xj, 
where H. = — p* (B) /||B|| is a scalar coefficient. Thus, Ohm’s law is recast as, 
Vep=-—p-j,— Hi, xB 


where the first term is Ohm’s law (11.74) and the second term is the Hall effect (11.75). 


11.12 Heat Transport and Crystal Symmetry 
SS 


A crystal consists of a honeycomb lattice. It is invariant under a rotation of angle 6 = 7/6 
in the horizontal plane around the vertical axis. This means that the physical properties of 
the crystal are the same after such a rotation. Show that the symmetric thermal conductivity 
tensor & is written in components as, 


Ki 0 0 
K={|0 KK, O 
0 0 KI 


where & is the thermal conductivity along the vertical rotation axis and « , is the thermal 
conductivity in the horizontal plane of rotation. 


Solution: 
The symmetric thermal conductivity tensor «% can be written in components as, 
Ky Ki2 13 
K>= [12 K22) K3 
Ky3 K23 33 
The rotation matrix R» describing a rotation of angle 9 = 7/6 in the horizontal plane 


around the vertical axis that leaves the thermal conductivity tensor invariant and its inverse 
Ra | read, 


if -v3 0 7 a. v3 0 
Ro=5 vs 1 0 and oR = Ra = 5 -v3 1 0 
0 oOo 1 0 oO 1 


Since the physical properties of the crystal are invariant under the rotation R ¢, we rotate 
Fourier’s law (11.26) by an angle 0, 


Roig =—Ro-K- VT=—Ro-K-R_o-Ro- VT 


499 


11.13. Planar Ettingshausen Effect 


where R_ 9 - g = 1. Since Fourier’s law (11.26) is invariant under such a rotation, 
Reo -jo =Jo and Ro VT=VT 
and 
Ro: K:- Rig =K or Ro - K=K- Ro 


which is written in components as, 


7 -V73 0 Kil Ki2 K13 Kil Kz K13 1 -¥V3 0 
V3 1 0 Ki2 Ko2 K23 | = | Ki2 K22 23 V3 1 0 
0 0 1 KY13 K23 K33 KY13 K23 K33 0 0 1 


The solutions of this matrix system are, 
Ki2 = K13 = K3 =0 and = Ky, = K22 
With the identifications, 
Ki = K33 and KL = Ki] = 422 


the thermal conductivity tensor & reduces to, 


KL 0 0 
K= 0 Ki 0 
0 0 KI 


11.13 Planar Ettingshausen Effect 
—_—— a SS ee 


In this chapter, several examples of a current density in one direction inducing the gradient 
of an intensive quantity in another direction were shown. These effects are referred to 
by the name of their discoverers : Righi-Leduc (11.29), Hall (11.75), Nernst (11.85), 
Ettingshausen (11.80). The latter refers to a temperature gradient induced by an orthogonal 
electric charge current density. It was pointed out recently that this effect can occur in a 
crystal, which consists of two types of electric charge carriers and presents a strong crys- 
talline anisotropy in the plane where the heat and electric charge transport take place. No 
magnetic induction field needs to be applied orthogonally in order to observe this effect.” 

The material has two types of electric charge carriers, electrons (e) and holes (i). Assume 
that no ‘chemical reaction’ takes place between them. The thermoelectric properties are 
isotropic, i.e. the same in all directions. Therefore, the Seebeck tensors for the electrons 
and holes are given by, 


Pere i ae and gate * 
°“~\0 & ND Be 


However, the conductivities differ greatly in two orthogonal directions. Therefore, the 
conductivity tensors are given by, 


25 ©. Zhou, S. Birer, Y. Tang, K. Heinselman, M. Grayson, Driving Perpendicular Heat Flow : (p x n)-Type 
Transverse Thermoelectrics for Microscale and Cryogenic Peltier Cooling, Phys. Rev. Lett. 110, 227701 
(2013). 
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Fe,aa 0 Oh,aa 0 
o.= and on= 
0 epp O  Onpp 


where a and 5 label the a-axis and the b-axis that are orthogonal crystalline axes. 

Consider an electric charge transport along the x-axis at an angle 6 from the a-axis and 
show that this electric current density j, induces a heat current density j, along the y-axis. 
This is the planar Ettingshausen effect. It can be understood by establishing the following 
facts : 


a) Show that the Seebeck tensor for this crystal is given by,”° 
E> (a. + on)" 2 (a. “Ee + On: En) 


b) Show that the Seebeck tensor for this crystal is diagonal and written as, 


oe Eaqa O 
~ 0 Ebb 


where the diagonal component €,, 1s different from ¢,, in general. The matrix is given 
here for a vector basis along the crystalline a-axis and b-axis. 
c) Write the components of the Seebeck tensor with respect to the coordinate basis (x, y), 


oS & 2) 
Eyx  Eyy 
in terms of the diagonal components €,, and €,, of the Seebeck tensor with respect to 
the coordinate basis (a, b). 
d) The heat current density jp is related to the electric charge current density j, by, 
jg = Mi 
which is a local version of the Peltier effect (11.108). The Peltier tensor is related to the 
Seebeck tensor by, 
Il=Te 
In particular, for an electric charge current density j, = jg.*, where X is a unit vector 


along the x-axis, show that the component jg, along the y-axis of the heat current 
density jo = jox* +joyJ, where f is a unit vector along the y-axis, is given by, 


1 : : 
Joy = 5 T (Eaa = Ebb) sin (2 0) Jqx 


Thus, the planar Ettingshausen effect is maximal for an angle 0 = 7/4. 


Solution: 

a) The electric charge transport equations for the electrons and the holes are given by, 
Jge = — Te Ee’ VT—-oe-Vop 
Iai =—-—o0,:€,:VT—0,:-Vo 


26 S. D. Brechet et J.-Ph. Ansermet, Heat-Driven Spin Currents on Large Scales., physica status solidi (RRL) 5 
(12), 423-425 (2011). 
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The Seebeck effect is observed when the electric current density vanishes, i.e. j, = 
Fac +455 =0. Thus, 


gq =Sae +dgn = — (Fe Ee + On: En)? VT—(oe+ on): Ve=0 
According to the Seebeck effect (11.83), 
Ve=- (o.+on) (Oe: Ee ton: en): VT=—eE-VT 
Thus, the Seebeck tensor is given by, 
€=(o-+0n) + (Oe €e + On: En) 


b) The Seebeck tensor is written in components, 


Oeaa Ee + Oh,aa Eh 
Oe,aa =F Oh,aa 


0 


0 
Oe,bb Ee + Oh,bb Eh 
COe,bb + Ch,bb 
where the diagonal components are given by, 


Oeaa Ee + Oh,aa Eh 
Ea = and Ebb = 
Oeaa + Ch,aa Oe,bb T Th,bb 


Oe,bb Ee + Oh,bb Eh 


c) The rotation matrix R,» that rotates the crystalline a-axis and b-axis by an angle @ in 
plane on the x-axis and y-axis, and its inverse 7 _ 9, are written in components as, 


cos@ — sin@ cos@ sind 
ae (ee cos 6 ) a he (| sin 0 ane 


where R_» - Rg = 1. The coordinates of the electric potential gradient V vy in the 
coordinate basis (x, y) are related to coordinates in the coordinate basis (a, b) by, 


On _ fcos@ —sin@\ /O.~ 
dy)  \sin@ cos On ye 


The coordinates of the temperature gradient V T in the coordinate basis (x, y) are related 
to coordinates in the coordinate basis (a, b) by, 


0,T\ (cos? —sind\ (0,T 
d,T)  \sin@ — cosé Op T 


Thus, in view of the Seebeck effect (11.83), the coordinates of the Seebeck tensor in the 
coordinate basis (x, y) are related to coordinates in the coordinate basis (a, b) by, 


Ex Exy\ _ fcos@ — sind Eaa O cos@ sin 
Eyx Ey)  \sind  cosé 0 e/ \—sin@ cosé 
which implies that, 


Exx Exy\ _ [ Eaa cos? 0 + Ep, sin? 0 (Eaa — En) Sin O cos 0 
(€aa — Epp) SiN O.cOSA — Eqq Sin? O + Epp Cos? O 
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d) The Peltier effect is given by, 
jg= Teh 
For a heat current density jg = jox* + jo, and an electric charge current density 
Jq =Jax*, this effect is written in components as, 


Jox\ _ r{ ea cos? 6+ €s)sin’?@ (Eaa — €65) Sin@cosO\ (jax 
io.y (Eaa — Emp) Sin OcosO — Eqaq sin? 0 + €y, cos? 6 (0) 
Thus, the planar Ettingshausen effect is written as, 
1 : ; 
Joy = 5 T (Eaa — Ep) Sin (2 8) jigx 


since sin (2 0) = 2sin@ cos 0. 


11.14 Turing Patterns 
a eee 


A biological medium consists of two substances 1 and 2 of densities n, and n>. This 
medium is generating both substances by processes characterised by the matter source 
densities 71 (m1, 2) and 7 (m1, n2). The substances | and 2 can diffuse inside this medium. 
The matter current densities j, and j, follow Fick’s law (11.51), 


j=-DVn and jd =—-DVin 


where D; > 0 and D2 > 0 are the homogeneous diffusion constants of substances 1 
and 2. The medium has a fixed volume, which means that its expansion rate vanishes, i.e. 
V -v=0. Thus, the matter continuity equations for substances | and 2 are given by, 


mt+V-j, =™m (11,72) and fig + V «jy = M2 (M1, 02) 


At equilibrium, the system is assumed to be homogeneous and characterised by the 
densities no; and mo2 of substances | and 2. In the neighbourhood of the equilibrium, the 
matter source densities 7 (1,2) and 7 (m, 2) are given to first-order in terms of the 
density perturbations An, = n; — no; and Anz = no — nop by, 


T (m,N2) = Qy Any + Qy2 Ang 
T (1, M2) = Qa, Any + O22 Ang 


where the coefficients 111, Q12, Q21, Q22 are given by, 

On On 1 On On 2 

On, On a On, - On 

Assume that the processes to generate substances | and 2 are the two chemical reactions 
1 —+ 2and2 ais 1 described by the stoichiometric coefficients vg; = — 1, vg2 = 1, 


Vp, = 1, ¥jpz = — 1 and the reaction rate densities w, and w,. Assume that the temperature 
T and the chemical potentials 1; and yz. are homogeneous, ie. VT = 0 and Vu, = 


Qi, = 
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V ity = 0. Analyse the evolution of the density perturbations An, and An) by using the 
following instructions : 


a) Express the coefficients 11, Q42, Q1, Q22 in terms of the total density n = n; + no, 
the density perturbations An, and Any, the temperature T and a scalar W > 0, which is 
a linear combination of Onsager matrix elements Lag, Ly, Lyq and Ly. Begin by using 
the second law, i.e. 7; > 0, and the relation (8.68) for a mixture of ideal gas. 

b) Determine the coupled time evolution equations for the density perturbations An, and 
An». 

c) Show that under the condition imposed in a) the relation, 


(amin) ~ eer) (Ono) 


is a solution of the coupled time evolution equations with A < 0. 


Solution: 


a) Using the definition (10.25) for the matter source densities 7; (11,2) and 7 (m,n2) 


for the stoichiometric coefficients v,; = —l, vg = 1,5, = 1, vm = —1, we can 
write that, 
Ty (1,2) = Qy Any + Oy Ang = qq Wa + Vp) Wy = — (Wa — Wh) 


2 (m1, N2) = O21 Any + Qo2 Anz = Va2 Wa + 92 Wh = Wa — Wh 
Using the definition (8.18) for the chemical affinities A, and Ay, 
Ag =— HM Va— 22 ¥%a2 = Hy — Lo 
Ab = — fy Yor — By Yen = — (My — by) = — Aa 
Since there is no expansion of the system, i.e. V - v = 0, the scalar linear empirical 
relations (11.6) reduce to, 
Wa = Lag Ag + Lab Ap = (Laa — Lab) Aa = (Laa — Las) (My — be) 
wp = Lg Aa + Lon Ap = (Loa — Lop) Aa = (Loa — Lop) ($4) — be) 


Since the temperature and the chemical potentials are homogeneous, i.e. V T = 0 and 
V ty = V b> = 9, the second law (10.88) reduces to, 


1 a 
Ks = T (wa Ag + Wp As) = Ac (Wa _ wp) 


T 
A2 
= =F 
which implies that W > 0 since T > 0 and A2 > 0. Thus, 


(Lea — Lap — Lg + Lpp) = 7 >0 


OQ An, Te Qi. Ano = (Wa wp) = W (ty [ly) 
OQ An al a Or Any =Wqa- Wp= W(t = Ly) 


504 Thermodynamics of Irreversible Processes 


Now, we have to express the chemical potentials jz, and jz, in terms of the concentration 
n,/n and ny/n of substances | and 2 using the relation (8.68) for a mixture of ideal 
gases, 


fy (T,m1, 0) = py (7,1) + RTIn 


= pt, (T,n,) +RTIn 


( 
My (T,12,n) = ly (T,n2) + RTIn (=) 
= fy (T,n2) +RTIn ( 


py (T,m,n) = yp? (T,n1,n) + RTIn (: -- 


> 
S 


which can be recast as, 


[y (T,nz,n) = pS (T,n1,n) + RTIn (1 - 
where the chemical potentials at equilibrium are, 
po (T,ny,n) = py (T,m) + RTIn (=) 


ud (T,n2,n) = py (T,n2) + RTIn (=) 


At equilibrium the chemical potentials are equal, 


wy (T,m1,n) = “ (T, no, 1) = uw (T, m,n) 


Thus, for small density perturbations, ie. Any < 1 and Ano < 1, the chemical 
potentials become, 


iy (T,n1,n) = p° (T,ny,nz) + RT An 
by (T,m1,n) = ve (T,1,n2) + RT Am 
Hence, 
Oy, Any + Q12 Ang = — W (py — fy) = sell (An, — An) 


RTW 
Q2; Any + O22 Ang = Wp, — by) = — (An, — An) 


which implies that the coefficients are given by, 


RTW RTW 
O11 =Q2=-—— <0 and On. =, =—— 20 
n n 
b) Using the matter current densities j, and j,, the matter continuity equations can be 


recast as, 


nm =D) Ven tm (1,2) and 1 =D. V?m+™ (11,72) 
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where the Laplacian V? = V - V is a scalar operator. Introducing the scalar Q = 
Qin = Qy = —-Qy = —Q2 > O and using the relations for the matter source 
densities 7, (1,2) and 72 (m1, 2), the matter continuity equations become, 


my =D, V7 ny — QAny +N An 
fig = Dy V7 ng + VAN, — DAny 
Since An; = n; — no; and Anz = nz — no2 where no; and no are constants, 
n, = An, ny = Ano Vn =v" (An) Vn =V" (Anz) 


Thus, the coupled time evolution equations for the density perturbations An, and An 
yield, 


An, = D, V? (An) — DAn, +QAn 
Ajin = Dz V? (Anz) + DAN, — A Any 
c) The coupled time evolution equations can be written as a matrix system, 
An\ — (-2+D,V’ Q An 
ia) a ( Q —~2+Dy v) ee 
Replacing the solution in the coupled time evolution equations and then using the 
relations, 
An; = An, and Vv (An,) = —K? An, 
Afty=AAnp and = V7 (Am) =—K An 


the matrix system can be recast as, 


-Q2-—D\kh— x Q An\ _ 4 
Q —~Q— Di, — } \An) ~ 


For non-trivial solutions, the determinant of this matrix vanishes, 
(Q+D, +r) (Q+ DK +) - WY =0 


which is recast as, 
V+2wrA+a=0 
where, 
a= : (20+ (D; +Dz)) >0 
a = (Q4+D,F) (Q+D)h) -— > 0 
which implies that w* — a > 0. The solutions of the quadratic equation in ) are, 
Ap = —wtVu2-—a 
2 


Ay = —w-Vur-a 


These solutions are called the Lyapunov exponents of the system. Under the assumption 
of a closed system undergoing chemical reactions transforming substance 1 into 
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substance 2 and vice versa, the Lyapunov exponents are negative, i.e. Ay < 0 and 
2 < 0, which corresponds to stable solutions. For the formation of instabilities, where 
the density perturbations grow exponentially, at least one of the Lyapunov exponents 
has to be positive, i.e. A; > 0 or Az > 0. Thus, in a closed system, density perturbations 
cannot grow. In order to see the rise and growth of instabilities, which can lead to the 
formation of patterns called Turing patterns, there has to be a source for the substances 
1 and 2, which is the environment.” 


11.15 Ultramicroelectrodes 
LSS | 


In electrochemistry, the observed current is generally determined by ion diffusion in 
the electrolyte. It was found that diffusion-limited currents can be avoided by using 
very small electrodes, known as ‘ultramicroelectrodes’.”® *° *° In order to capture how 
conductive current densities (also called diffusion current densities) vary with the size of 
the electrode, consider a spherical electrode and a conductive matter current density with 
spherical symmetry, j, = j4-* = jf. Show that when the system reaches a stationary 
state, the conductive matter current density is non-zero. The analysis of the transient 
behaviour would show that the stationary state is reached faster when the electrode is 
smaller.*! In spherical coordinates (7,6, ), taking into account the spherical symmetry 
of the conductive matter current density, i.e. 0/00 = 0 and 0/0¢ = 0, the matter diffusion 
equation (11.54) for a solute of concentration c (r, ¢) reads, 


dc (r, t) = (a 226-9) 


Ot dr or~=«OOr 
The boundary conditions are, 


* 


c(r>1ro,t=0)=c and lim c (r,t) = c* 


roo 
where c* is the concentration very far away from the electrode and ro is the radius of the 
electrode. According to relation (11.51), the conductive matter current density scalar j, that 
characterises this electrode is, 
Oc (r,t) 


Jr (10, t) = —D or 


Establish the following results : 


a) The diffusion equation recast in terms of the function w (r,t) = rc (r,t) has the structure 
of a diffusion equation where the spherical coordinate r plays an analogous role to a 
Cartesian coordinate. 


27 R. Phillips, Physical Biology of the Cell, Taylor & Francis, New York, 2nd edition (2012). 

28K, Aoki, K. Akimoto, K. Tokuda, H. Matsuda, J. Osteryoung, Linear Sweep Voltammetry at Very Small 
Stationary Disk Electrodes, J. Electroanal. Chem. 171, 219-230 (1984). 

29 M. Fleschmann, S. Pons, The Behavior of Microdisk and Microring Electrodes, J. Electroanal. Chem. 222, 
107-115 (1987). 

30 A. M. Bond, K. B. Oldham, C. G. Zoski, Steady-State Voltammetry, Analytica Chimica Acta, 216, 177-230 
(1989). 

ae ee Ultramicroelectrodes in Electrochemistry, Angew. Chem. Int. Ed. Engl. 32, 1268-1288 (1993). 
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b) The diffusion equation, 


admits the solution, 


w(r,t) =B / exp(—v'’)dv' ~— where v= a 


' 2VDi 
First, write w (r,t) = (7) where the variable 7 is a dimensionless function of r and f 
given by, 
‘) = — 
1) (r, ) Dt 


c) In the limit where the radius of the electrode is negligible, ic. 7 = 0, the scalar 
conductive matter current density is given by, 


B 
8./DB/2 


d) After a transient behaviour, the scalar conductive matter current density reaches a 
stationary value, 


Jr (0, t) = 


: Dc* 
Jr (70, 00) _—~ ro 
Solution: 
a) To show that the function w(r,t) = rc(r,t) satisfies a diffusion equation for the 


spatial variable 7, we compute the partial derivatives taking into account the fact that 
the variables r and ¢ are independent. Using the diffusion equation for the matter 
concentration c (r, ¢), the partial time derivative of w (r,t) can be written as, 


Ow (r, t) = r Oc (r,t) _p (« dc (r,t) 2 et 


ar2~*~*é ae ar 


The second-order partial spatial derivative is given by, 


Pale 2 (2 pte) = EB (A) 


Thus, 


Ow (r, t) D Ow (r,t) 


Ot Or? 

b) The partial derivatives of the function w (r,t) have to be recast in terms of the partial 
derivatives of the function f(7) where 7 (r,t) = 1° /Dt.** The partial derivatives of the 
function 7 (r,t) =r? /Dt are, 

On _2r _ 2n 


— — d a es 
Ot DP t a Or Dt r 


32K. F. Riley, M. P. Hobson, S. J. Bence, Mathematical Methods for Physics and Engineering, Cambridge 
University Press, 3rd edition (2006), § 20.5. 
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Since f(7) = w (r,t), the first-order partial derivatives of the function w (r,t) are recast 
in terms of the first-order derivative of the function f(7) as, 


Ow — df On _ rdf n af 
Oot dn Ot Dedn ~~ tdn 
Ow df On _ 2r df _ 2n df 
Or dn Or Dtdn~ r adn 


The second-order partial derivative of the function w(r,¢) is recast in terms of the 
second-order derivative of the function f(7) as, 


Pw 0 (2rdf\ 2 df , 2 df dn df , 4? af 
Dt dn Dt dn ' Dt dr? Orr? dn r* di? 


Or? Or 
Thus, the diffusion equation becomes, 


n df — 2Dn df 4Di? d*f 
tdyn Pr dn rd? 


Using the definition of the dimensionless function 1, this differential equation is 
recast as, 


df 


df 
ge te 


dn : 


Here, we introduce a function g (77) as the derivative of f(7) with respect to n, 


df 
g(n) = dn 
Thus, the differential equation becomes, 
dg (n 
4 EOD + (9-42) 90) =0 


which is recast as, 


clan a 


When integrating from 7) to 7 we find, 


8(1) dg! (7!) ” (; 1 ) 
—t d 
i: g (1) [ 4 Qn JO 


where go = g (79). The solution is, 


mee a amg) ~ ae 9) 


which is recast as, 
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and implies that, 


/2 


where the constant A = go mn exp (77) /4). When integrating from 7) to 7 we find, 


_ / / / . 1 7 / 
ri) = | g& (1) dn =a | Tij2 °XP\ dn 
n nm 7 * 


0 


Using the change of variable, 


1/2 d 
") I q 
= = th =—; 
2 a/R 
and taking into account the definition h(v) = f(7) = w(r,t), we can recast the 


solution as, 
V 


w(r,t) =h(v) =8 | exp (— v’”) dv’ 


La) 
where the constant B = 44. For vp = 0, the solution is the error function h (v) = erf (v) 
multiplied by a constant. 
c) The matter concentration c (r, ¢) is given by, 


seis w (r,t) = B - exp (=v?) ae! 


r r 6 


where v (r,t) and we choose 1% (r,t) = v (ro, ). Thus, the conductive matter current 
density scalar at the electrode of radius ro is written as, 


ina Oc (r,t) 


or r=ro 
BD [” > 
= a) exp (— v ) dv 
0 vo 


where we used the fact that the upper integration bound v (r, f) is a function of r. In this 
relation, the integral vanishes since v evaluated at ro is ’p, which means that the upper 
and lower integration bounds are equal. Taking into account that, 


Ov r 0 r 
Ole. 7 ( im) ar (7m) 
1 "5 
ay DE ( - 


A ee ey eee 
+ (10,¢) = x 
ee ae Va PV api 


In the limit where the radius of the electrode is negligible, i.e. 79 = 0, the scalar 
conductive matter current density is given by, 


B |[D i B 
N= iim poy 1 0 = 
jr (0,1) = lim j, (7o,¢) = lim ( 2 iF ( i) 8/D#/? 


BD 


| ey 
’9 


Or 


r=ro rro 


exp (- v”) 


r=ro 


we find, 
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d) The stationary state is reached in the limit where t — oo. In the stationary limit, 


: . rO 
pad Y (ros) = Pe 2./Dt =s 
and initially, 
ro 


vo = lim v (ro, t) = lim 
t>0 


= 00 
t>0 2,/Dt 

Thus, in the stationary state, the general expression for the scalar conductive matter 
current density obtained in c) reduces to, 


Oc (r, 00) 
Or 


=— = exp (- v”) dv 
r=ro rO 0 


jr (10,00) =—D 
The error function erf (x) is defined as, 


erf (x) = = >: exp (— v”) dv 


and erf (oo) = 1. Thus, the scalar conductive matter current density is recast as, 


; V/7BD ViaBD Dc* 
r 5 — f = — 
J (ro oo) 2n er (co) 27 ro 
where 
210 c 
B = 
JT 


11.16 Effusivity 


Two long blocks, made up of different homogeneous materials, are at temperatures 7; and 
T> when they are brought into contact with one another. The interface quickly reaches a 
temperature 7p given by, 
E, T; + Ey T> 
To = ————— 
£, + £y 


where £) = \/K1 €; > Oand Ey = \/k2 C2 > O are called the effusivities of materials 1 and 
2, where «, and «2 are the thermal conductivities and c; and cy the specific heat per unit 
volume of both materials. If material 1 is very hot, but it has a low thermal conductivity «1 
and specific heat c;, and to the contrary material 2 has large thermal conductivity «2 and 
specific heat cz, then the temperature of the interface Tp is almost 7, 1.e. material 2 does 
not ‘feel the heat’ of material 1. Establish this result by using the following instructions : 


a) Consider an x-axis normal to the interface with x = 0 at the interface, x < 0 in material 
1 and x > 0 in material 2. Let 7; (x, t) and T> (x, ¢) be the solutions of the heat diffusion 
equation (11.35) in materials 1 and 2. Determine the boundary conditions on 7; (x, f) 
and 7) (x, t) at the interface. 
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b) Using an approach that is analogous to the one presented in § 11.4.3, show that the 
general solutions for the temperature profiles 7; (x,t) and T> (x, t) are given by, 


x 
T, (x,t) = C; + D, erf | —— hi <0 
1 (x, ) 1 1 er (; =) where GS 
Ts (s.) = Co+ Da ert ( ’ ) where x>0 


2V/ Ant 
where erf (v) is the error function defined as, 
2 Vv 
erf(v) = — | exp (— s”) ds 
Vi Jo es) 


and C), C2, D; and D» are constant coefficients. 

c) Use the boundary conditions to determine the coefficients in terms of the temperatures 
To, T; and T>. Show that the temperature To is given by the effusivity relation just after 
the two blocks have reached a common temperature at the interface. 


Solution: 


a) At the interface, one boundary condition is that the temperatures of both materials are 


equal, 
T, (0, t) = T> (0,1) 
The other boundary condition is that the heat current densities Jo, = —k)0,T;X and 
Jo, = — 2 O,, Ty ¥ are equal as well, 
A OT; (0, t) OT (0, £) 
“a Ox =the Ox 


where X is the unit vector along the x-axis. 
b) The heat diffusion equation in block 1 reads, 


OT, (x, t) a OT, (x, t) 


Ot Ox? 

The partial derivatives of the function 7; (x, t) have to be recast in terms of the partial 
derivatives of the function f; (1, ) where 7), (x,t) = x?/A,4.°° The partial derivatives of 
the function 7), (x,t) = x*/Ajtare, 

om = a 2 arid om _ 2x = 2m 

Ot A? t Ox = it x 
Since fi (7,) = Ti (x, ¢), the first-order partial derivatives of the function 7; (x, f) are 
recast in terms of the first-order derivative of the function /{ (77, ) as, 


OT. _ di Om — ov di — om df 
ot dn, Ot XP dn t dn 
OT, — dfi On, — 2x dfi _ 2m dfi 


Ox dn, Ox = At dn, =x dn, 


33K. F. Riley, M. P. Hobson, S. J. Bence, Mathematical Methods for Physics and Engineering, Cambridge 
University Press, 3rd edition (2006), § 20.5. 
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The second-order partial derivative of the function 7, (x, ft) is recast in terms of the 
second-order derivative of the function f; (7) as, 


OT, O (3 a) 2 dfi . 2x d*f, On, _ 2m df 


= Anji afi 
Ait dn 


x? dnt 


~ at dn = Ait dnt Ox x? dn 


Ox? Ox 
Thus, the heat diffusion equation becomes, 


m di _2dm di, 4dumt dh 
t dn x2 dn ade 


Using the definition of the dimensionless function ,, this differential equation is 
recast as, 


df; 
4m dp + (1m + 2 


Here, we introduce a function g; (7, ) as the derivative of f, (7, ) with respect to 77, 


df, 


81 (7) = dn, 


Thus, the differential equation becomes, 


4n, dgi (1m) 


a + (m +2) 21 (7m) =0 


which is recast as, 


dgi(m) _ (G+ 1 ) an 
gi (7) 42m)" 


When integrating from 7) to 7, we find, 


s(m) do! (7! n 

gi (m1) 1 oil 

/ i i = / (G+3 ; dn\ 
20 &) (n}) No Un 


where go = gi (1). The solution is, 
1 1 
in (e a ee (4) bin = He) 
0 2 \%N a 


1/2 
gi(m)n 1 
In ( a = 4 (7 nN) 


which is recast as, 


and implies that, 


where the constant 4; = go ni! * exp (7/4). When integrating from 7) to 7, we find, 


” / / / m 1 nh 1 
AG) : 21 (7) an =A Tape EXP | dn 


0 nm 
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Using the change of variable, 


yews a then ie. 
2 2VAit 4n\? 


and taking into account the definition 4, (11) =f, (7), we can recast the solution as, 


7a 
hy (v1) = Bi / exp (— 4°) dv 


0 


where the constant B; = 4A), which can be rewritten as, 
V\ 
hy (v1) =C, + By | exp (- v7) dv 
0 


where the constant C| is given by, 


The error function erf (1), defined as, 


2 Vv 
erf(v) = — | exp (— s”) ds 
vm Jo es) 
is an odd function, i.e. erf (— v) = — erf (v) such that erf (0) = 0 and erf (co) = 1. The 
derivative of the error function erf(v) is given by, 


derf (v 2 
am ) _ ve exp ( v”) 


Thus, using the error function we find, 
hy (11) = C| +D, erf (11) 
where D, = (4/7/2) By. Since hy (v;) = T; (x,t) and vy = x/2Writ, we have, 


T, (nt) =C, + Dror ( where x<0 


ami) 


Likewise, we obtain the temperature profile in block 2, 


x 
T> (x,t) = Cy + D2 erf | ——— where x>0 
2 (x, t) 2 2 (5 =a) 
c) At the interface, ie. x = 0, the first boundary condition, 7; (0,¢) = Ty (0,t) = To, is 
satisfied provided that, 
Ci} =, =T) 


The blocks are long enough so that the temperatures at the end of each block is, at all 
time, equal to its initial temperatures. This is written as, 


Tl =T; (— on, f) = Ty) + Dy erf (— co) =T%]—D, 
T) = Th (00, £) =T + Dy erf (oo) =71T+ Dp) 
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Hence, the temperature profiles can be recast as, 


T; (x, t) = To + (To — T1) att (=) and x <0 


To (x, t) = To + (Tn — To) ert ( and x>0 


ra) 


The spatial derivative of the temperature profiles are given by, 


OT, (0,t) _ d e . 
ay = (To T;) dv (erf(v)) v=0 Ox (5) x=0 
To _ T; 
~/ a \t 
OT (0,t) @ = 
Ax (Tr To) dv (crf (v)) v=0 Ox (5) x=0 


The second boundary condition, i.e. & O, T; (0, t) = K2 O; T> (0, 0), is recast as, 
fy= Tj y= Ip 
Vint Vat 
It has to hold for all times ¢ after the interface has reached temperature 7). According 
to relation (11.36), 


Thus, 


a e8 Kien [Kcr _ 
KC] Ky Cy 
which implies that, 


E, T; + Eo T» 


T, — 
Ey 2 Bs 


